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Editorial Note

Preface
Andreas Öchsner1, Luiz A. O. Rocha2, Antonio F. Miguel*,3
Faculty Mechanical Engineering, Esslingen University of Applied Sciences, Germany
Mechanical Engineering, Universidade do Vale do Rio dos Sinos, Brazil
3 Department of Physics, University of Evora, Portugal
1
2

The competitive cost of numerical simulations over laboratory studies, due to the
continued advancements in computing performance, has made computational fluid
dynamics an integral tool in the study of engineering problems. This topical special focus
issue “Optimal Fluid Systems and Machinery” of the Journal of Research on Engineering
Structures & Materials (RESM) covers a varied range of engineering systems. It contains
papers selected on the basis of the results of regular peer review of the short manuscripts
submitted for consideration by the participants of the Special Session “Fluid Flow, Energy
Transfer and Design” at the 13th International Conference on Diffusion in Solids and
Liquids (DSL2017) held in Vienna, Austria.
The rapid growth of wind power generation and the need for a smarter grid with
decentralized energy generation motivated the study of Batiata et al. [1]. They studied the
self-start ability of vertical axis wind turbines, and suggested a new methodology that
offers a substantial time reduction in the first steps of new blade profiles development.
Plates used as structural elements in the construction of bridges, offshore structures, etc.,
are subjected to compression stresses. A geometric evaluation of stiffened plates subjected
to a uniformly distributed transverse loading is presented by Cunha et al. [2]. Helbig et al.
[3] studied the presence of perforations in plates that causes a redistribution of stresses,
affecting both the resistance and buckling characteristics.
Since the introduction of the concept of microchannel heat sink during the 1980s, there
has been a huge growth of compact heat exchangers. It is required compactness ally to high
dissipation of heat fluxes. Yenigün et al. [4] studied optimal time delay of the fluid flow in
parallel and tree-shaped vascular channel structures heated with random heat loads.
A knowledge of properties of soil and rocks is important to improve estimates of
underground resources. To gain insight regarding the dynamic poroelasticity of a soil, a
coupling of the both the Genetic Algorithm and the Boundary Element Method are used by
Anunciação Jr. et al. [5].
Residues of furfural (C5H4O2) production used in chemical and pharmaceutical
engineering has a high moisture content which is harmful to environment. Ji et al. [6]
evaluated the drying capacity of these residues, and made some brief suggestions about
the design of a drying-combustion integration system for furfural residues.
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The present paper shows a geometric evaluation of stiffened plates subjected to
a uniformly distributed transverse loading. For that, it was proposed a set of
different geometric configurations through the Constructal Design method,
which were numerically simulated. Then, by means of the Exhaustive Search
technique, a geometric optimization was performed aiming to minimize the
central deflection of the plate. A non-stiffened plate measuring 2.00 m x 1.00 m
x 0.02 m was used as reference, then a constant volume ratio ϕ, equals to 0.5,
was taken from the reference plate and transformed into longitudinal and
transverse stiffeners. The geometric parameters considered as degrees of
freedom were: the number of longitudinal (Nls) and transverse (Nts) stiffeners
and hs/ts, which is defined by the ratio between the stiffener’s height and
thickness. In order to elaborate the computational model, it is used ANSYS
Mechanical APDL®, a software based on the Finite Element Method (FEM). From
the results, it was possible to determine a power function for each combination
of Nls and Nts that accurately described the relation between the central
deflection and hs/ts. Furthermore, it was noticed a substantial influence of the
geometric parameters under analyses regarding the studied structural element’s
mechanical behavior. Even though the volume was kept constant, the optimized
geometry has shown a result 9110 % better compared to the one shown by the
reference plate.
© 2018 MIM Research Group. All rights reserved.

1. Introduction
Thin plates are defined as being structural components where the transverse dimension,
called thickness, is considerably smaller than the planar dimensions, called width and
length [1]. Stiffeners are reinforcement beams attached to the plates longitudinally,
transversally or both. The main advantage of incorporating stiffeners into plates is the
reduction of the structure’s displacements due to the increase of its moment of inertia, thus
avoiding the need to use a thicker plate. Stiffened thin plates are widely used to resist
distributed and/or concentrated transverse loads in many structural systems such as
bridges, ship hulls, vehicles, oilrigs, buildings and aircraft, among others, mainly due to its
great strength-weight ratio [2].
In the past years, many researches have been performed seeking to analyze the behavior
of plates reinforced with stiffeners under transverse loading. Yousif et al. [3] presented the
relation between the height of one lengthwise stiffener and the strength of a given set of
*Corresponding

author: liercioisoldi@furg.br
DOI: http://dx.doi.org/10.17515/resm2017.18st1118
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plates clamped on its four edges subjected to a pressure load. Virág [4] by using strength
calculation methods investigated the minimum cost geometry of various stiffened plates
with different loads, types and even stiffener shapes. Tanaka and Bercin [5] used the
Boundary Element Method (BEM) in order to analyze the effect of different cross-sections
stiffeners in plates subjected to bending. Bedair [6] investigated the stiffener positioning
influence on the stability of thin plate structures under bending and compression
combined loads through the Sequential Quadratic Programming (SQP) method. Finally,
Silva [7] made a numerical study about ribbed slabs, idealizing it as a plate-beam system
and using ANSYS® software to model the slab (with SHELL63 element type) and the ribs
(with BEAM44 element type).
Since there are no analytical solutions that effectively describe the stiffened plate’s
behavior when subjected to transverse loads, computational models are helpful and
important tools in order to analyze these structural components. Therefore, the present
study uses the software ANSYS Mechanical APDL®, based on the Finite Element Method
(FEM), to build the computational model to numerically simulate the behavior of the
different stiffened plates’ geometries derived from the application of the Constructal
Design method. Considering the Fig. 1 and starting from a non-stiffened reference plate,
the set of geometric configurations of stiffened plates to be analyzed were obtained
through a variation of the number of longitudinal stiffeners (Nls), the number of transverse
stiffeners (Nts) and the ratio between the stiffeners’ height and thickness (hs/ts), always
keeping the total steel volume constant. In addition, for each stiffened plate configuration
an equal longitudinal stiffener spacing (Sls) and an equal transverse stiffener spacing (Sts)
were adopted. All results were compared through Exhaustive Search technique aiming to
obtain the optimum geometry that minimizes the deflection at the center of the plate.

Fig. 1 Stiffened plate P(2,3)
2. Constructal Design Method
The Constructal Design method is based on the Constructal Law: “For a finite-size flow
system to persist in time (to survive) its configuration must evolve in such a way that it
provides an easier access to the currents that flow through it” [8]. This principle might be
used for both predicting natural systems configurations such as river basins, animal design
and earth climate; as well as yielding updated designs for engineering applications, for
example in the areas of heat transfer, fluid mechanics and mechanic of materials [9].
According to Bejan [10], Constructal Design is a methodology that enables to determine a
geometry that leads to the best performance of a system when subjected to a flow. For that,
the flow should be malleable and the geometry is deduced from a principle of global
performance maximization. Specifically in mechanic of materials problems, as explained in
140

Cunha et al. / Research on Engineering Structures & Materials 4(3) (2018) 139-149

Bejan and Lorente [11], this flow is related with the flow of stresses in the structure.
Besides that, it should be imposed global restrictions to the geometry and vary the degrees
of freedom.
The goal in the present work is to improve the mechanical behavior of stiffened plates
regarding the deflection at its center by varying geometric parameters, yet without
changing the plate total volume. In order to do so, it is used a non-stiffened plate as
reference, then a fraction 𝜙 of volume is taken from this reference plate and transformed
into stiffeners. The volume fraction 𝜙 is given by:

𝜙=

𝑉𝑠
𝑉𝑟

=

𝑁𝑙𝑠 (𝑎ℎ𝑠 𝑡𝑠 )+ 𝑁𝑡𝑠 [(𝑏− 𝑁𝑙𝑠 𝑡𝑠 )ℎ𝑠 𝑡𝑠 ]
𝑎𝑏𝑡

(1)

where, Vs is the reference plate’s volume transformed into stiffeners, Vr is the reference
non-stiffened plate’s total volume, Nls and Nts are, respectively, the number of longitudinal
and transverse stiffeners, hs represents the height and ts the thickness of the stiffeners.
Lastly, a, b and t are, respectively, the length, width and thickness of the reference plate.
Thus, all analyzed geometries have the same amount of material, enabling performing a
comparative evaluation of their structural performance regarding the transversal
deflections.
Seeking to determine the optimal geometry, it was investigated the influence of the degrees
of freedom Nls, Nts and hs/ts. It were analyzed 36 combinations of longitudinal and
transverse stiffeners equally spaced (see Fig. 1), with the following variation: Nls = 2,3,4,5,6
and 7 and Nts = 2,3,4,5,6 and 7. So, these plates were nominated accordingly with the
notation P(Nls , Nts), such as the plate P(2,3) presented in Fig. 1. In addition, it were used
sizes of stiffeners’ thickness ranging from 3.75 mm (1/8 in) to 76.2 mm (3 in), therefore
the hs/ts ratio derives from these predefined ts sizes. Moreover, the height hs complies two
geometric constraints: it should not be higher than 300 mm, in order to avoid a substantial
disproportionality between the stiffener’s height and the plate’s dimensions; and the ratio
hs/ts should be greater than 1 to avoid the thickness from being greater than the height.
3. Computational Modeling
The present work uses computational models based on the Finite Element Method (FEM)
in order to numerically simulate the mechanical behavior of plates under a distributed
transverse load. Basically, a finite element analysis consists of four steps: creation of the
model geometry, mesh generation, application of the load and boundary conditions and
the solution of the problem [12].
When analyzing the linear elastic behavior of mechanical structures through the FEM, it is
used the virtual work principle in order to solve the problem. Concerning static analysis,
the effects of damping and inertial forces are not taken into account when estimating the
magnitude of displacements and internal forces at any part of the system, which are
obtained through the algebraic equation [13]:

[𝐾] . {𝑈} = {𝐹}

(2)

where, [K] is the stiffness matrix, {U} is the unknown nodal displacement vector and {F} is
the external forces vector. The stiffness matrix [K] is defined by the stress-strain and
strain-deflection relations of the structure.
Nowadays, a wide variety of software adopt a FEM approach to analyze engineering
problems, for instance the ANSYS Inc. software package, whose applications range from
static structural to fluid dynamics problems. Since it is suitable for solving structural
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problems, this work uses the SHELL281 finite element of the ANSYS Mechanical APDL®
software for all studied cases.
The SHELL281 has six degrees of freedom (rotation and translation on x, y and z directions)
for each of its eight nodes, being indicated for linear, large rotation and large strain
nonlinear applications. It is also appropriate to analyze thin to moderately thick structural
components. When using SHELL281, two relevant assumptions are made: the normal
stress varies linearly through the thickness and the transverse shear strains are constant
through the thickness [14].
3.1. Computational Model Verification
To verify the computational model it was simulated two simply supported plates with one
longitudinal stiffener subjected to a 10 kN/m2 uniform load, as shown in Fig. 2. The
Poison’s ratio and Young’s modulus are 0.154 and 30 GPa, respectively. It was analyzed
two different stiffener’s heights: hs = 1.25 m and hs = 2.00 m, both cases were previously
studied by Silva [7].

Fig. 2 Retangular plate with one longitudinal stiffener: (a) physical model (adapted
from [7]) and (b) boundary and load conditions
A comparison between the obtained numerical results for the transverse displacements at
the plate’s center and the results presented by Silva [7], as well as a mesh convergence test
for hs = 1.25 m and hs = 2.00 m is shown in Fig. 3. The structure was discretized by
SHELL281 finite element with quadrilateral format, generating regular meshes.
It can be seen in Fig. 3 that the mesh convergence is reached in the second refinement in
both cases. Moreover, there is a great approximation between the obtained numerical
results and those presented by Silva [7]. Therefore, the computational model using the
finite element SHELL281 was properly verified. Besides, from Fig. 3 one can note that the
proposed model has a better agreement with Silva [7] for hs = 2.00 m. In other words, the
decrease of hs value promotes a slight difference between the numerical results of the
present work and those obtained by Silva [7].
4. Results and Discussion
As earlier mentioned, a non-stiffened plate was adopted as reference. This steel plate has
modulus of elasticity E = 200 GPa, Poisson's ratio 𝝂 = 0.3, length a = 2.00 m, width
b = 1.00 m and thickness t = 0.02 m, being considered simply supported in its four edges.
Using a converged mesh with 800 quadrilateral shaped SHELL281 elements and applying
a transverse uniform load of 10 kPa, a central deflection of Uzr = 0.698 mm was numerically
obtained for the reference plate.
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Fig. 3 Convergence mesh and computational model verification
Thereafter, the stiffened plates’ configurations were defined by turning a material portion
of the reference plate’s thickness into stiffeners, which was the only imposed modification.
In other words, a volume fraction of 𝜙 = 0.5 from the reference plate was transformed into
stiffeners, while all other parameters (E, 𝜈, a, b, support conditions and loading) were kept
the same as those of the reference plate.
So it was conducted a mesh convergence test seeking to determine the minimum number
of finite elements to be used in stiffened plates simulations. For that test, it was used the
most complex geometry studied in this work, which is the plate P(7,7) with ts = 4.75 mm
and hs/ts = 42.68. It was performed five numerical simulations using different element sizes
and mesh densities. Table 1 shows the results of these five simulated meshes, highlighting
the convergence between the obtained results for the out-of-plane displacements at the
center of the stiffened plate.
Table 1. Mesh independence test
Mesh

Element’s size
(m)

No of finite
elements

Displacement UZ
(mm)

Relative difference
between meshes (%)

M1

0.2000

464

0.020114

0.124

M2

0.1000

1224

0.020139

0.055

M3

0.0500

3200

0.020150

0.020

M4

0.0375

5488

0.020154

0.009

M5

0.0250

9064

0.020156

-------

The mesh that leads to an independent result is the mesh M3 (see Table 1), whose relative
difference with the following mesh is 0.02 %. Thus, all analyzed plates were modeled using
the mesh M3, i.e., a regular mesh generated by quadrilateral SHELL281 elements with edge
length of 0.05 m. Figure 4 shows the plate’s discretization using the mesh M3, which is the
independent mesh for the configuration P(7,7).
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Fig. 4 Plate P(7,7) with ts = 4.75 mm and hs/ts = 42.68 using the converged mesh M3
After that, all proposed stiffened plate configurations were numerically simulated. As
expected, it was noted that the redistribution of the reference plate’s material, by turning
a portion of its thickness into stiffeners, improves the mechanical behavior regarding the
deflection at the center since all analyzed configurations presented a lower deflection than
the reference plate, where the worst analyzed geometry P(7,2) with hs/ts = 1.27 presented
a displacement (Uz = 0.448 mm) 35.81% smaller than the reference plate (Uzr = 0.698 mm).
To exemplify how the variation of the hs/ts ratio influences in the central deflection of the
stiffened plates, a scatter plot for the numerical results of the plates P(2,2) and P(2,7) is
shown in Fig. 5. One can note that the hs/ts increase promotes a reduction in the central
deflection value, being this a coherent behavior. It was also observed that it is possible to
estimate a power function, which describes mathematically the relation between the
variables under analysis with great accuracy. In addition to the scattered data for P(2,2)
and P(2,7), in Fig. 5 it is presented a power trendline as well as the curve function and the
coefficient of determination (R2) for each plate.
It is important to mention that all analyzed geometric configurations presented the same
pattern of deflection results observed in Fig. 5. Therefore, it is possible to determine for
each one of the studied stiffened plates a curve fitting by a power function:

𝑼𝒁 = 𝒄𝟏 ∗ (𝒉𝒔 ⁄𝒕𝒔 )𝒄𝟐

(3)

where, the coefficients c1 and c2 depend on the number of longitudinal and transverse
stiffeners. Table 2 shows the coefficients c1, c2, the coefficient of determination R2 as well
as the range of hs/ts that was numerically simulated in order to obtain the coefficients for
each studied geometric configuration.
Through the results shown in Table 2, it is possible to observe that, since the coefficient c2
is negative for all stiffened plates, an increment in the hs/ts ratio leads to a decrement in
the displacement Uz, corroborating with the behavior already noted in Fig. 5. Moreover,
when comparing the results as, for example, the plates P(6,3) with hs/ts = 59.43 and P (6,3)
with hs/ts = 1.37 it is observed a difference of 94 % in the performance regarding the
deflection at the plate’s center. Remembering that the total steel volume is kept constant
for all plates, this considerable performance’s improvement occurred only due to the
influence of the geometry in the structure’s behavior.
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Fig. 5 Scatter plot of the relation between Uz and hs/ts of the plates P(2,2) and P(2,7)
with their respectives power trendlines
The Constructal Design method enables to perform an influence analysis of the degrees of
freedom in the proposed stiffened plates’ mechanical behavior. In this context, to obtain
the global minimum deflection at the center among all analyzed configurations, it was
evaluated the influence of Nls, Nts and hs/ts. Based on the Eq. (3) and the coefficients
presented in Table 2, for each combination of longitudinal and transverse stiffeners, it was
determined the optimal hs/ts called (hs/ts)o , i.e., the hs/ts ratio that minimizes the plate’s
central displacement, called (Uz)m. The graph in Fig. 6 shows the minimized displacement
at the plates’ center (Uz)m for each combination of the number of transverse stiffeners Nts
and the number of longitudinal stiffeners Nls.
From Fig. 6, contrary to the common sense, it is not possible to affirm that an increase in
the number of stiffeners always will generate an improvement in the plate stiffness. This
is because the volume of material is constant, so an increase in the number of stiffeners
entails a reduction in their height and hence the cross-sectional moment of inertia becomes
smaller. Another important observation about Fig. 6 is that the results have an oscillating
trend, which demonstrates that plates with an odd number of transverse stiffeners (Nts)
present better results when compared with those with an even number of transverse
stiffeners. This can be explained by the fact that plates with an odd Nts have a stiffener at
its very center, reducing its central deflection.
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Table 2 Geometric configuration’s Coefficients
P(Nls , Nts)

c1

c2

R2

Range

P(2,2)
P(2,3)
P(2,4)
P(2,5)
P(2,6)
P(2,7)
P(3,2)
P(3,3)
P(3,4)
P(3,5)
P(3,6)
P(3,7)
P(4,2)
P(4,3)
P(4,4)
P(4,5)
P(4,6)
P(4,7)
P(5,2)
P(5,3)
P(5,4)
P(5,5)
P(5,6)
P(5,7)
P(6,2)
P(6,3)
P(6,4)
P(6,5)
P(6,6)
P(6,7)
P(7,2)
P(7,3)
P(7,4)
P(7,5)
P(7,6)
P(7,7)

0.1497
0.1377
0.1397
0.1431
0.1474
0.1563
0.2177
0.1960
0.1921
0.1904
0.1932
0.1995
0.2927
0.2606
0.2442
0.2439
0.2392
0.2430
0.3780
0.3337
0.3118
0.2997
0.2937
0.2923
0.4679
0.4103
0.3765
0.3602
0.3463
0.3408
0.5684
0.4897
0.4479
0.4201
0.4019
0.3898

-0.5917
-0.8229
-0.6074
-0.8064
-0.6820
-0.8056
-0.7996
-0.8013
-0.7958
-0.7970
-0.7946
-0.8065
-0.7632
-0.7952
-0.7503
-0.7995
-0.7650
-0.7950
-0.7882
-0.7974
-0.7920
-0.7918
-0.7898
-0.7961
-0.7838
-0.7924
-0.7789
-0.7926
-0.7812
-0.7921
-0.7887
-0.7914
-0.7872
-0.7887
-0.7855
-0.7859

0.9921
0.9999
0.9894
0.9996
0.9948
0.9993
0.9998
0.9998
0.9998
0.9998
0.9997
0.9994
0.9997
0.9997
0.9994
0.9992
0.9995
0.9996
0.9987
0.9985
0.9981
0.9994
0.9992
0.9985
0.9963
0.9989
0.9990
0.9980
0.9980
0.9966
0.9968
0.9966
0.9964
0.9956
0.9950
0.9939

1 ≤ hs/ts ≤ 20.84
1 ≤ hs/ts ≤ 17.91
1 ≤ hs/ts ≤ 27.79
1 ≤ hs/ts ≤ 35.03
1 ≤ hs/ts ≤ 31.55
1 ≤ hs/ts ≤ 45.46
1 ≤ hs/ts ≤ 27.72
1 ≤ hs/ts ≤ 35.00
1 ≤ hs/ts ≤ 31.55
1 ≤ hs/ts ≤ 45.48
1 ≤ hs/ts ≤ 41.73
1 ≤ hs/ts ≤ 38.55
1 ≤ hs/ts ≤ 31.45
1 ≤ hs/ts ≤ 45.40
1 ≤ hs/ts ≤ 41.69
1 ≤ hs/ts ≤ 38.53
1 ≤ hs/ts ≤ 35.82
1 ≤ hs/ts ≤ 59.62
1 ≤ hs/ts ≤ 41.55
1 ≤ hs/ts ≤ 38.43
1 ≤ hs/ts ≤ 35.75
1 ≤ hs/ts ≤ 59.57
1 ≤ hs/ts ≤ 55.90
1 ≤ hs/ts ≤ 52.66
1 ≤ hs/ts ≤ 35.62
1 ≤ hs/ts ≤ 59.43
1 ≤ hs/ts ≤ 55.80
1 ≤ hs/ts ≤ 52.58
1 ≤ hs/ts ≤ 49.72
1 ≤ hs/ts ≤ 47.15
1 ≤ hs/ts ≤ 55.63
1 ≤ hs/ts ≤ 52.45
1 ≤ hs/ts ≤ 49.61
1 ≤ hs/ts ≤ 47.06
1 ≤ hs/ts ≤ 44.77
1 ≤ hs/ts ≤ 42.68
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Fig. 6 Effect of the Nts variation over the (Uz)m for Nls = 2 to 7
Therefore, considering Fig. 6 and Table 2, for each Nls it is possible to determine the optimal
Nts, called (Nts)o, which represents the number of transverse stiffeners that twice minimizes
the out-of-plane central displacement, called (Uz)mm. Hence, the twice optimized ratio hs/ts,
called (hs/ts)oo, is also defined. These values are shown in Table 3.
Table 3 Values of (Nts)o, (hs/ts)oo and (Uz)mm for each Nls.
Nls

(Nts)o

ts (mm)

hs (mm)

(hs/ts)oo

(Uz)mm (mm)

2
3
4
5
6
7

7
5
7
5
5
7

6.35
6.35
4.75
4.75
4.75
4.75

28.87
28.89
28.32
28.29
24.98
20.27

45.46
45.48
59.62
59.57
52.58
42.68

0.0077
0.0096
0.0099
0.0124
0.0160
0.0201

It can be noticed, through the data of Table 3, that the twice minimized displacement (Uz)mm
tends to increase as the degree of freedom Nls enhances. This is explained by the fact that
the volume of material used in the construction of all geometric configurations is the same
and, consequently, the stiffener’s height decreases as well as the structure’s moment of
inertia.
Finally, among all analyzed cases, the configuration P(2,7) (see Table 3) defined by
(hs/ts)ooo = 45.46, (Nts)oo = 7 and (Nls)o = 2 has the better global performance, leading to a
three times minimized displacement at its center of (Uz)mmm = 0.0077 mm. The deformed
configuration of stiffened plate P(2,7) is depicted in Fig. 7. Thus, even keeping the plate’s
volume constant, it was reached a mechanical behavior improvement regarding the central
deflection of the plate of 9110 % when comparing the optimal geometry with the reference
plate without stiffeners.
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Fig. 7 Deformed configuration of the optimal global plate P(2,7), in mm
5. Conclusions
By using the software ANSYS® to analyze the computational models of the plates derived
from the application of the Constructal Design method, it was possible to perform an
evaluation about the influence of different geometric parameters on the mechanical
behavior of stiffened plates, which are important components widely used in the structural
engineering.
It was observed that a rearrangement of material, even without changing the total
material’s volume of the studied structural component, can entail an improvement in the
structural stiffness. It was also shown that besides the number of transverse and
longitudinal stiffeners, the ratio hs/ts has a significant influence in the plates’ stiffness.
Moreover, for each combination of the degrees of freedom Nts and Nls, it was possible to
define a regression equation, which describes the relation between the central
displacement and the degree of freedom hs/ts with great accuracy, presenting a coefficient
of determination R2 greater than 99 %. Therefore, through these equations, it is possible
to infer the displacements at the center of the plates for values of the ratio hs/ts within the
simulated range and even to extrapolate these results, being this an unpublished scientific
contribution of the present work.
Through the obtained results, it was observed that since all studied plates have the same
volume, an increment in the number of stiffeners does not mean a reduction in the
deflection at the plate’s center, emphasizing the significance of performing studies
regarding the geometric optimization of structural components. In addition, it was noticed
that the geometry has a great influence in the structural behavior of the plates, where, for
example, the plate P(6,3) with hs/ts = 59.43 presented a displacement 94 % smaller when
compared with the plate P(6,3) with hs/ts = 1.37. The optimal geometry, among all analyzed
configurations, was the plate P(2,7) with the degree of freedom hs/ts = 45.46, whose
deflection at the center was 9110 % better than the plate without stiffeners used as
reference.
Therefore, through the application of computational modeling along with Constructal
Design it is possible to make recommendations about the suitable geometry to be used as
well as to draw conclusions about the structural behavior of varied plates’ geometries,
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thereby enabling to optimize these structures regarding the minimization of the
displacement at the center when subjected to uniform transverse loads.
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Furfural residue is a detrimental waste generated in furfural production processes.
Combustion is an efficient way to dispose furfural residue and drying is a
necessary unit operation prior to combustion. In this paper, the properties of
furfural residue, including particle size distribution, proximate analysis and
pyrolysis process curves were presented. The flow and drying characteristics of
furfural residue in a lab-scale single-shaft paddle heat exchanger were
documented. The measurements show that the furfural residue contains high
moisture (54.26%) and its as received basis lower heating value is 7301 kJ/kg. The
high moisture content in furfural residue makes ignition and efficient combustion
very difficult. It is feasible to use single-shaft paddle heat exchanger to dry furfural
residue to moisture content of 15.94% which is advantageous for further
combustion due to low moisture content. No agglutination and blockage were
found. This preliminary experimental research provides reference for furfural
residue drying unit design.
© 2018 MIM Research Group. All rights reserved
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1.

Introduction

Furfural (C5H4O2) is a kind of organic compound which is used in many fields, such as
chemical engineering, pharmaceutical engineering and so on [1]. It is commonly produced
from agricultural and forestry byproducts, such as corn cob and sugar cane bagasse. At
present, China is the largest producer of furfural [1]. In furfural production processes,
furfural residue with high moisture content is generated which is detrimental to
environment. Many methods have been proposed to dispose furfural residue [2-3]. Among
them, high temperature combustion is an important treatment way which has relatively
short workflow [4-6]. The combustion device design is closely relevant to furfural residue’s
properties, including physical features (e.g., agglutination degree, particle size) and
proximate analysis results. Direct combustion of materials with high moisture content will
cause difficulty in ignition, low combustion temperature, low combustion efficiency, large
exhaust gas heat loss and large exhaust treatment cost [7], so removing moisture in
materials (i.e., drying) prior to combustion is always necessary for furfural residue
disposal system optimization.
Meng [8] discussed the application of spin flash drying technique in drying furfural residue
in which hot air (200 °C) directly contacts the wet furfural residue and removes its
moisture to obtain dry product with moisture content less than 6%. Gao et al. [9] did
mechanism research of furfural residue drying process in which the effects of particle size,
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drying temperature, heating rate and initial load were documented and a few drying
models were evaluated. Paddle heat exchanger (or paddle dryer) is a kind of indirect
heating equipment with high energy efficiency and low exhaust gas treatment cost that has
been used in various sludge and fine-particle material drying processes [10-14]. Different
from normal fluid-to-fluid heat exchangers with static heat transfer surfaces that cannot
convey solid materials, paddle heat exchanger has rotating heat transfer surfaces. Hollow
paddles welded on a hollow shaft have a designed inclined angle. Under operating
conditions, when the shaft rotates, the material flows from the inlet end to the outlet end
driven by the inclined paddles and at the same time it is heated by the hot shaft-paddle
surfaces to reduce its moisture content. The success or not of using paddle heat exchangers
strongly depends on the properties of materials to be dried. For instance, two-shaft paddle
heat exchangers can dry agglutinating paste materials (e.g., sewage sludge) and nonagglutinating particle materials, but single-shaft paddle heat exchangers are mainly proper
for the later. Meanwhile, when the particle size is larger than a critical value, the material
flow may be blocked due to small gap between the rotating surfaces and the static surfaces
of the shell of the equipment [13]. Up to know, although great progress has been made in
modelling drying processes [15-16], it is difficult to quantitatively predict from theory
whether a wet material can be successfully dried by paddle heat exchangers or not.
Experiment is still the main way of validation.
In this paper we document the basic properties (especially those drying unit design
related) of furfural residue and measure the drying characteristics in a lab-scale singleshaft paddle heat exchanger which is simpler than its two-shaft counterpart. The aim is to
evaluate the drying feasibility and provide reference for conceptual design of application
systems.
2. Experimental Methods
2.1. Property Test

The raw furfural residue sample is shown in Fig. 1 which was collected from a cane sugar
plant (Changling Sugar, Guangxi, China) in which furfural was produced from sugar cane
bagasse. From the appearance, furfural residue is a mixture of dark brown non-continuous
wet particles. The particle size distribution was measured by a series of standard sieves
(mesh number 10, 24, 30, 60, 100, 170, 200, 250). By measuring the mass in a specified
particle size range, the corresponding mass fraction was obtained. The uncertainty of the
corresponding mass weighing is 10 mg [17]. The obtained maximum absolute uncertainty
of the mass fraction measurements is 0.00063%. Proximate analysis was performed
according to Chinese National Standard GB/T 28731-2012 [17-20]. The uncertainty of the
mass measurements in proximate analysis is 0.1 mg. The obtained maximum absolute
uncertainty of the measurements of the moisture content (Mar), ash content (Aar), volatile
matter content (Var) and fixed carbon content (FCar) is 0.06%. The uncertainty of the lower
heating value (LHV) measurement is 50 J/g. In order to avoid local pyrolysis due to high
temperature, the highest drying temperature should be constrained in design. Pyrolysis
process was recorded by HCT-1 TG Analyzer (Beijing Hengjiu Co.). In the pyrolysis
experiment, nitrogen with flow rate 50 mL/min was used to provide inert atmosphere. The
sample mass was 5.12 mg and the temperature rising rate was set as 10 °C /min. For HCT1 TG Analyzer, the uncertainties of temperature and mass measurements are 0.1 °C and
0.1 μg respectively [17].
2.2. Drying test

Fig. 2 shows the experimental setup. The specifications of the single-shaft paddle heat
exchanger (i.e., dryer) are: heat transfer area 1 m2, inclined angle of paddles 4 °, number of
paddle pairs 14 and paddle pitch 70 mm. Heat transfer oil was heated in the boiler and
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flowed through the hollow shaft and paddles. Furfural residue flowed on the outside of the
shaft and paddles and meanwhile the moist content was reduced along the flow path. The
oil flow rate was adjusted based on the data of a vortex flow meter (DN32, VF-LUGB24652, Shanghai Weiliu Co.) and the oil temperatures at the inlet and outlet were measured
by thermal resistors (Pt100). In real applications, saturated steam is commonly used as the
working fluid. In the present experiment, we adjusted the oil flow rate to make its
temperature change along the flow path as little as possible.

Fig. 1. Raw sugar cane bagasse furfural residue.

Fig. 2. Experimental setup [17].
1- paddle heat exchanger; 2- boiler; 3- oil tank; 4- electronic scale; 5- photo tachometer; 6data acquisition unit; 7- computer; A- material inlet; B- material outlet; C- exhaust gas
outlet; D- oil inlet; E- oil outlet; m- flow meter; T- temperature sensor

The flow rate of furfural residue at the outlet (mo) was obtained via real-time continuous
weighing with the sampling period of 1 s by an electronic balance (TCS-150) with 0.01 kg
accuracy. A computer with data acquisition unit recorded the outlet furfural residue mass
continuously and the outlet mass flow rate was then calculated based on the mass vs. time
data. The inlet flow rate (mi) was deduced according to dry matter mass conservation.
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mi 

1  xo
mo .
1  xi
(1)

In Eq. (1), xi and xo are inlet and outlet moisture contents respectively and were tested
based on Chinese National Standard GB/T 28731-2012 [18]. Besides, in experiments, the
rotating speed of the shaft, which can be adjusted by motor inverter in the range 0~50
rpm, was acquisitioned by an infrared photo tachometer (XSM/C).
3. Results and Discussion
3.1. Properties

The particle size distribution of raw (wet) furfural residue with moisture content of
54.26% is shown in Fig. 3. The data in Fig. 3 are correlated as
y = 2.67909x2-16.38295x+30.03408

(dm = 0-0.09 mm)

(2a)

y = -0.35185x5+9.66385x4-105.86887x3+578.81593x21582.94284x+1745.53418
(dm = 0.09-1.7 mm)

(2b)

x = ln(1000dm)

(3a)

y = ln(1000r/Δd)

(3b)

where

In Eqs. (2a), (2b) and (3a), dm is the average particle diameter in a specified range, e.g., dm
= 1.2 mm in the range 0.7-1.7 mm. In Eq. (3b), r and Δd represent the mass fraction in a
specified range and the range length respectively, e.g., Δd = 1 mm in the range 0.7-1.7 mm.

Fig. 3. Particle size distribution of raw furfural residue (moisture content: 54.26%)

According to Fig. 3, the size of most particles (95.8%) is less than 0.55 mm and the average
size is 0.174 mm. Fine particles mean that blockage may not happen in single-shaft paddle
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heat exchangers. This prediction was validated in flow and drying experiments. Besides,
this measurement also provides evidence for selecting proper combustion mode. In the
experiment performed by Gao et al. [9], the range of particle sizes is 0.5~10 mm which is
very different from that of the sample in this paper although the two samples have similar
moisture content. The corresponding bulk density of the present sample is 400 kg/m3 [17]
with the uncertainty less than 1 kg/m3 which is also different from that in Ref. [9]. In fact,
the present sample is cane sugar bagasse furfural residue but the sample in Ref. [9] is not.
This comparison shows that the physical properties (like particle size and bulk density)
significantly depend on how the furfural residues are produced. Agglutination is a critical
physical problem in paddle heat exchanger applications. By direct observation, we noticed
that the furfural residue particles are dispersed, meaning that agglutination may not
matter. This was finally checked via drying experiment too.
Table 1 documents the proximate analysis results of raw (wet) furfural residue where Mar
is moisture content, Aar is ash content, Var is volatile content, FCar is fixed carbon content
and LHV is lower heating value. The moisture content (54.26% for the present sample) is
the most important parameter for drying unit design. Note that in real applications, the
moisture content of raw furfural residue may not be completely the same because of
different furfural production processes, deposit, transportation and inevitable nonuniformity. Generally, the highest moisture content is about 60% [1-2]. We assumed the
ambient temperature is 25 °C and the latent heat of water evaporation is 2257 kJ/kg at 0.1
MPa. We considered the sensible heat loss of liquid water heating and the latent heat loss
of water evaporation in combustion process. From the LHV with moisture content of
54.26%, the LHV with moisture content of 60% can be estimated, which is about 6062
kJ/kg. This result tells that furfural residue with moisture content less than 60% can be
used as fuel. A properly designed drying-combustion integration system can generate net
heat to outside users.
Table 1. Proximate analysis (as received basis) of raw furfural residue.

Mar

Aar

Var

FCar

LHV

54.26%

1.73%

30.07%

13.94%

7301 kJ/kg

Fig. 4 presents the pyrolysis process curves (i.e., TG and DTG). In the range from initial
temperature to about 100 °C, TG drops fast which is usually called drying stage. The
following stage ranges from 100 °C to about 270 °C, at the end of which most moisture
loses. When the temperature is higher than 270 °C, slight pyrolysis initiates. For materials
with moisture, when the hot solid surface temperature approaches pyrolysis temperature,
the material temperature is usually much lower than the solid surface temperature due to
water evaporation cooling effect. Even though, due to non-uniformity of the material
particle size distribution and flow distribution, it is possible to generate local high
temperature for the material. So, based on this consideration, it is safe to use oil
temperature no higher than 270 °C to make sure that no pyrolysis occurs for any particles
in any location in a paddle heat exchanger.
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(a)

(b)
Fig. 4. Pyrolysis process curves of furfural residue (a) TG, (b) DTG

3.2. Drying characteristics

For specified furfural residue, its flow rate mi at the inlet of the specified paddle heat
exchanger in this paper depends on the rotating speed n, whose effect is given in Fig. 5. For
the flow test without heating, the maximum relative uncertainty of mi (or mo) is less than
0.2% in the specified flow rate range. Approximately, the flow rate increases with the
increasing of rotating speed linearly. How to choose n in design is a problem of trade-off.
Higher rotating speed increases furfural residue disposal capacity but shortens the
residence time which increases the outlet moisture content.
Table 2 documents two cases of drying experiments. In the drying test, the absolute
uncertainties of the temperature and moisture content measurements are 0.1 °C and
0.02% respectively. The obtained uncertainty of the inlet flow rate (mi) based on Eq. (1) is
about 0.1 kg/h for both cases. More details of the experiments can be found in Ref. [17].
Both cold-state and drying experimental results do not show furfural residue agglutination
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on solid surfaces and flow blockage. For imitating saturated steam heating process, we
adjusted the oil temperature difference between inlet and outlet to be very small (less than
3 °C). Case II uses higher average oil temperature (181.45 °C) than Case I (132.0 °C).
Although the two cases have different inlet moisture contents, the furfural residue flow
rates are the same. The outlet moisture content of Case I is close to the inlet moisture
content of Case II. We can approximately seem the outlet of Case I as the inlet of Case II but
with different oil temperature. Based on the data in Table 2, we can calculate the removed
moisture Δm in each case.

m 

xi  xo
mi .
1  xo

(4)

Fig. 5. Flow rate of raw furfural residue (moisture content: 54.26%)

Table 2. Results of drying experiments
Parameters
Rotating speed (rpm)
Inlet oil temperature (°C)
Outlet oil temperature (°C)
Inlet furfural residue temperature (°C)
Inlet mass flow rate of furfural residue (kg/h)
Inlet moisture content of furfural residue (%)
Outlet moisture content of furfural residue (%)

Case I
10
133.9
130.1
22.0
37.0
54.26
40.64

Case II
10
182.9
180.0
22.0
37.0
41.31
15.94

Based on Eq. (4), Δm is 8.49 kg/h for Case I and 11.17 kg/h for Case II. Case II with higher
oil temperature removes more moisture than Case I. In the present analysis, assume that
the temperature difference between oil and furfural residue (or the oil temperature itself)
is more significant and the overall heat transfer coefficient does not change significantly
with moisture content in the specified range. It is safe to use 181.45 °C (oil temperature of
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Case II) to dry wet furfural residue (with flow rate 37.0 kg/h) from moisture content
54.26% to 15.94% with two 1 m2 single paddle heat exchangers in series if we combine
Case I and Case II together. The equivalent paddle heat exchanger area is 2 m 2. For
combustion process, less than 20% moisture content is usually acceptable from the
viewpoints of technology (i.e., ignition) and economy. Lower outlet moisture content
means larger paddle heat exchanger area or more equipment investment. Under such
condition, the exhaust gas of drying process will carry dust easily. Trade-off in design is
necessary.
3.3. Further discussions

In engineering design, drying unit is suggested to be integrated into the drying-combustion
integration system. Fig. 6 shows how the paddle heat exchanger is used in the system. Wet
furfural residue is dried in the paddle heat exchanger using saturated steam generated by
burning dry furfural residue in the boiler. More steam than needed by drying is output to
outside users. Because of the indirect drying feature, most of the exhaust gas generated in
the paddle heat exchanger is steam. It is possible to recover and reuse the heat stored in
the exhaust gas through proper methods like condensing. If so, the energy efficiency of the
drying-combustion integration system will be improved. In China, there are a lot of
industrial steam boilers with steam pressure no higher than 1 MPa, including some
installed in furfural production factories. The saturation temperature of steam at 1 MPa is
about 180 °C which is very close to oil temperature used in Case II. So it is convenient and
cheaper to use these boilers to burn dry furfural residue and provide saturated steam to
dry wet furfural residue. Detailed analysis and optimization on drying-combustion
integration system will be performed later.

Fig. 6. Furfural residue drying-combustion integration system
1- paddle heat exchanger; 2- boiler; 3- exhaust gas disposal unit; A- wet furfural residue; Bdry furfural residue; C- ash; D- exhaust gas; E- steam; F- condensing water

4. Conclusions
The present work is a preliminary investigation that provides evidence for conceptual
design of application systems. The aim is to check the feasibility of using single-shaft
paddle heat exchanger to dry wet sugar cane bagasse furfural residue. Measurements of
basic properties of furfural residue were performed. The average particle size is 0.174 mm,
very different from that in literature. This shows that the particle size significantly depends
on how furfural residue is generated. The lower heating value of furfural residue with
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moisture content of 54.26% is positive which means that properly designed dryingcombustion integration system does not consume net heat in furfural residue disposal
processes. Pyrolysis curves were also documented for design need. Furfural residue flow
rate and drying characteristics were tested in a lab-scale single-shaft paddle heat
exchanger. No agglutination and flow blockage were found. The results confirm that it is
feasible to dry wet furfural residue to moisture content of 15.94% with reasonable
equipment design and working fluid parameters in the viewpoint of engineering
applications. Compared with raw wet furfural residue, the product after drying can be
burned more easily and efficiently. This conclusion provides basis for future design of
drying-combustion integration system. More research will be performed in the future, e.g.,
in scale-up performance of furfural residue drying systems based on single-shaft paddle
heat exchangers.
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In this study, we show the effect of time delay of coolant fluid flow into a
vascularized plate on the peak temperature. Coolant flows along vascular channels
which were embedded in a rectangular plate. Two kinds of vascular channel
designs were investigated experimentally: parallel and tree-shaped. In the study,
the peak temperatures were monitored and the coolant was pumped when the
peak temperature reaches to 50°C, 70°C and 90°C. The performance comparison
of two distinct designs is based on two criteria: the time required for the steady
state condition after the coolant is pumped and the peak temperature after the
steady state condition is conformed. The results show that the time required to
reach steady-state condition increases as the time delay increases. The parallel
and tree-shaped designs show similar performance (time required to reach steady
state) with slightly improved performance in the tree-shaped design as the preset
temperature for time delay increases. For instance, 4% decrease in the time
required to reach steady-state with the tree-shaped design relative to the parallel
design was achieved when the preset temperature for time delay is 90°C.
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1.

Introduction

The trend of compact equipment with high processing capability increases the volumetric
heat generation rate greatly in the last decade. Compact equipment design constraint limits
the increase of heat transfer surface area. Therefore, the literature focus on the
maximization of the overall heat transfer coefficient (i.e., minimization of the thermal
resistances) such as using nanofluids and phase change materials in order to enhance heat
transfer rate [1-4]. Furthermore, not always the rate of generated heat is known, i.e. such
as the case of thermal runaway. Therefore, there is a need for uncovering the performance
of cooling systems with random heat generation cases. For instance, Cetkin et al. [5]
uncovered numerically how the temperature distribution is affected when there is a
randomly moving source on a vascular plate. Self-cooling structures promises to provide
proper cooling of a structure even under random heat generation cases [5-12].
Materials with the smart feature of self-healing (autonomic healing) was firstly suggested
by White et. al. [13] in 2001. They mimicked the healing mechanism of animals, i.e., clot
seals the wound. Unlike in the animals, the suggested mechanism in their publication was
to embed spheres filled with healing agent. Therefore, this healing could be achieved once,
i.e. not repetitive. Later, Hamilton et. al. [14] stated that embedded vascular channels into
the structure would create a network similar to the circulatory system which would yield
countless time of healing in theory. However, the healing agent during the release may also
block the channels which reduces the performance of healing for multiple healing cases.
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Bejan et. al. [15] discussed that embedding vascular channels into a structure can also be
used to cool it under an applied heat load. Wang et. al. [16] uncovered how the mechanical
strength of a domain with a cavity shaped as the vascular channel network is affected for
various vascular channel networks and volume fraction. Later, Cetkin et al. [10] uncovered
how the mechanical strength and cooling performance are affected by the volume fraction
and the shape of the embedded channel configurations simultaneously. In addition, Cetkin
et. al. [5] showed that vascularization provides required cooling even when the cooling
requirements are random [14]. Later, the publications uncovered the effect of thermal
expansion on vascularized plates which are heated and under a mechanical load [17-18].
The current literature uncovers the cooling performance in steady-state condition.
Therefore, fluid should be circulated in the vascular channels continuously. However, this
would not be feasible due to the energy usage in random heating load cases. This paper
discusses the effect of time delay of the fluid flow in order to uncover what should be the
required time for delay when the equipment is heated with a random heat load. The
parallel and tree-shaped vascular channel structures were investigated experimentally.
2. Model
The plates of size 170x170 mm with embedded vascularized cooling channels were heated
with constant and uniform heating load of 150W from the surface boundary as shown in
Fig. 1. The details on the length scales and geometry can be found in our previous
publication [19], and the dimensions are also given in Table 1. The rest of the outer
boundaries of the vascularized plate is adiabatic (i.e., ∂T⁄∂n=0). Coolant flows along the
embedded vasculature network with the same flow rate for all the designs (0.225 lt/min,
Re =1198). The pressure difference between the inlet and outlet boundaries of the cooling
channels is the driving force for coolant to flow. The volume of the vascular channels and
solid plate are fixed for all the designs. The channel surface area for the tree-shaped and
parallel designs are 0.013m2 and 0.014m2, respectively. In addition, the coolant is distilled
water.

Fig. 1 Cooling plate with embedded circular cross-sectional channels in parallel design:
boundary conditions with perspective of the geometry [19]

Two vasculature network is studied in the current paper: parallel design (Fig. 2a) and treeshaped design (Fig. 2b). In the parallel design, the coolant channels of diameter d 1 are
connected to one distributing and one collecting channels of diameter d0. In the treeshaped design, four cooling channels of diameter d1 is joined to eight channels of diameter
d2 and they are connected to sixteen daughter channels of diameter d 3. All of the tree162
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shaped channels are connected to one distributing and one collecting channels of diameter
d0 with the channels of diameter d3.

(a)

(b)

Fig. 2 Cooling plate with embedded circular cross-sectional channels: (a) parallel design
and (b) tree-shaped design [19]
Table 1 Dimensions of the competitive designs
Designs

d0 [m]

d1 [m]

d2 [m]

d3 [m]

L [m]

Parallel
Tree-shaped

0.004
0.004

0.0025
0.003

0.0025

0.002

0.17
0.17

L channel
[m]
0.15
0.15

3. Experimental Method
Figure 3 shows the schematics of the experimental setup. The setup consists of cooled
circulating bath, needle valve, turbine flow meter, thermocouples, vascularized plate,
thermal camera, silicone flexible resistance and data logger. The circulating water bath
regulates constant inlet temperature into the vascular channels. The temperature at the
inlet of the vasculature network is also measured to check whether the temperature
fluctuates. During the study we have monitored constant inlet temperature (i.e., the
fluctuation in the temperature is in the order of the accuracy of the cooled circulating bath).
Needle valve and flow meter are used to turn on/off the coolant flow and to measure
volume flow rate of the coolant, respectively. Thermocouples were used to measure
ambient temperature and coolant at the outlet of the vascular plate in addition to the inlet
temperature of the coolant into the vasculature. The vascularized plates used in the
experiments were manufactured from 5083 Aluminum. A silicone heater is used to supply
constant heat flux to the bottom surface of the vascular plate. The overall heating rate of
the silicone heater is 150W. Hioki data logger was used to record measurement data of the
flow meter and thermocouples. The peak temperature on the surface was measured with
thermal camera which was calibrated before the measurements. The accuracies of each
measurement equipment with the error analysis study was given in our previous study of
Ref [19] where the temperature distribution of the vascularized structure was documented
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under steady state condition (i.e., constant flow rate of the coolant supplied into the
vasculature structure in the Ref. [19]).

Fig. 3 The schematic of the experimental setup [19]

In the experiment, the coolant fluid in the water bath is cooled down to 20°C. Then,
vascular plate was heated by using the silicone flexible resistance. First, there is no coolant
flowing in the vasculature. Heating process is continued up to the pre-determined peak
temperature value. Then, the needle valve was turned on to supply the coolant into the
vasculature. The coolant flows through the needle valve, flow meter and vascular plate,
respectively, and then it returns to the circulating bath. The volumetric flow rate of the
coolant is 0.225 lt/min and the flow regime is laminar during the process (maximum value
of the Reynolds number is 1198). The cooling power of the circulating bath (250W) is
greater than the supplied heat from the silicone resistance (150W). Therefore, the inlet
temperature of the coolant into the vascularized plate was kept constant. In addition,
during the experiment, the maximum temperature on the surface of the plate is monitored
via thermal camera. The temperature distribution on the thermal camera and
measurements done from the thermocouples were monitored and stored. The experiment
is repeated for various pre-determined peak temperatures such as 50°C, 70°C and 90°C.
Finally, the required time to reach steady state condition is evaluated with respect to peak
temperature values.
4. Results and Discussion
Here, the peak temperature history of the experimental results for two distinct vasculature
structures (parallel and tree-shaped) are documented. In addition to the effect of design
on cooling, the effect of the cooling time of the vascularized plates are investigated.
First, consider the parallel design of Fig. 2(a) with preset temperatures of 50oC, 70oC and
90oC in order to supply the coolant. The applied heating load increases the temperature of
the solid domain in which coolant is trapped, i.e. no flow of coolant. Therefore, the
temperature increases in an S-curve characteristic as expected, cf. Fig. 4.
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Fig. 4 Parallel design with preset temperature of 50°C, 70°C and 90°C

According to Figure 4, when the cooling fluid delayed, the time required to reach steady
state condition increases due to the stored thermal energy in the vascularized plate. The
plate reaches steady state condition in approximately 6min, 8min and 11min for the peak
temperatures 50℃, 70℃ and 90℃, respectively. Steady-state temperatures are
approximately the same and measured as 35℃ (there is a fluctuation in the order of 1℃
due to the variation of the ambient temperature). This also indicates that the proper
cooling at the circulating bath and the vasculature was achieved. Figure 4 also shows that
the decrease in the peak temperature is steeper when the coolant is being sent to the
vasculature. The temperature difference of the coolant flowing along the vasculature and
the solid plate yield an exponential peak temperature difference history from the instance
that the coolant is pumped to the steady-state condition temperature. Therefore, the peak
temperature decreases in a steep fashion after the fluid is pumped until the peak
temperature and steady state temperature difference is approximately 5oC.

Fig. 5 Tree-shaped design with preset temperature of 50°C, 70°C and 90°C

Next, consider the tree-shaped design with three levels of embedded vascular cooling
channels in Figure 2(b). Figure 5 shows that the temperature history from time 0 min to
the preset temperature is almost the same with the temperature history of Fig. 4. Because
the volume of the coolant and the solid material is fixed, this result is reasonable. They are
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not exactly the same due to how non-flowing coolant distributed inside the vasculature
and the surface area of the channels are different in Figs. 4 and 5.
Figure 5 shows that the vascularized plate reaches steady state condition approximately
in 5min, 8min and 10min for the peak temperatures 50℃, 70℃ and 90℃, respectively.
Figures 4 and 5 shows that the time required to reach steady state is approximately the
same for both parallel and tree-shaped designs. However, the results indicated that the
steady-state temperature is being reached faster with the tree-shaped design. The reason
of that trend is due to the decrease of the pressure drop in the tree-shaped design relative
to the parallel design. Steady-state temperatures were recorded as approximately 36℃ for
the peak temperatures 50℃, 70℃ and 90℃. In addition, the steady state peak
temperature is 1℃ greater in tree-shaped design relative to the parallel one. However, this
difference stays in the calculated error for the experimental analysis.
5. Conclusions
In this study, we showed the effect of time delay on the cooling of a vascularized plate with
two distinct channel networks: parallel and tree-shaped designs. The results show that
varying the time delay affects the peak temperature, and that the time required to reach
steady-state condition is increased by the rise in peak temperature. The temperature
history first shows an S-curve characteristic (from time 0 to peak temperature) and then
it shows an exponential characteristic (from the peak temperature to the steady-state
temperature). Figures 4 and 5 uncover that the time required to reach steady-state
condition increases approximately 1 min for every 10°C increment. However, it should be
noted here the cooling power of the circulating bath is greater than the supplied heat load.
Therefore, the supplied coolant satisfied the requirement of constant temperature at the
inlet of the vascularized structure. Otherwise, the steady-state may not be reached. The
results show that the parallel and tree-shaped designs yields almost the same steady state
temperature (1oC difference exists which is less than the experimental error). However,
the steady state temperature is reached faster with the tree-shaped design. For instance, it
is 4% less than the parallel design when the preset temperature for time delay is 90°C.
Acknowledgment
The authors acknowledge the funding from the Scientific and Technological Research
Council of Turkey.
References
1] Shafahi M, Bianco V, Vafai K, Manca O. Thermal performance of flat-shaped heat pipes using
nanofluids. International Journal of Heat and Mass Transfer, 2010; 53: 1438-1445.
https://doi.org/10.1016/j.ijheatmasstransfer.2009.12.007
[2] Li Y, Xie HQ, Yu W, Li J. Liquid cooling of tractive lithium ion batteries pack with nanofluids
coolant. Journal of Nanoscience and Nanotechnology, 2015; 15(4): 3206-3211.
https://doi.org/10.1166/jnn.2015.9672
[3] Alshaer WG, Nada, SA, Rady MA, Del Barrio EP, Sommier A. Thermal management of
electronic devices using carbon foam and PCM/nano-composite. International Journal of
Thermal Sciences, 2015; 89: 79-86. https://doi.org/10.1016/j.ijthermalsci.2014.10.012
[4] Ma T, Yang HX, Zhang YP, Lu L, Wang X. Using phase change materials in photovoltaic
systems for thermal regulation and electrical efficiency improvement: A review and outlook.
Renewable
and
Sustainable
Energy
Reviews,
2015;
43:
1273-1284.
https://doi.org/10.1016/j.rser.2014.12.003
[5] Cetkin E, Lorente S, Bejan A. Vascularization for cooling a plate heated by a randomly
moving source. Journal of Applied Physics, 2012; 112(8): 084906, 2012.
166

Yenigün et al. / Research on Engineering Structures & Materials 4(3) (2018) 161-167

[6] Cetkin E, Lorente S, Bejan A. Vascularization for cooling and mechanical strength.
International Journal of Heat and Mass Transfer, 2011; 54(13-14): 2774-2781.
https://doi.org/10.1016/j.ijheatmasstransfer.2011.02.061
[7] Wang KM, Lorente S, Bejan A. Vascular materials cooled with grids and radial channels.
International Journal of Heat and Mass Transfer, 2009; 52(5-6): 1230-1239.
https://doi.org/10.1016/j.ijheatmasstransfer.2008.08.027
[8] Cho KH. Fluid flow and heat transfer in vascularized cooling plates. International Journal of
Heat
and
Mass
Transfer,
2010;
53(19-20):
3607-3614.
https://doi.org/10.1016/j.ijheatmasstransfer.2010.03.027
[9] Rocha LAO, Lorente S, Bejan A. Tree-shaped vascular wall designs for localized intense
cooling. International Journal of Heat and Mass Transfer, 2009; 52(19-20): 4535-4544.
https://doi.org/10.1016/j.ijheatmasstransfer.2009.03.003
[10] Cetkin E, Lorente S, Bejan A. Hybrid grid and tree structures for cooling and mechanical
Strength.
Journal
of
Applied
Physics,
2011;
110(6):
064910.
https://doi.org/10.1063/1.3626062
[11] Cho KH, Lee J, Ahn HS, Bejan A, Kim MH. Fluid flow and heat transfer in vascularized cooling
plates. International Journal of Heat and Mass Transfer, 2010; 53: 3607-3614.
https://doi.org/10.1016/j.ijheatmasstransfer.2010.03.027
[12] Cho KH, Chang WP, Kim MH. A numerical and experimental study to evaluate performance
of vascularized cooling plates. International Journal of Heat and Fluid Flow, 2011; 32: 11861198, 2011. https://doi.org/10.1016/j.ijheatfluidflow.2011.09.006
[13] White SR, Sottos NR, Geubelle PH, Moore JS, Kessler MR, Sriram SR, Brown EN, Viswanathan
S. Autonomic healing of polymer composites. Nature, 2001; 409: 794-797.
https://doi.org/10.1038/35057232
[14] Hamilton AR, Sottos NR, White SR. Self-healing of internal damage in synthetic vascular
materials.
Advanced
Materials,
2010;
22(45):
5159-5163.
https://doi.org/10.1002/adma.201002561
[15] Bejan A, Lorente S, Wang KM. Networks of channels for self-healing composite materials.
Journal of Applied Physics, 2006; 100(3): 033528. https://doi.org/10.1063/1.2218768
[16] Wang KM, Lorente S, Bejan A. Vascular structures for volumetric cooling and mechanical
Strength.
Journal
of
Applied
Physics,
2010;
107(4):
044901.
https://doi.org/10.1063/1.3294697
[17] Rocha LAO, Lorente S, Bejan A. Vascular design for reducing hot spots and stresses. Journal
of Applied Physics, 2014; 115(17): 174904. https://doi.org/10.1063/1.4874220
[18] Cetkin E, Lorente S, Bejan A. Vascularization for cooling and reduced thermal stresses.
International Journal of Heat and Mass Transfer, 2015; 80: 858-864.
https://doi.org/10.1016/j.ijheatmasstransfer.2014.09.027
[19] Yenigun O, Cetkin E. Experimental and numerical investigation of constructal vascular
channels for self-cooling: Parallel channels, tree-shaped and hybrid designs. International
Journal
of
Heat
and
Mass
Transfer,
2016;
103:
1155-1165.
https://doi.org/10.1016/j.ijheatmasstransfer.2016.08.074
[20] Bejan A, Lorente S. Design with Constructal Theory, John Wiley & Sons, 2008.
https://doi.org/10.1002/9780470432709

167

Research Article

Numerical study of the elasto-plastic buckling in perforated thin
steel plates using the constructal design method
Daniel Helbig1, Marcelo Langhinrichs Cunha2, Caio Cesar Cardoso da Silva2, Elizaldo
Domingues dos Santos2, Ignácio Iturrioz1, Mauro de Vasconcellos Real2, Liércio
André Isoldi*,2, Luiz Alberto Oliveira Rocha1,3
Graduate Program in Mechanical Engineering, Federal University of Rio Grande do Sul - UFRGS, Brazil
Graduate Program in Ocean Engineering, Federal University of Rio Grande - FURG, Brazil
3 Graduate Program in Mechanical Engineering, University of Vale do Rio dos Sinos - UNISINOS, Brazil
1
2

Article Info

Abstract

Article history:
Received 23 Nov 2017
Revised 09 Feb 2018
Accepted 20 Jun 2018
Keywords:

There are several areas of engineering that use thin plates as structural elements,
among them, we can highlight their application in the construction of offshore
structures, bridges, ship hulls, and aircraft fuselage. In some design situations, the
plates may be subjected to compression stresses and, consequently, they may be
under the effect of elastic and/or elasto-plastic buckling. The analysis of the
buckling phenomenon presents significant differences between one-dimensional
elements, such as beams and columns, and two-dimensional elements, such as
plates. The buckling phenomenon is directly related to dimensional, constructive
and/or operational aspects. In this sense, the presence of perforations in plates
causes a redistribution of their stresses, affecting not only their resistance but also
their buckling characteristics. In order to solve the problem of elasto-plastic
buckling in thin steel plates with perforations, we used computational models
developed in Ansys(R) software, which is based on the Finite Element Method
(FEM). For the analysis, it was considered perforated plates with constant
thickness h for the relationships H/L = 1.0 and H/L = 0.5, where H is the plate width
and L is the plate length. For the volume fraction Ф, i.e., the ratio between the
volume of the perforation and the volume of the plate, the following values were
considered: 0.08; 0.10; 0.15; 0.20 and 0.25. In addition, the plates were considered
to have centralized perforations with the following geometric forms: longitudinal
oblong, transverse oblong, elliptic, rectangular, diamond, longitudinal hexagonal,
and transverse hexagonal. The shape variation of each perforation type occurs
through the ratio H0/L0, being H0 and L0 the characteristics dimensions of
perforation. The Constructal Design method was employed to define the range of
possible geometries for the perforated plates, allowing an adequately comparison
about the von Mises stress distribution among the studied cases. The results show
that the geometric shape variation, for all analyzed perforation types, leads to an
optimum geometry.
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Introduction
The growing use of the steel plates in structures is directly related to the advantages that
this element possesses when compared with other construction types. The high strength
of the material to the several stress states, for instance, makes it possible to withstand
great internal forces, in spite of having cross-sectional areas relatively small, what turns
them lighter [1].
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As for the thin plates, these are structural elements very used in the naval, aerial, and
automotive industries, as well as in the civil construction. It stands out for its use in the
construction of shipyards cranes, petroleum platforms, floating docks, ship hulls, and in
the fuselage of airplanes. According to [2], thin plates are widely used in structures because
they have excellent performance at imposed stresses, with the reduced weight of their
elements, and, if added chrome, nickel or zinc to plates, high corrosion resistance. When a
flat plate is subjected to transverse or axial loads, it develops stresses due to axial force,
shear, bending, and torsion [3]. For [4] some factors must be analyzed with extreme care
in the design of naval and offshore structures. The idealization and the design of a
structural element should satisfy specific requirements of resistance, rigidity, and stability.
In its great majority, structures as the ship hulls are formed basically by the association of
beams, columns and plates, which are usually submitted to compression loads. In this
context, when a slender structural element is subjected to compressive strengths, an
extremely important phenomenon called buckling may occur, that is, making the element
susceptible to instability.
Moreover, the designers should observe carefully the presence of perforations in plates.
These can be used with the objective of decrease the total weight of the structure or to
make possible the people's access to certain sections or services, or still, as elements with
an aesthetic purpose. However, the inclusion of perforations in the plates causes a
redistribution of their stresses, and may even lead to modifications in their mechanical
strength and in the buckling characteristics [5]. Other aspects related to perforations, such
as the geometry, the dimension and the positioning of the perforation, influence directly in
the performance of a plate submitted to uniaxial compression [6].
Several researchers have studied the mechanical behavior of thin steel plates subjected to
compression, and among them can be cited: [7] determined the values of critical buckling
loads in rectangular plates with centralized perforations and subjected to biaxial loading
using FEM; [8] have developed, validated and summarized analytical expressions whose
purpose is to estimate the influence of single or multiple perforations in determining the
value of the critical buckling load of plates in bending or compression; [9] applied the
Constructal Design method for the optimization of perforated thin steel plates submitted
to the elastic buckling; [10] used the Constructal Design method to evaluate the influence
of the type and the shape of centralized perforations in thin steel plates subjected to linear
elastic and nonlinear elasto-plastic buckling; and [11] studied the mechanical behavior to
nonlinear buckling of thin rectangular steel plates with rectangular perforations and
rounded vertices subjected to uniform compression.
Although there exists a significant number of scientific works addressed to the study of the
elastic buckling in plates, there is a reduced number of these referring to the elasto-plastic
buckling. This paper proposes to analyze the mechanical behavior of perforated thin steel
plates subjected to uniaxial compression, using the computational modeling allied to the
Constructal Design method for the generation of limit curves for elasto-plastic buckling. In
this context, the type, the shape and the size of the perforation are essential parameters to
be analyzed.
In order to aid in understanding the next sections of this article, a list of abbreviations a
and a list of symbols are presented in the Appendix.
2. Buckling and Post-Buckling of Plates
As already mentioned, according to [4], the majority of the parts that integrate a naval
structure are composed of plates, beams and columns, which are, in several situations,
subjected to compressive loads. Structural components as plates, for instance, when
submitted to compression or tension forces, possess differentiated behavior. Plates axially
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tensioned develop shear stresses, on the other hand, when submitted to compressive
strengths it can occur its transverse deflection, which is called buckling. Therefore, it is
extremely important considering the buckling phenomenon in the procedures that involve
the structural design of naval and offshore structures. Evidently, this procedure should be
used for any structural component that is under the influence of the buckling phenomenon.
When a thin plate subjected to compression reaches its critical load value Pcr, the plate
undergoes a sudden transverse deformation and may lose its ability to withstand loading,
which would result in the collapse of the structure. The transverse deformation is
curvilinear and graphically shows the buckling phenomenon. Moreover, according to [12],
the application of a compression load, but less than the critical load value, does not cause
the buckling phenomenon. In this case, a small perturbation (small lateral load or small
initial curvature) causes a curvilinear deformation (lateral displacement) in the plate, but
with the retreat of this, the plate returns to its initial configuration. However, for the least
increase of the load beyond the critical value, a great transverse displacement occurs in the
structure, that can cause the collapse of the plate.
According to [13], the analytical solution to the problem of elastic buckling in thin steel
plates without perforation subjected to uniaxial compression is:

𝑃𝑐𝑟 = 𝑘

𝜋2 𝐷
𝐻2

(1)
where, Pcr is the critical load per unit of length, π is a mathematical constant, D is the plate
bending stiffness, and k is a function of the aspect ratio H/L. The plate bending stiffness
and the buckling coefficient are defined, respectively, by:
𝐸ℎ 3

𝐷 = 12(1−𝜈2 )
𝐻
𝐿

𝑘 = (𝑚 +

1 𝐿 2
)
𝑚𝐻

(2)

(3)

being, E and 𝜈, respectively, the modulus of elasticity and the Poisson's ratio of the plate's
material, h the plate thickness, and m the number of half-waves of the deformation pattern
in the x-axis direction.
A thin plate does not enter in collapse soon after the occurrence of the elastic buckling, but
actually it can support loads significantly larger than the critical load without deforming
excessively. The behavior of plates differs from that expected when considering the
behavior of elastic bars submitted to compression that only withstands a slight increase in
the load before excessive deformation of the bar occurs (see Fig. 1). The additional postbuckling resistance of thin plates is due to several factors however, the main one is that the
deformed shape of the buckling plate cannot be developed from the pre-buckling
configuration without a redistribution of the stresses in the mid-plane along the plate. This
redistribution, which is ignored in the theory of small displacements of elastic buckling,
usually favors the less rigid regions of the plate and causes an increase in plate efficiency.
One of the most common causes of this redistribution is associated with the boundary
conditions in the plane of the loaded edges of the plate [14].
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Fig. 1 Post-buckling behavior in slender plates, adapted of [15]

The load that defines the collapse of a plate, in its elasto-plastic behavior, is called postcritical or ultimate load, being represented by Pu. However, as already mentioned, the final
load capacity of a plate is not restricted to the occurrence of elastic buckling, i.e., the plates
resist load higher than the critical load, which allows an increase of load after the
occurrence of elastic buckling [12]. Still in agreement with [12], the capacity of the plates
support this load increment is associated with the formation of a membrane force that
stabilizes the displacement through a transverse tension (see Fig. 2). When the external
load is increased in order to cause the plate buckling, it occurs a non-uniform distribution
of the stresses caused by the external load. This provides an increased resistance, which is
due to the fact that the transverse fibers are tensioned after the buckling, tending to
stabilize the longitudinal fibers.

Fig. 2 Redistribution of stresses in the post-buckling critical state [12]

As described above, unlike the behavior of bars, plates exhibit significant resistance after
the occurrence of buckling. In addition, if this post-critical resistance is fully utilized, a
structural, efficient and economic design may be obtained [16]. According to [17] the postcritical loading reserve is not unlimited, and according to experimental results, the plate
reaches the collapse when the maximum compressive stress at the edges not charged reach
the elastic limit. Still according to [17], Bleich proposed in 1924 the Eq. 4 to calculate
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buckling of plates in the elasto-plastic regime, where τ = Et/E, and Et corresponds to the
steel tangent modulus of elasticity.

𝜕4 𝑤
𝜕𝑥 4
(4)

+ 2 √𝜏

𝜕4 𝑤
𝜕𝑥 2 𝜕𝑦

+
2

𝜕4 𝑤
𝜕𝑦 4

+

𝜎𝑥 ℎ 𝜕2 𝑤
𝐷 𝜕𝑥 2

=0

In Eq. 4, the term √𝜏 is the plastic reduction factor of a plate subjected to uniform
compression stress in one direction, being this factor variable with the type of loading and
with the boundary conditions of the plate. According to [17], the analysis of the differential
equation proposed by von Karman, 1910, and after by Bleich, 1924, to elasto-plastic
analysis is quite complex, being normally necessary resort to numerical and computational
methods.
3. Constructal Design Method
The Constructal Theory stands out for present time context and for the perception of the
design importance of natural structures. As a basic reference, it is based on the perception
that the design of natural structures is directly related to the occurrence of a physical
phenomenon, which occurs in small and large systems such as rivers, traffic in cities,
vascularized living tissue, the dissemination of ideas, among others. Its guidelines and its
major advances in science are directly related to the studies developed by its founder,
Adrian Bejan, and researchers who use it in different areas of knowledge. The line of
reasoning where forms from nature are accepted, observed, and copied are still present
today. However, the Constructal Theory, according to [18], proposes the inversion of this
thought, that is, initially invokes the Constructal law and with that, theoretically, the
architecture of the form is deduced. Then, the theoretical configuration obtained in the
deduction is compared with that of the natural phenomena, and the agreement between
the geometries is what validates the Constructal Law.
According to [19], the Constructal Law for flow generation and configuration is defined as:
"For a finite-size flow system to persist in time (to live), its configuration must evolve in
such a way that provides greater and greater access to the currents that flow through it".
This law corresponds to the basis of the Constructal Theory and represents a new
extension of thermodynamics: the thermodynamics of systems out of balance and with
constraints. Some confuse the Constructal Law with an assumed natural evolutionary
trend with toward “more flow,” which is not correct. The natural tendency is to evolve
freely into flow configurations that offer greater access to what flows, not more flow [20].
According to [21], in summary, the evolution of systems is strictly connected with the
possibility of their morphing configuration, permitting that the new configurations replace
existing configurations, to perform better (Constructal Law). This self-standing law of
design has both local and global significance. It shows a fascinating connection between
the Nature as a whole and what this law holds in our world. The paths of all natural flow
systems (i.e., animate and inanimate systems) are drawn together and can be described
and understood under a unified view. The application of the Constructal Law according to
[18] occurs through the Constructal Method, called Constructal Design, and serves to
predict many phenomena in nature and designs in engineering. This method is used to
obtain configurations that optimize the flow systems through the optimal distribution of
imperfections.
3.1 Constructal Design Application

The application of the Constructal Design method allows an adequate evaluation of the
influence of the geometric configuration on the mechanical performance of a physical
system. Taking into account that all the geometries proposed by the Constructal Design
173

Helbig et al. / Research on Engineering Structures & Materials 4(3) (2018) 169-187

method are evaluated, it can be said that there is a geometric optimization procedure
through an exhaustive search process. Thus, in order to apply the Constructal Design
method, it is fundamental to define some parameters, such as objective functions, degrees
of freedom and constraints. After the definition of these parameters, it is possible to
generate infinite geometries, enabling the application the exhaustive search method.
However, according to [22] and [23], if the degrees of freedom and/or parameters are
many, another optimization method can be used.
Here, the objective function seeks to maximize the ultimate stresses by varying the degrees
of freedom H/L and H0/L0. The degrees of freedom relate, respectively, the width H to the
length L of the plate and the width H0 to the length L0 of the perforation. For H/L, two
possibilities were adopted: H/L = 1.0 and H/L = 0.5, while for H0/L0 several possible values
were considered (being related to the perforation type and the problem constraints). The
variables H, L, H0 and L0 as well as the perforation types used in this work are presented in
Fig. 3. It is worth to mention that the plate without perforation, used to verify the
computational model, is presented in Fig. 3a. Besides, values of H = 1000.00 mm and L =
2000.00 mm were considered for the plates with H/L = 0.5 and H = L = 1414.21 mm for the
plates with H/L = 1.0.
It was adopted, with the purpose of adequately comparing the different types of
perforation and as a restriction to the resolution of the buckling problem, a fraction (Ф) for
the perforation volume. This volume fraction is a function of the characteristic dimensions
of each perforation type, being defined, respectively, for longitudinal oblong, transverse
oblong, elliptical, rectangular, diamond, longitudinal hexagonal and transverse hexagonal
cut out, as:
𝜋

(5)

𝜋

(6)

𝜋 2
2
𝑉0 ((𝐿0 − 𝐻0 )𝐻0 + 4 𝐻0 ) ℎ (𝐿0 − 𝐻0 )𝐻0 + 4 𝐻0
𝛷=
=
=
𝑉
𝐻𝐿ℎ
𝐻𝐿
𝜋
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4
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=
=
𝑉
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𝑉0 𝐿0 (𝐻1 + 𝐻2 )ℎ 𝐿0 (𝐻1 + 𝐻2 )
=
=
𝑉
𝐻𝐿ℎ
𝐻𝐿

(11)

where, V0 represent the perforation volume, V the total volume of the plate without
perforation and h the plate’s thickness.
For all studied cases in this work, plates with the total area without perforation of 2.00 m2
and thickness of 10.00 mm were considered. In addition, as a geometric constraint, the
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minimal distance between de cut out edge and the plate edge is H-H0 = 200.00 mm and LL0 = 200.00 mm, respectively, in transverse and longitudinal directions (see Figs. 3b to 3h).

Fig. 3 Plate with: (a) no perforation, (b) longitudinal oblong perforation, (c) transverse
oblong perforation, (d) elliptical perforation, (e) rectangular perforation, (f) diamond
perforation, (g) longitudinal hexagonal perforation, and (h) transverse hexagonal
perforation

5. Computational Models
The computational model used in this work to solve the problem of elasto-plastic buckling
of thin steel perforated plates was developed in Ansys® software. For all numerical
simulations, the SHELL93 finite element was adopted (see Fig. 4). This element, that can
be used for the modeling of plates and shells, has eight nodes with six degrees of freedom
in each node, being 3 translations and 3 rotations in the x, y, and z directions. The
interpolating polynomials responsible for the deformation form are quadratic in both
plane directions and the finite element in question can incorporate plasticity, hardening,
and large deformations [24].
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An example of discretization and mesh generation for the computational domain, using the
SHELL93 finite element, is presented in Fig. 5. In this figure, the compression load P, the
length L, the width H and the constraints are indicated. The plate has a constant thickness
h of 10.00 mm. Concerning the boundary conditions, it was considered that the plates have
all edges simply supported, i.e., all nodes along the four edges are restricted to deflection
in z direction. Besides, the displacement in x direction is restricted at nodes 1, 3 and 4 as
well as the displacement in y direction is restricted at nodes 1 and 2.

Fig. 4 SHELL93 element [24]

Fig. 5 Reference model generated in ANSYS®

5.1 Elastic and Elasto-plastic Plate Buckling
The numerical procedure used to calculate the load that causes elastic buckling is based on
an analysis of eigenvalues and eigenvectors. Once assumed that the structure presents a
linear elastic behavior, a structural instability is foreseen, being the focus of the study the
verification of the load that provokes the elastic buckling of the plate. For this analysis type,
that involves the equilibrium conditions of the finite element equations, it is necessary the
solution of homogeneous algebraic equations, where the smallest eigenvalue and
eigenvector correspond, respectively, to the critical buckling load and the elastic
deformation mode of the structure [25].
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This consideration is necessary because the exact post-buckling problem does not allow
for a direct analysis due to problems of response discontinuities at the bifurcation point.
Starting from the first elastic buckling mode configuration, [26] defines that the maximum
value to be assumed for the initial imperfection should obey the relationship H/2000,
where H represents the width of the plate. Then, the ultimate load on the plate can be found
using as reference the load Py = σyt, where σy represents the material yielding strength. This
load should be applied in small loading increments on the plate in the direction parallel to
the x-axis. As already adopted in [27], for each load increment the Newton-Raphson
method is used to determine the displacements corresponding to the equilibrium
configuration of the plate through the equations:

{𝑃}𝑖+1 = {𝑃}𝑖 + {Δ𝑃}

(12)

{𝜓} = {𝑃}𝑖+1 − {𝐹𝑁𝐿 }

(13)

[𝐾𝑡 ]{Δ𝑈} = {𝜓}

(14)

{𝑈}𝑖+1 = {𝑈}𝑖 + {Δ𝑈}

(15)

where [𝐾𝑡 ] is the updated tangent stiffness matrix, {Δ𝑈} corresponds to the vector of
incremental displacements required to achieve the equilibrium configuration, {𝐹𝑁𝐿 }
represents the vector of internal nonlinear nodal forces and { 𝜓} is the vector of
unbalanced forces. The vectors {𝑈}𝑖 and {𝑈}𝑖+1 correspond to the displacements, while
the vectors {𝑃}𝑖 and {𝑃}𝑖+1 correspond to the external loads applied, to two successive
equilibrium configurations of the structure, respectively.
If at a certain load level the convergence can not be reached, or in other words, a finite
displacement increment can not be defined so that the unbalanced forces vector { 𝜓} is
nullified, this means that the structure failure load has been achieved. This occurs because
no matter as large as the displacements and strains can be, the stresses and internal forces
can not enhance as it would be necessary to balance the external loads. Therefore, in this
case, the maximum resistance capacity of the material was reached [27].
The external compression load on the plate, used in this work for the elasto-plastic
buckling analysis, was divided into 100 load increments with a maximum of 200
iterations for each load increment.
6. Results and Discussion
Initially, the results will be presented for the verification of the computational model for
the linear elastic buckling analysis and validation of the computational model for the
nonlinear elasto-plastic buckling analysis. Then, the thin steel plates with H/L = 1.0 and
H/L = 0.5, with various central perforation types (elliptical, rectangular, diamond,
longitudinal hexagonal, transversal hexagonal, longitudinal oblong and transversal
oblong), with different sizes (Ф = 0.08, 0.10, 0.15, 0.20 and 0.25) and for different
geometric forms (obtained by the H0/L0 variation) are subjected to elasto-plastic buckling.
6.1 Verification and Validation

The computational model verification for the analysis of elastic buckling was performed
by comparing the result of the critical load of a thin plate of steel without perforation with
the analytical solution given by Eq. 1. It was considered a simply supported plate in its four
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edges, with the following mechanical and dimensional properties: E = 210 GPa, ν = 0.30, σy
= 250 MPa, H = 1000.00 mm, L = 2000.00 mm and h = 10.00 mm. It was used a structured
and converged mesh, generated with the assistance of a finite square element of side 20.00
mm, obtaining a critical stress of σcr = 75.37 MPa. This value, when compared to the
analytical result (σcr = 75.92 MPa), represents a difference of -0.72%, verifying the
developed computational model.
After that, the computational model validation for the analysis of elasto-plastic buckling
was performed considering the value of the ultimate load experimentally obtained in [26]
for the comparison. For this purpose, a thin steel plate was used, simply supported in the
four borders, with the dimensions H = L = 1000.00 mm and h = 20.00 mm, and with the
mechanical properties: E = 210 GPa, ν = 0.30, σy = 350 MPa, with centralized circular
perforation with diameter of 300.00 mm. The computational domain was discretized using
a finite element with the maximum size of 20.00 mm. The ultimate stress determined
experimentally in [26] was of σu = 213.50 MPa, and the result obtained by numerical
simulation in this work was of σu = 217.00 MPa, which represents a difference of 1.64%,
validating the proposed computational model.
6.2 Normalization of the Limit Stress

Here the objective is to define the limit curve that prevents the occurrence of elasto-plastic
buckling. To do so, it is necessary to normalize the ultimate stresses, by means the
equation:
𝜎

𝑁𝐿𝑆𝐸𝑃 = 𝜎𝑢

(16)

𝑦

where NLS represents the normalized limit stress and the subscript EP refers to elastoplastic buckling. For all studied cases, the following properties of the material were
considered: E = 210 GPa, ν = 0.30, σy = 250 MPa and h = 10.00 mm, respectively, for modulus
of elasticity, Poisson's ratio, material yielding strength and thickness of the plate.
The H0/L0 variation, i.e. the perforation shape variation, allows the generation of an elastoplastic buckling limit curve for each perforation size and for each perforation type. To
exemplify, the plates with H/L = 1.0 and H/L = 0.5, for Ф = 0.20, having an elliptical
perforation were considered, being its limit curves showed in Figs. 6a and 6b, respectively.
The NLSMax and NLSMin factors are indicated in Fig. 6, corresponding to maximum and
minimum normalized limit stresses and identify, respectively, the optimal geometry and
the worst geometry. Regarding the normalized stresses, it was found that, in several
situations and for several values of H0/L0, the stresses acting on the plates exceeded the
limit to elastic buckling.
So to take into account all studied perforation types the following nomenclature was
employed: elliptic (E), rectangular (R), diamond (D), longitudinal hexagonal (LH),
transverse hexagonal (TH), longitudinal oblong (LO), and transverse oblong (TO).
Therefore, Figs. 7 to 11 show the elasto-plastic buckling limit curve for the plates with H/L
= 1.0 and H/L = 0.5, for all volume fractions Ф and all type of perforations.
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Fig. 6 Limit curve for the occurrence of elasto-plastic buckling in plates with elliptical
perforation, for Ф = 0.20: (a) H/L = 1.0 e (b) H/L = 0.5

Fig. 7 Limit curves for the occurrence of the elasto-plastic buckling for all types of
perforation, and for Ф = 0.08: (a) H/L = 1.0 e (b) H/L = 0.5

Fig. 8 Limit curves for the occurrence of the elasto-plastic buckling for all types of
perforation, and for Ф = 0.10: (a) H/L = 1.0 e (b) H/L = 0.5
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Fig. 9 Limit curves for the occurrence of the buckling for all types of perforation, and for Ф =
0.15: (a) H/L = 1.0 e (b) H/L = 0.5

Fig. 10 Limit curves for the occurrence of the elasto-plastic buckling for all types of
perforation, and for Ф = 0.20: (a) H/L = 1.0 e (b) H/L = 0.5

Fig.11 Limit curves for the occurrence of the elasto-plastic for all types of perforation, and
for Ф = 0.25: (a) H/L = 1.0 e (b) H/L = 0.5

The Figs. 7-11 show some recurrent aspects for the mechanical behavior of the limit
curves considering the elasto-plastic buckling. Among them, in a general w, it is possible to
highlight that: first, the plates with rectangular perforation present the greatest range for
the variation of H0/L0, and those with to diamond perforation, the least range; second,
there is a graphical similarity in the representation of the limit curves for Ф = 0.08 and 0.10
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and for Ф = 0.15, 0.20 and 0.25; third, the plates with transverse hexagonal, longitudinal
hexagonal and elliptical perforation type, present values very close to H0/L0; fourth, the
values of maximum stresses to the plates with H/L = 1.0, defined from the NLSEP, are found
for higher values of degree of freedom H0/L0 when compared to the plates H/L = 0.5; fifth,
the plates with H/L = 0.5 show higher loading capacity compared to the plates with H/L =
1.0; sixth, there is no universal perforation type that conducts to the best mechanical
performance regarding the degree of freedom H0/L0, instead there are intervals in which
one perforation type has better results than the other types, e.g. in plates with H/L = 0.5
and for Ф = 0.20, in the interval 0.44 < H0/L0 ≤ 0.70, the best perforation type is the
rectangular, and; finally, the geometric shape of the perforation, i.e., the variation of its
geometric configuration on the x and y-axes, is important for the development of the elastoplastic buckling limit curves, causing an increase or decrease in the mechanical
performance of the plates.
In order to quantify the improvement in the mechanical behavior of the plates, Table 1
shows the results obtained comparing the best and the worst geometries for each specific
type of perforation and for each value of Ф.
According to Table 1, the best mechanical performance for the plates with H/L = 1.0
corresponds to an increase of 191.85% for the plates with Ф = 0.10 and transverse
hexagonal perforation, while for the plates with H/L = 0.5 an improvement of 154.03% was
achieved for the longitudinal oblong perforation type and Ф = 0.08. In turn, the worst
mechanical performance, of 42.82%, refers to the plates with H/L = 1.0, was obtained with
Ф = 0.25 and diamond perforation, as well as, of 36.54% for plates with H/L = 0.5, reached
with Ф = 0.20 and longitudinal oblong perforation.
Considering the mechanical performance for each studied perforation volume fraction Ф,
it was observed:
Plates with Ф = 0.08 for H/L = 1.0 and for H/L = 0.5 reached improvements of 185.41% for
diamond perforation and 155.71% for rectangular perforation, respectively; while the
worst obtained results were 132.97% and 107.50%, respectively, both for transversal
oblong perforation.
Plates with Ф = 0.08 for H/L = 1.0 and for H/L = 0.5 achieved improvements of 191.85%
for transversal hexagonal perforation and 134.26% for elliptical perforation, respectively;
while the worst results correspond, respectively, to 132.14% and 100.00% for plates with
transversal oblong perforation.
Plates with Ф = 0.15 for H/L = 1.0 and H/L = 0.5 presented improvements of 189.85% for
rectangular perforation and 126.30% for elliptical perforation, respectively; and the worst
results were 116.08% and 74.50%, respectively, for plates with transversal oblong
perforation.
Plates with Ф = 0.20 for H/L = 1.0 and H/L = 0.5 showed improvements of 176.44% for
elliptical perforation and 130.88% for rectangular perforation, respectively; whereas the
worst behaviors were 92.28% for transversal oblong perforation and 36.56% for
rectangular perforation, respectively.
Plates with Ф = 0.20 for H/L = 1.0 and H/L = 0.5 achieved improvements of 176.44% for
elliptical perforation and of 130.88% for rectangular perforation, respectively; being the
worst results of 92.28% for transversal oblong perforation and of 36.56% for longitudinal
oblong perforation, respectively.
Plates with Ф = 0.25 for H/L = 1.0 and H/L = 0.5 reached improvements of 186.31% for
rectangular perforation and 137.25% for longitudinal oblong perforation, respectively;
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whilst the worst results were of 42.86% and 86.67%, respectively, both for diamond
perforation.
The application of the Constructal Design method allows an adequate comparison about
the von Mises stress distribution among the studied plates. Thus, to illustrate how the
principle of optimal distribution of imperfections actually leads to superior performances,
the Figs. 12 and 13 show the distribution of von Mises stresses for the best and worst
geometries, according to the data exposed in the Table 1, for H/L = 1.0 with Ф = 0.10 and
for H/L = 0.5 with Ф = 0.20, respectively.

Fig. 12 Distribution of the von Mises stress in plates with H/L = 1.0, for all perforation
types, and Ф = 0.10, being: (a, c, e, g, i, k, m), the best; and (b, d, f, h, j, l, n), the worst
configurations

Fig. 13 Distribution of the von Mises stress in plates with H/L = 0.5, for all perforation
types, and Ф = 0.20, being: (a, c, e, g, i, k, m), the best; and (b, d, f, h, j, l, n), the worst
configurations

The Figs. 12 and 13 show that the plates with the optimized geometries have the best
distribution of the material yielding stress at failure when compared with the plates with
the worst geometries. Visually, this means that the optimal geometries have a larger region
subjected to the limit stress (which is represented by the red color). In this context, the
improvement in mechanical performance obtained in the optimized geometries is in
accordance with the principles defined by the Constructal Theory, that is, this geometry
promotes the better distribution of the imperfections [18].
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Table 1: Best and worst geometries for all cases studied
H/L = 1.0

Ф = 0.25

Ф = 0.20

Ф = 0.15

Ф = 0.10

Ф = 0.08

Hole
type

(

H/L = 0.5

𝐻0
)
𝐿0 𝑜

NLSMax

𝐻0
𝐿0

NLSMin

Diff.

Diff.

%

𝐻0
)
𝐿0 𝑜

NLSMax

𝐻0
𝐿0

NLSMin

(

%

LO

0.99

0.2890

0.12
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0.3215
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E
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7. Conclusions
Computational models associated to the Constructal Design were used to analyze the
influence of the geometric configuration of perforations on thin steel plates subjected to
elasto-plastic buckling. It was possible, through these analyses, to obtain the values of the
ultimate stresses in the elasto-plastic buckling. To do so, the type (longitudinal oblong,
transverse oblong, elliptic, rectangular, diamond, longitudinal hexagonal, and transverse
hexagonal), shape (by means the variation of H0/L0 ratio) and size (through of volume
fraction Ф variation) of perforations were evaluated.
The H0/L0 variation allows the definition of elasto-plastic buckling limit curve for all
studied type and size of perforations. These curves represent the collapse of the plates by
yielding of the material and indicate the effect of shape perforation in each case, being
this a scientific contribution of the present work.
The obtained results show a variation in the mechanical performance improvement from
42.86% to 191.85% for the plates with H/L = 1.0, and from 36.54% to 155.71% for the
plates with H/L = 0.5.
According to the type of perforation, the best mechanical performances obtained for the
plates with H/L = 1.0 were: 156.8% for longitudinal oblong perforation plates and Ф = 0.20;
132.9% for the plates with transversal oblong perforation and Ф = 0.08; 189.5% for plates
with elliptical perforation and Ф = 0.15; 189.8% for plates with rectangular perforation
and Ф = 0.15; 185.4% for plates with diamond perforation and Ф = 0.08; 187.9% for the
plates with longitudinal hexagonal perforation and Ф = 0.15; 191.8% for the plates with
transverse hexagonal perforation and Ф = 0.10. For the plates with H/L = 0.5, there were:
154.0% for the plates with longitudinal oblong perforation and Ф = 0.08; 107.5% for plates
with transverse oblong perforation and Ф = 0.08; 134.2% for plates with elliptical
perforation and Ф = 0.10; 155.7% for plates with rectangular perforation and Ф = 0.08;
125.1% for plates with diamond perforation and Ф = 0.08; 129.0% for the plates with
longitudinal hexagonal perforation and Ф = 0.08; 123.7% for the plates with transverse
hexagonal perforation and Ф = 0.08. Hence, the plates with H/L = 1.0 presented a higher
mechanical performance than the plates with H/L = 0.5, considering all types of
perforation, for Ф = 0.10, Ф = 0.15, and Ф = 0.20. The exceptions refer to plates with oblong
longitudinal and rectangular perforations, for Ф = 0.08; and with oblong longitudinal and
diamond perforation for Ф = 0.25.
Lastly, the use of the Constructal Design method associated with computational modeling
allowed to show the importance that the geometric evaluation has for the definition of the
mechanical behavior of the plates in elasto-plastic buckling. Its application made it possible
to compare adequately the results obtained for all types and geometric forms of the
proposed perforations. It was possible to evaluate the influence of the type, shape, and size
of the perforation on the mechanical behavior of the plates as a function of H/L and H0/L0.
In this sense, the Constructal Design method was used to define, through the analysis of
the imperfection distribution, the optimal geometry for each H/L ratio, for each volume
fraction (Ф) of the perforation, and for each type of perforation. It was verified that the
optimal geometry, i.e., the geometry that promotes the maximization of the ultimate
buckling stress, is in agreement with the statement: "The structures that present the best
mechanical performance also present the best distribution of their imperfections, which is
in accordance with the principles defined in the Constructal theory [18, 28].
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Nomenclature
D
E
EP
FEM

Diamond perforation
Elliptical perforation
Elasto-Plastic buckling
Finite Element Method

Et
H
h, t
H/L

LH

Longitudinal
Hexagonal
perforation
Longitudinal Oblong perforation

H0

Normalized Limit Stress
Rectangular perforation
Transversal
Hexagonal
perforation
Transversal Oblong perforation

k
L
L0

best geometry

NLSMax

vector of internal nonlinear
nodal forces

NLSmin

[𝑲𝒕 ]
{𝑷}𝒊
{𝑷}𝒊+𝟏

updated tangent stiffness matrix
external load applied
external load applied

Pcr
Pu
V

{𝑼}𝒊
{𝑼}𝒊+𝟏

displacement
displacement

V0
ν

vector
of
incremental
displacements
plastic reduction factor of a plate
subjected
to
uniform
compression stress in one
direction
vector of unbalanced forces
plate bending stiffness
modulus of elasticity

π

critical load per unit of length
ultimate load per unit of lenght
total volume of the plate without
perforation
perforation volume
poisson's ratio of the plate's
material
mathematical constant

σcr

critical stress

σu
σy
Ф

ultimate stress
material yielding strength
fraction for the perforation volume

LO
NLS
R
TH
TO
𝑯𝟎
( )
𝑳𝟎 𝒐
{𝑭𝑵𝑳 }

{𝚫𝑼}
√𝝉

{𝝍}
D
E

H0/L0

m

steel tangent modulus of elasticity
plate width
plate thickness
relation between the width and the
length of the plate
perforation width
relation between perforation
width and length
function of the aspect ratio
plate length
perforation length
number of half-waves of the
deformation pattern in the x-axis
direction
maximum
normalized
limit
stresses
minimum normalized limit stress
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The rapid growth of wind power generation and the need for a smarter grid with
decentralized energy generation has increased the interest in vertical axis wind
turbines (VAWT), especially for the urban areas. For the urban areas the VAWT
offer several advantages over the horizontal ones, so their acceptance is rising. The
lift-type VAWT (Darrieus wind turbines) have a natural inability to self-start
without the help of extra components. The existing methodologies are usually
used to optimize the wind turbine performance, but not its ability to self-start.
Indeed, studying the aerodynamic behavior of blade profiles is a very complex and
time-consuming task, since blades move around the rotor axis in a threedimensional aerodynamic environment. Hence, a new methodology is presented
in this paper to study the self-start ability of VAWT, which offers a substantial time
reduction in the first steps of new blade profiles development. Both symmetrical
and asymmetrical airfoils are targeted in our study, presenting comprehensive
results to validate our methodology.

Self-starting,
Blade profile,
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Vertical axis wind
turbines

© 2018 MIM Research Group. All rights reserved

Introduction
The renewable energies share in power production has increased significantly in many
European countries [1-6]. The wind energy systems have been considered as one of the
most cost effective of all the currently exploited renewable energy sources, so a growing
investment in wind energy systems has occurred in the last decade.
The decentralized energy generation is an important solution in a smarter grid with a
growing acceptance for the urban areas. Also, the increasing need for more
environmentally sustainable housing and the new European norms regulating this issue,
have contributed for the promotion of wind energy systems in buildings.
In urban areas the wind is very turbulent and unstable with fast changes in direction and
velocity.
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In these environments the vertical axis wind turbines (VAWT) have several advantages
over horizontal axis wind turbines (HAWT) [7]: insensitivity to yaw wind direction
changes (so the turbine does not need the extra components to turn the rotor against the
wind); smaller number of components (the reduced number of components leads to a
more reliable product and a reduced cost in production and maintenance); very low sound
emissions (ideal for urban areas); ability to generate energy from wind in skewed flows
(skewed flows are very usual in urban areas, especially in the rooftop of buildings); three
dimensional structural design, easier to integrate in urban architecture; ability to operate
closer to the ground level.
The modern VAWT can be divided in three basic types: Savonius [8-9], Darrieus [10-11]
and H-rotor [12]. The Savonius VAWT is a drag-type wind turbine. This type of wind
turbine has the ability to self-start and has high torque, but it operates at low tip speed
ratio (TSR). The Darrieus VAWT is a lift-type wind turbine. Darrieus VAWT can be divided
in two kinds: curved bladed turbine (or egg-shaped turbine) and straight bladed turbine.
The H-rotor is the most common configuration of the straight bladed Darrieus VAWT. The
“H” rotor received its name due to the arms and straight blade configuration resembling
the “H” letter. Lift-type wind turbines can operate at high TSR, but they usually have an
inherent problem: the inability to self-start [13]. On one hand, if VAWT need to be selfstarting capable their performance is compromised, not being able to work at high TSR. On
the other hand, if VAWT need to exhibit superior performance at high TSR they are not
able to self-start without extra components or external power.
This paper is based on straight bladed Darrieus VAWT and the main goal is to present a
new methodology to study their self-start behavior, capable of offering a fast tool for
developing blade profiles. In this methodology, a relationship between the wind turbine
(when it’s in a stopped position), its blade profile design, and the aerodynamic behavior of
the wind flow, is determined. Several symmetrical and asymmetrical airfoils are tested and
their output data analyzed in order to demonstrate the proficiency of the new
methodology.
This paper is organized as follows. Section 2 presents the performance prediction and
modeling of the straight bladed Darrieus VAWT. Section 3 addresses the Darrieus VAWT
ability to self-start. Section 4 provides the new methodology to study self-start capabilities.
Section 5 presents the results considering several symmetrical and asymmetrical NACA
airfoils. Finally, Section 6 outlines the conclusions.
2. Darrieus VAWT Performance Prediction and Modeling
The VAWT aerodynamic modeling is very complex since the turbine blades travel around
the rotor in a 360º rotation. While some of the blades have lift forces acting on them, others
suffer from drag forces in an opposing movement to the rotor rotation. Additionally, the
blades that are traveling in the upstream side of the turbine induce some turbulence that
will affect the blades performance travelling in the downstream side. These and other
issues make VAWT performance prediction a very hard task, far more complex than for
HAWT.
Several VAWT performance prediction models [13] have been developed, which will be
briefly described in this section. The flow velocities diagram of a lift-type VAWT is shown
in Fig. 1.
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Fig. 1 Flow velocities diagram of a lift-type VAWT

In Fig. 1 shows the undisturbed wind velocity V that reaches the wind turbine, the
induced velocity Va at the blade profile level, and the induced velocity due to the rotor
angular speed at the wind turbine Vr , i.e., due to the blade in its movement around the
rotor, given by:

Vr   r

(1)

The blade is influenced by the contribution of Va and Vr to a resulting chordal velocity

Vc , i.e., the velocity parallel to the chord line of the blade profile, given by:
Vc  Vr  Va cos  r  Va cos  Va  Va cos

(2)

The induced velocity Va has also a contribution to the normal velocity Vn , i.e., the velocity
in a radial direction in relation to the center of the rotor, given by:

Vn  Va sin

(3)

The relative flow velocity W is given by:

W  Vc2  Vn2  Va 1  2 cos  2

(4)

The blade an angle of attack  is given by:
1  Vn


 Va sin 


sin
  tan1 

  tan    tan1 
 Vc 
 r  Va cos 
 r Va  cos 

(5)

If the blade turbine is able to modify its pitch angle  , the blade angle of attack  will be
given by:
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1 


sin
  
  tan 
 r Va  cos 

(6)

The forces diagram acting on the blade airfoil is shown in Fig. 2.

Fig. 2 Forces diagram acting on the blade airfoil

The tangential force coefficient Ct and the normal coefficient C n are given by:

Ct  Cl sin  Cd cos

(7)

Cn  Cl cos  Cd sin

(8)

The tangential force Ft and normal force Fn are given by:

1
Ft  Ct  c h W 2
2

1
Fn  Cn  c h W 2
2

(9)

(10)

The average tangential force Fta in function of the tangential force Ft around the rotor
and the azimuth angle  is given by:

1
Fta 
2

2

 Ft  d

(11)

0

The turbine overall torque Q is given by:

Q  n Fta r
The turbine overall power P is given by:
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(13)

P Q

The power coefficient C P is the relation between the wind turbine power output and the
power available in the wind, given by:

CP 

P
1 2  V 3 A



n Fta r 
1 2  V 3 h r 2

2

n Fta 

(14)

 V 3h r

Several mathematical models have been developed by different researchers to achieve a
more accurate prediction of lift-type VAWT performance. The most common used models
can be divided in three categories: blade element momentum (BEM) model, vortex model
and cascade model [13].
2.1. BEM Model

BEM theory is a combination of blade element theory with basic momentum theory,
studying the flow and behavior of the air on the blades and the involved forces. The base
models on the BEM theory experience some problems when trying to predict the
performance for high TSR and high solidity  turbines. Based on BEM theory, several
models have been developed: single streamtube model, multiple streamtube model and
double-multiple streamtube model.
2.1.1 Single Streamtube Model

This is the simplest model and is represented by a single streamtube where the turbine is
placed and its blades in their revolution are translated in an actuator disc. All the blades
are translated in only one blade where its chord is the sum of all turbine blades chords.
The wind speed in the upstream and downstream sides of the rotor is assumed to be
constant. The effects of the wind speed outside the streamtube are assumed negligible. The
single streamtube model is illustrated in Fig. 3.

Fig. 3 Single streamtube model diagram

The uniform velocity through the rotor is given by:
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Va 

(15)

V  Vw
2

The turbine drag force

FD considering the rate of change of momentum, is given by:

FD  AVa (V  Vw )
The turbine drag coefficient

CD 

FD
1

2 AVa2



(16)

CD is given by:

AVa (V  Vw )
1

2 AVa2



V  Vw

(17)

1 2Va

Considering (15), CD is given by:
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V  ( 2Va  V )
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(18)

Va

The induced velocity ratio is given by:

Va
1

V 1  C D 4

(19)

By using (19), and with the general mathematical expressions that were presented before,
it is now possible to predict the torque and power coefficient of the VAWT. However, the
single streamtube model is not good in predicting the turbine performance, since it
neglects the wind speed variations inside and outside the rotor, usually providing much
higher values than those obtained from experimental data.
2.1.2 Multiple Streamtube Model

This model is a variation of the single streamtube model, where instead of having only one
streamtube there are several parallel and adjacent streamtubes independent from each
other, having their own undisturbed, induced and wake velocities. The multiple
streamtube model is shown in Fig. 4.
The induced velocity ration equation for this model is given by:

Va
 k nc r

1 
sin 
V
 2 r V


(20)

Several multiple streamtube models have been presented over the years, with the addition
of drag forces, blade profile geometry, turbine solidity, curvature flow, and so on. However,
the performance prediction is still far from experimental values.
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Fig. 4 Multiple streamtube model diagram
2.1.3 Double-Multiple Streamtube Model

The double-multiple streamtube model [14-16] is a variation of the multiple streamtube
model, in which the actuator disc is divided into half cycles representing the upstream and
the downstream of the rotor, as shown in Fig. 5.
The actuator disc is then divided in two actuator discs, each of them with their own induced
velocity. The induced velocity in the upstream is represented by Vau and the induced
velocity in the downstream is represented by Vad .

Fig. 5 Double-multiple streamtube model diagram

The induced velocity in the downstream is influenced by the wake velocity in the upstream
Ve , which is given by:
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 V

Ve  Vi  2 au  1  Vi 2uu  1
 Vi


(21)

The induced velocity in the downstream Vad is given by:

Vad  udVe  ud (2uu  1)Vi

(22)

The interference factor for the downstream, which is given by:

ud 

Vad
Ve

(23)

This model has received some improvements over the years and provides a good
performance for most predictions, but it may suffer convergence problems in some cases.
2.2. Vortex Model

The vortex model [17-18] predicts the performance of VAWT by calculating the vorticity
in the wake of the blades. The blades are substituted by vortex filaments whose strengths
will be determined by the blade profile coefficients, relative flow velocity and angle of
attack. By Helmholtz theorems of vorticity, the strengths of the vortex filaments are equal
to each trailing tip vortex.
Several modifications on this model have been presented, but the main disadvantage of the
vortex model still persists, the high computation time.
2.3. Cascade Model

In the cascade model [19] the VAWT blades are arranged in vanes called cascade and
positioned in equal interspaces of the turbine perimeter divided by the number of blades.
The aerodynamic properties of the blades are calculated independently taking in
consideration the upwind and downwind sides of the rotor, their local Reynolds number
and the local angle of attack.
This model does not have convergence problems and provides good performance
prediction in low and high TSR. However, like the vortex model, the cascade model
requires a high computation time.
2.4. Aerodynamic Disturbances

Although there are several mathematical models for the VAWT performance prediction,
still the aerodynamic behavior of the VAWT rotor is very difficult to predict. Several
aerodynamic disturbances can be found in the VAWT operation, such as deep stall,
dynamic stall and laminar separation bubbles.
References [20-22] model the dynamic stall on VAWT, validating the results with particle
image velocimetry data. In the rooftops the wind flows in a skewed movement. Reference
[23] addresses the feasibility analysis of a Darrieus VAWT installation in the rooftop of a
building. Also, a computational study of a rooftop size VSWT with straight blades is
presented in [24]. Some solutions have been presented for preventing vortex shedding and
reducing drag in flows past bluff bodies. Large vortices forming in high-speed flows past
bluff bodies tend to be shed downstream, with new vortices forming in their stead. These
issues result in an increased drag, unsteady loads on the body, and produce an unsteady
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wake. Reference [25] presents a trapped vortex cell solution that keeps the vortex near the
body at all times, reducing those effects.
3. Solutions to Overcome the Natural Self-Start Inability of Darrieus VAWT
The Darrieus VAWT has a natural inability to self-start, since the blades suffer at the same
time with the drag forces and the lift forces. These forces usually balance each other
leading to a lack of starting torque. Nevertheless, there are few works that study the
starting performance of Darrieus VAWT through the development and validation of
computational simulation, as occurs in [26].
Several solutions have been presented to overcome the self-start inability of Darrieus wind
turbines, such as external electricity feed-in, guide-vanes, hybrid configuration, blade pitch
optimization, blade form optimization, and blade profile design.
3.1. External Electricity Feed-In

The use of a generator with external electricity feed-in helps the rotor to start rotating.
This is commonly used in the egg shaped Darrieus VAWT. A problem arises here when the
wind turbines are disconnected from the grid and do not have an external electricity
source.
3.2. Guide-Vanes

The use of a guide-vane [27] may prevent the drag effect on the blades moving in the
upwind zone of the wind turbine, optimizing the wind flow in the downwind zone to
maximize the lift forces on the blades. The guide-vanes increase the turbine solidity,
leading to higher forces to be exerted in the pole. However, the use of guide-vanes implies
that more material and components are required, increasing the VAWT price and reducing
its sustainability.
3.3. Hybrid Configuration

A Savonius VAWT has been used in a hybrid configuration with a Darrieus VAWT [28-29].
This hybrid configuration gives the wind turbine the self-start capabilities (offered by the
Savonius VAWT) and the ability to operate at TSR higher than one (offered by the Darrieus
VAWT). However, at high TSR the Savonius VAWT increases the drag leading to a lower
performance, which would not occur if only a Darrieus VAWT was used.
3.4. Blade Pitch Optimization

Reference [30] addresses the VAWT blade pitch optimization. The mechanical systems
used to optimize the blade pitch angle are usually complex and, since they need to operate
at high speeds when the turbine reaches high TSR, the components experience fatigue. The
increase of turbine complexity and components number leads to higher production and
maintenance costs. Also, the components fatigue reduces the lifetime of the turbine. Some
tools are presented in [15] to define the optimal variation of the blade pitch angle in
straight bladed Darrieus VAWT.
3.5. Blade Form Optimization

The optimization of the blade form may increase the drag properties at low TSR and
increase the lift properties at high TSR [31]. These systems have similar problems to the
blade pitch systems presented earlier, leading to a complexity increase and higher
production and maintenance costs.
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3.6. Blade Profile Design

A blade profile capable of offering self-start capabilities to the wind turbine is desirable
[26]. By studying and developing new profiles for the VAWT blades, a self-start
improvement of the wind turbine may be achieved. However, this is a very time consuming
task that usually requires a significant computation time to study profile variations. Some
of the modifications that can be made to the blade profile to enhance the self-starting
behavior of VAWT are: high turbine solidity; blades with inclined leading edge; cambered
blades [32-33]; thick blades [34]. However, as the VAWT self-starting behavior is
enhanced, a compromise to the wind turbine performance at high TSR should be made.
3.7. Motivation for a New Methodology

This paper envisages the development of new blade profiles to overcome the natural
inability of the VAWT to self-start, without compromising much of the performance at high
TSR. Several models have been developed to predict the Darrieus VAWT performance
when its blades are moving, but no model addresses the study of the turbine ability to selfstart relying only on the blades form. Hence, the new methodology presented in this paper
offers a fast-computational tool for the development of new blade profiles for Darrieus
VAWT, capable of being integrated with existing tools or capable of being used as a
standalone tool. The new methodology is presented hereafter.
4. New Methodology to Study Self-Start Capabilities
4.1. The Problem to Solve

To study the self-start capabilities of a VAWT blade profile, there is the need to create a
methodology that would give a closer relation between the wind forces acting on the blade,
and the blade profile itself. Also, the methodology should be fast in computation time,
useful in the first steps of the studies when developing different profile designs.
A wind turbine is able to self-start when without external help (extra components or
external energy) it accelerates from a stopped position to a certain rotation movement able
to produce energy. The new methodology presented studies the exact moment when the
wind turbine starts to move by itself.
The VAWT must take advantage of the drag forces caused by the wind on the blades when
the turbine is in a stopped position in order to self-start relying only on the blades profile,
without compromising the wind turbine performance at high TSR. If possible, the lift forces
should be used in cooperation with the drag forces to induce the self-start capability of the
wind turbine, especially when the turbine is stopped and the wind flow starts to achieve
higher velocities.
Since the blade may be at any given position around the rotor, there is the need to study
the blade profile at any angular position from 0º to 360º. Accordingly, the dynamic stall
behavior, air flow separation and any other aerodynamic disturbances must be taken in
account [20-22]. To study these aerodynamic disturbances requires a significant
computation time, which leads to considerable time consumption not advisable in the first
steps of development studies. So, the new methodology that is present here is mainly
suitable for a fast analysis, when there is the need to compare several blade profile
solutions to start restricting and eliminating different designs. It is also important not to
forget the analysis of different aspects of the wind flow disturbances acting on the wind
turbine.
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4.2. Description of the Methodology

To study the blade profile modifications and the implications that those modifications
bring to the wind turbine performance, a close relation between the surface of the blade
and the wind flow must be created. In this methodology the pressure coefficient C pr is
used, which is a dimensionless number that describes the relative pressure throughout a
flow field. It is intimately correlated to the flow velocity, and can be calculated at any point
of the flow field.
The C pr is useful to study the forces acting on any given point on the blade profile surface
and its relation with dimensional numbers [35] is given by:

C pr 

p  p

(24)

1 2  V 2

In a normal operation of a VAWT, the variations of pressure and wind speed have little
influence in the wind density, so the wind flow can be treated as being incompressible.
Hence, it is assumed that: when C pr is equal to one, that point is a stagnation point,
meaning that the flow velocity at that point is null (relevant when optimizing the drag
forces); when C pr is negative in the point of study, the wind is moving at a higher speed
than in the undisturbed wind flow (relevant when optimizing the lift forces).
To study the C pr around the blade profile surface, firstly there is the need to divide it into
segments. The blade profile NACA0020 with surface divisions is shown in Fig. 6. Smaller
segments can provide a more accurate analysis.
The pressure coefficient acting on the blade profile divided surface is shown in Fig. 7. This
figure illustrates the points i and i  1 of the segment of length s in the blade profile
surface, their corresponding Cartesian coordinates and the C pr acting on the blade profile
surface.

Fig. 6 Blade profile NACA0020 with surface divisions
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Fig. 7 Pressure coefficient acting on the blade profile divided surface

In order to calculate the length of each segment s there is the need to calculate the length
o of the triangles opposite side and the length a of the triangle’s adjacent side, which are
respectively given by:
(25)

a  xi 1  xi

o  yi 1  yi

o  yi  yi 1

upper surface

(26)

lower surface

When o  0 it means that the surface segment is oriented in the direction to the wind
turbine rotation. When o  0 the segment is oriented in the opposite direction. The
segment length s , and the segment angle  , in relation to the chord axis, are given by:

s  a2  o

2

o
a

  arctan 

(27)

(28)

The C pr contribution to the forward movement of the wind turbine (the contribution to
the tangential force T pr ), the C pr contribution to the forces exerted in a radial axis (the
contribution to the normal force N pr ) and the angle  of the C pr exerted on the blade
surface in relation to the chord line are shown in Fig. 8.
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Fig. 8 Pressure coefficient, chordal and normal forces acting on the blade profile surface.

The angle  of the C pr exerted on the blade surface in relation to the chord line is given
by:
(29)

  180 º 90º 
The relationships between C pr , T pr , N pr and  are given by:

T pr  C pr cos  s


T pr   C pr cos  s
 N pr  C pr sin  s


 N pr   C pr sin  s

when o  0

(30)

when o  0
upper surface

(31)

lower surface

The analysis of the relation between the blade profile design changes and the wind turbine
behavior when it’s in a stopped position (at any given axial position) is now possible.
5. Case Studies
The new methodology to study the self-start capabilities of the blade profiles for Darrieus
type VAWT has been applied on two case studies: one with several symmetrical NACA
airfoils, and a second one with asymmetrical airfoils. But, before the analyses are
presented, the computational tool used for the C pr calculation will be presented in the
next subsection.
5.1. Pressure Coefficient Analyses in Each Blade Airfoil Segment

The aerodynamic behavior and performance data for different blade profiles is not always
available, and in the majority of the cases is incomplete. This data is very hard to obtain
and it is a very time-consuming task. Several computational fluid dynamics tools are
commonly used to generate the aerodynamic performance data needed. The JavaFoil [36]
is a fast processing computational tool. The JavaFoil presents several problems at high
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angles of attack, but is used in this paper for simplification of presentation and to facilitate
the reader data reproducibility.
This computational tool is able to analyze different blade profiles of any configuration,
offering all kind of different output data, for instance: velocity and pressure coefficient
distribution along the blade chord; lift, drag and momentum coefficient; flow field with
pressure vectors; flow stream lines and pressure distribution along the fluid flow;
boundary layer evaluation cards; polar card evaluation with the relations between lift and
drag coefficients and with the angle of attack variation; and other information. It is also
able to evaluate multi-foil and ground effect configurations. One important feature of the
JavaFoil is the ability to save all the analysis and output data to a file. Adding the last feature
to its integrated scripting module, it is possible to automate the computational processes
and to complement the information needs with other tools.
In the theoretical background of the tool, it uses several methods for airfoil analysis, mainly
divided in two main areas:
•

Potential Flow Analysis. This analysis is done by a panel method with a linear
varying vorticity distribution based on XFOIL code. This method is used to
calculate the velocity distribution along the surface of the airfoil;

•

Boundary Flow Analysis. This analysis is done on the upper and lower surfaces of
the airfoil with different equations, starting with the panel method and
performing several calculations in a called integral boundary layer method.

Depending on the Reynolds number and other parameters, the tool gives us the ability to
choose different analysis methods and configurations, offering more flexibility to the
computational processing.
To apply the JavaFoil computational tool for the C pr calculation, a division of the blade
path around the rotor and the axial angles in relation to the flow movement is needed.
Hence, the rotor division to study the self-start behavior of the VAWT is shown in Fig. 9.

Fig. 9 Rotor division to study the self-start behavior
5.2. Symmetrical Airfoils Analysis

For the symmetrical airfoils data evaluation, the following NACA profiles were selected:
NACA0012, NACA0018, NACA0020, NACA0025, and NACA0030.
The NACA0012 and NACA0018 are classical blade profiles used in the VAWT. These
profiles are considered to have low self-start capabilities. The thicker NACA0020 blade
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profile can be commonly found in the straight-bladed Darrieus wind turbine. The thicker
blades show a better self-start performance. The NACA0030 is closer of having self-start
capacity nature due to a thicker blade profile. However, a thicker blade leads to an
increased drag at high TSR, leading to a performance decrease. The five blade profiles are
shown in Fig. 10.

Fig. 10 NACA0012, NACA0018, NACA0020, NACA0025 and NACA0030 blade profiles

In order to apply the proposed methodology, the pressure coefficient needs to be
calculated around the blade profile. For the data evaluation presented here, the C pr is
calculated for all segments around the blade profile for any given angle between 0º and
360º. The JavaFoil tool offers the pressure coefficient evaluation associated with the x and
y coordinates. This evaluation can be automatically performed to the entire 360º at the
same time in the velocity area.
By applying (25) and (26) to the given x and y coordinates, the opposite side and the
adjacent side are obtained. By applying (27), the length of the airfoil surface exposed to the
wind forces can be obtained. Also, using (28) and (29), the C pr angle in relation to the
blade chord line  is determined.
Taking into account all the data previously calculated, it is now possible to determine the
C pr contribution to the tangential force T pr and the C pr contribution to the normal force

N pr . These forces are related to the actual tangential and normal forces responsible for
the blades movement, by the pressure coefficient.
The C pr contribution to the tangential force T pr and the C pr contribution to the normal
force N pr , for the chosen NACA airfoils, are shown in Fig. 11 and Fig. 12 respectively.
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Fig. 11 C pr contribution to the tangential force T pr

Fig. 12 C pr contribution to the normal force N pr
On one hand, it can be seen in Fig. 11 that a thicker blade implies a higher-pressure
coefficient contribution to the forward movement of the wind turbine blades (contribution
to the tangential force). Indeed, the NACA0030 presents 26% better performance than the
NACA0012. On the other hand, it can be seen in Fig. 12 that the airfoil NACA0012 presents
the most desirable behavior. Smaller axial forces imply lesser need of blade/arms
connection reinforcements.
When the wind turbine is in a stopped position the drag forces have a considerable
contribution to the self-start of the wind turbine. Taking in consideration the divisions
shown in Fig. 9, there is the need to increase the drag exerted on the blades when they are
positioned in divisions 2 and 3. The pressure coefficient is also used to study the drag
contribution to the forward movement of the wind turbines blades. In an incompressible
flow, when the pressure coefficient reaches values between one and null, that is a
stagnation point. The study of the values that contribute to the forward movement of the
wind turbine blades are shown in Fig. 13.
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Fig. 13 Drag contribution to the forward movement of the wind turbine blades T pr

In Fig. 13 it can be seen that thicker blades imply higher drag contribution to the forward
movement of the wind turbine blades. The drag forces contributing to the tangential force
are 150% higher in the NACA0030 than in the NACA0012.
Hence, it was clearly shown that thicker blades are able to provide the wind turbine with
self-start capabilities, while the thinner blade wind turbines are most likely unable to selfstart.
5.3. Asymmetrical Airfoils Analysis

In asymmetrical airfoils the profile curvature and form may have a direct influence in the
wind turbine self-start performance.
To study the influence of the camber size, the NACA0012, NACA2412, NACA4412,
NACA6412, NACA8412 and NACA10412 blade profiles were selected, are shown in Fig. 14.

Fig. 14 NACA0012, NACA2412, NACA4412, NACA6412, NACA8412 and NACA10412 blade
profiles
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All these profiles have 12% of thickness in relation to the chord line size and a camber
positioned at 40% of the chord line. The camber sizes in all profiles vary in 2% of the chord
line size.
To study the influence of the camber position, the NACA4112, NACA4212, NACA4412,
NACA4612, NACA4812 and NACA4912 blade profiles were selected, as shown in Fig. 15.

Fig. 15 NACA4112, NACA4212, NACA4412, NACA4612, NACA4812 and NACA4912 blade
profiles

All these profiles have 12% of thickness in relation to the chord line size and a camber size
of 4% of the chord line size. The profiles vary in the camber position in relation to the chord
line at 10%, 20%, 40%, 60%, 80% and 90%, respectively.
The NACA0012 with 12% of thickness, in relation to the blade chord size, and the
NACA0018 with 18% of thickness are the classical blade profiles used in the VAWT. These
profiles have been studied several times and have a large amount of real measurement
data available in the scientific community. These data availability simplifies the prediction
simulation, leading to an increased acceptance of these airfoils in the VAWT developments,
influencing the acceptance of these profiles in the final turbines. However, these profiles
are considered to have low self-start capabilities, for which thicker blades show better
performance.
The influence of the camber curvature size and the influence of the camber position are
evaluated. The C pr contribution to the tangential force T pr and the C pr contribution to
the normal force N pr were calculated, as occurred with the symmetrical airfoils.
The pressure coefficient C pr contribution to the tangential force T pr by varying the blade
profile camber curvature size is shown in Fig. 16.
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Fig. 16 Pressure coeficiente C pr contribution to the tangential force T pr by varying the
blade profile camber curvature size

The pressure coefficient C pr contribution to the tangential force N pr by varying the
blade profile camber curvature size is shown in Fig. 17.

Fig. 17 Pressure coeficiente C pr contribution to the normal force N pr by varying the
blade profile camber curvature size
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The drag contribution to the forward movement of the wind turbine blades by varying the
blade profile camber curvature size is shown in Fig. 18.

Fig. 18 Drag contribution to the forward movement of the wind turbine blades by varying
the blade profile camber curvature size

Fig. 16, Fig. 17 and Fig. 18 presented the airfoil performance evaluation data by applying
the new methodology to the variation of the camber curvature size.
The pressure coefficient C pr contribution to the tangential force T pr by varying the blade
profile camber position is shown in Fig. 19.

Fig. 19 Pressure coefficient C pr contribution to the tangential force T pr by varying the
blade profile camber position

The pressure coefficient C pr contribution to the normal force N pr by varying the blade
profile camber curvature size is shown in Fig. 20.
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Fig. 20 Pressure coefficient C pr contribution to the normal force N pr by varying the
blade profile camber position

The drag contribution to the forward movement of the wind turbine blades by varying the
blade profile camber curvature size is shown in Fig. 21.

Fig. 21 Drag contribution to the forward movement of the wind turbine blades by varying
the blade profile camber position

Fig. 19, Fig. 20 and Fig. 21 presented the airfoil performance evaluation data by applying
the new methodology to the variation of the camber position in relation to the airfoil chord.
5.3.1 Camber Curvature Size Variation

In Fig. 16 it can be seen that curvature size doesn’t influence the pressure coefficient
contribution to the forward movement of the wind turbine blades until it reaches values
higher than 6% of the blade chord size. The blade profiles with 8% and 10% sized cambers
suffer a performance decrease of 40%.
In Fig. 17 it can be seen that the airfoil NACA0012 presents the most desirable behavior.
Smaller axial forces imply lesser need of blade/arms connection reinforcements. Also,
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higher camber curvature sizes imply higher displacement of the exerted forces to the
outside of the wind turbine and lower to the inside of the rotor.
When the wind turbine is in a stopped position the drag forces have a considerable
contribution to the self-start of the wind turbine, especially when the blades are positioned
in the downwind side of the rotor.
The pressure coefficient is also used to study the drag contribution to the forward
movement of the wind turbine blades. In an incompressible flow, when the pressure
coefficient reaches values between one and null, that is a stagnation point. The study of the
values that contribute to the forward movement of the wind turbine blades are shown in
Fig. 18. It can be seen that higher blade profile camber curvature sizes imply higher drag
forces contributing to the forward movement of the wind turbine blades. The airfoil
NACA0012 has a symmetrical behavior between the 90º to 180º and 180º to 270º due to
its symmetrical shape in the upper and lower airfoil surfaces.
5.3.2 Camber Position Variation

In Fig. 19 it can be seen that when the camber curve is positioned in the first 40% of the
blade chord line, a 50% performance decrease occurs compared with the cambers
positioned in the last 60% of the blade chord line.
It can be seen in Fig. 20 that the blade chord position does not have a significant influence
to the axial exerted forces, except when it is positioned at 10% of the airfoil chord line.
It can be seen in Fig. 21 that the better behaviors are presented by the airfoils that have
the cambers positioned in the middle of the chord line.
5.4. Self-start Simulation

In Fig. 22 it can be seen a simulation of a straight blade Darrieus VAWT with 1 m blade and
0.5 m radius. Two wind turbines are compared, one with the symmetrical blade profile
NACA0012 and other with the asymmetrical blade profile NACA4412. The simulation is
done by the qBlade software [37]. For the of the VAWT start simulation the wind velocity
was set to 3 m s and the wind turbines TSR set to 1.

Fig. 22 Symmetrical blade profile NACA0012 and asymmetrical blade profile NACA4412
Darrieus VAWT start simulation
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5.5. Blade Development by Applying the New Methodology

A new blade profile for Darrieus VAWT named EN0005 was created by applying the new
methodology presented in this paper. The new profile offers self-start to a Darrieus VAWT
and good performance at high TSR [32,38-40]. The blade profile EN0005 is presented in
Fig. 23.

Fig. 23 Blade profile EN0005

The ANSYS FLUENT computational tool is used to generate the aerodynamic performance
data presented in the following analysis and comparison instead of the JavaFoil, since it
presents a more accurate and validated good accuracy although more difficult to use.
In Fig. 24 and Fig. 25 the blade profile EN0005 C pr contribution to the T pr and N pr
respectively is compared with the symmetrical profiles NACA0018 and NACA0020 and
asymmetrical profiles NACA4418 and NACA4420 same data.

Fig. 24 C pr contribution to the tangential force T pr

Fig. 24 shows a better capability for the blade profile EN0005 to offer self-start capability
to the Darrieus VAWT. From angle 0º to 80º and 180º to 310º The EN0005 blade profile
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presents a better contribution to the lift force. Also, the EN0005 presents a drag force
contributing for the forward movement of the Darrieus VAWT between the angles 100º
and 150º and presents a lower variation in the normal force between the 70º and 180º.
Although with inversed orientation for the remaining angles, the normal force is very
similar to the other blade profiles. The self-start ability that blade profile EN0005 offers is
validated in the independent work [32].

Fig. 25 C pr contribution to the normal force N pr

6. Conclusions






This paper focused on the study and development of new blade profiles for Darrieus
type VAWT capable to self-start without the use of extra components or external
energy input. A new methodology for fast development and its associated equations
have been presented, in order to study the influences of the wind on the turbine in
its stopped position. This new methodology gives a close relation between the blade
profile design and the wind forces acting on the blades.
Two caste studies were provided: one with symmetrical NACA airfoils and other
with asymmetrical airfoils. In the asymmetrical airfoils, a closer study to the camber
curvature size and position has also been presented. The comprehensive results
obtained from the two case studies are in very good agreement with other works in
the scientific community, validating the proficiency and usefulness of the proposed
methodology.
A real case of a new blade profile developed with the methodology presented in this
paper is shown. The new blade profile called EN0005 presents the ability to offers
self-start capabilities to a Darrieus VAWT.
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Nomenclature

A

Area swept by the wind turbine

Q

Turbine overall torque

a

r

Turbine rotor radius

c

Blade profile surface segment
adjacent
Blade profile chord

Re

Reynolds number

Cd

Blade drag coefficient

s

Blade profile surface segment

CD

Turbine drag coefficient

T pr

Cl

Blade lift coefficient

V

Pressure coefficient contribution
to the tangential force
Undisturbed wind velocity

Cm

Blade momentum coefficient

Va

Induced velocity

CP

Power coefficient

Vr

C pr
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1.

Introduction

During the last decade, countless efforts have been made to increase the capacity to exploit
underground resources. It is well known that in the deepest regions there is a large amount
of water, oil and gas reservoirs. The characteristics of the soil will determine what kind of
resources will be present within it. The great complexity of the problems and the
increasing availability of computational resources open up opportunities for the use of
more comprehensive analyses. This kind of analysis is related to the concepts of soil
mechanics that was first introduced by for Terzaghi [1] in the theory of elasticity and the
theory of limit analysis (plasticity). Subsequently, Biot and Willis [2] presented the theory
of consolidation, which is the basis for studies regarding to the poroelasticity of the soil.
The problems that arise in poroelasticity are related to the consolidation of layers of soil,
excavations in saturated pores (such as tunnels), pumping (removal) of fluid (petroleum
or water) by saturated porous medium, among others. The propagation of waves and
consolidation of soil has long been a topic for study. Terzaghi [3] and Gassnann [4]
provided wave propagation results in porous media at low frequency (0-100 Hz),
considering the solid and fluid phases as unique. After some years analyzing the wave’s
propagation in poroelastic medium, Biot developed the theory of dynamic consolidation of
soil. This study was divided in two parts, where the first one regards the elastic wave
propagation in a saturated porous medium for low frequencies, and the second one for
high frequencies. Through the previous studies introduced by Biot [5-6], two different
types of wave propagation were observed, the primary and secondary. The primary is the
compression or longitudinal waves and the secondary are the shear, distortion or
*Corresponding
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rotational waves. Plona [7] experimentally registered the existence of slow waves. In order
to describe the porous medium two scales are needed. The first one is the macroscopic
scale (related to the dimensions of a representative volume) and the second one is related
to pore dimension which is microscopic in scale. These problems can be represented by
using mathematical formulations, allowing the modelling through numerical methods.
Introduced in this work is a numerical methodology for wave propagation based on Biot’s
theory of poroelasticity [8] coupled with Therzagi’s theory of consolidation [1]. This
numerical methodology applies the boundary element method (BEM) for solving the
consolidation phenomena of poroelastic media problems. All differential equations were
transformed into integral equations by using the reciprocity theorem. The behavior of
poroelastic medium is still an object of study, and all the basic concepts solved by Biot can
be applied. Schanz and Pryl [9] applied the poroelastic formulations in a dynamic analysis
of compressible and incompressible media, i.e. solid and fluid. They observed that the
behaviors of derivations of fundamental solutions confirmed the fact that the solid
displacement and the pore pressure (fluid) are sufficient to describe the behavior of a
poroelastic medium, affirming the theory of Biot. A simplified model of dynamic analysis
on viscoelastic and poroelastic soils is presented by Millán and Domínguez [10], where
dynamic coefficients of behavior were found through numerical formulations using the
finite element method (FEM) and the BEM. Gensterblum [11] performed measurements of
permeability in gases in the process of extraction of high quality bituminous coal,
considering the dynamic and poroelastic aspects. The gases interaction and coupling of the
gases were analyzed by using the Darcy's Equation. Hydraulic parameters were analyzed
by Berg [12]. In this study the effects of pumping in aquifers resulted in pore pressure
changes which were predicted by the traditional groundwater theory. Apostolakis and
Dargush [13] used the analogy between thermoelastic and poroelastic theories first
identified by Biot, and then developed a corresponding mixed variational principle for
fluid-infiltrated porous bodies. They developed a poroelastic formulation in close
mathematical analogy with the thermoelastic system particularized to the solid skeleton
displacement, impulse of the effective stress, impulse of pore pressure and total average
fluid displacement. According to this work, the physical analogy is not complete, as the
contributions from the extended Fourier and Darcy laws are shown to be of a different
character. In this sense, some efforts still need to be devoted to the development of new
computational approaches in both problem domains (thermoelasticity and poroelasticity).
Considering this, the main goal of this work relies on applying an optimization process in
such a way to predict the mechanical properties of soil if a frequency-displacement curve
is known. A numerical routine was written in order to couple the NSGA-II (elitist nondominated sorting genetic algorithm) and the BEM for evaluating a poroelastic dynamic
problem. In this work, the Matlab GA toolbox was used while the BEM was completely
written in open source code. The remainder of the paper is organized as follows. The
poroelasticity theory and the basic equations for dynamic poroelasticity are the focus of
Section 2. The development of the BEM for dynamic poroelasticity is presented in Section
3. Section 4 presents the GA methodology using NSGA-II as well as the objective function
and the design variables. The theories introduced in the previous sections are applied for
solving a revisited problem proposed by Cheng [14]. Finally, conclusions about the
optimization process are provided in Section 5.
2. The Poroelasticity Theory
The internal structures of a porous body can be compared to a homogeneous solid, despite
the presence of some voids between the grains. The voids can be completely filled or not
by a fluid like water, gas or oil. In the theory of poroelasticity, the porous medium is
considered as linear elastic, and the pores are considered competely filled with fluid. A
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porous medium has a defined volume, which can be divided into two: the volume of the
matrix and the volume corresponding to the pores. Porosity is defined by the ratio of pore
volume to total volume. The effective stress introduced by Terzaghi [1, 15] is defined as
that part that governs the deformation of the soil or rock. The effective stress can be
decomposed into the sum of the effective stresses and the pore pressure as

 ij   ij   p ij

(1)

where σij is the total stress, σ’ij is the effective stress, p is the pore pressure (fluid pressure
in the pores), δij is the Kronecker delta and α is the Biot coefficient. For an isotropic media
the stress can be written according to Eq. (2).

     p

(2)

2.1. Basic Equations for Dynamic Poroelasticity

According to Biot’s theory (5), the equilibrium equations for linear poroelasticity are
expressed as Eq. (3) and Eq. (4).
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(4)

where τij is the solid stress, τ is the fluid stress due to the fluid pressure p introduced by
Eq. (5).

   p

(5)

where β is the porosity, ui and Ui are the solid and fluid displacements, respectively. The
variables ρ11, ρ12 and ρ22 are the mass densities and Xi and X’i concern the body force acting
on the solid and fluid, respectively. The relations between the linear equilibrium equations
and the mechanical variables are introduced by Eq. (6) and represents the partial solid
stress and Eq. (7) the partial fluid stress.
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  ij e  2 eij   ij
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  e  R
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(7)

where δij is the Kronecker delta, eij = 0.5 (ui,j + uj,i) is the solid strain tensor, ε = Ui,i and e =
ui,i are the fluid and solid dilation, respectively. Finally, there are the elastic constants λ, μ,
α and R.
3. The Boundary Element Method for Dynamic Poroelasticity
The boundary integral formulation arises from the reciprocal relation between the terms
of the displacements of the solid, boundary conditions of traction, stress in the fluid,
boundary conditions of normal displacements in the fluid and body force in both phases.
The integral representation for these equations can be written for 2D domain in the
absence of body force according to Eq. (8) and (9), where J is defined as Eq. (10) according
to Cheng [14].
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The fundamental solutions for the solid and for the fluid are introduced by Eq. (11) and Eq.
(12), respectively.



t j    e



j




R





 3 j  n  2  e j

(11)





U nj  J  3 j , 



1 r,
3 j  n  Z   j n
2 r


(12)

Where Z = J(iωb + ω² ρ12). The integrals are written as,

c i u i   p u d    u  p d 


(13)



Where u and p are vector fields from variables in Eq. (14) for solid displacement and fluid
stress, respectively. The variables p* and u* are the fundamental solutions, as presented in
Eq. (15).
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Where Û*n3 = U*n3 – J X’*α nα = (J τ*3,α + Zu*α3)nα and ci is introduced by Eq. (16).
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Considering the domain discretized in constant boundary elements Eq. (13) can be
rewritten as,
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Eq. (17) can be also replaced according to Eq. (18) or Eq. (19).
N

N

j 1

j 1

c i u i   Hˆ ij u j   G ij p j
N

H
j 1

(18)

N

ij

u j   G ij p j

(19)

j 1

One can also introduce Eq. (20) in order to take into account the coincidence between the
source point and field point.

H
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when i  i

(20)

Equation (19) can be written as matrix,

H u G p

(21)

where H and G are the influence coefficients matrices. For each node u1 or t1, u2 or t2 and τ
or Un are known variables and consequently 3N variables are unknown. Thus, the linear
system as introduced in Eq. (20) can be rearranged, passing all unknown variables to the
left side. This system can now be written as,

AX  F

(22)

where X is the unknown vector of displacement, traction, pore pressure and flux. F is a
known vector and A is the coefficient matrix.
3. Genetic Algorithm
The genetic algorithm (GA) was originally proposed by John Holland [16] and it is based
on the Darwinian principle of natural selection. The simplest genetic algorithm that still
leads to good results in many practical problems is composed of four operators: selection,
crossover, mutation and replacement. The selection operator is an artificial version of
natural selection based on Darwinian survival of the fittest among string creatures. The
crossover operator is performed after reproduction, creating two new populations from
two existing ones by genetically recombining randomly chosen parts formed by a
randomly chosen crossover point. The mutation is the operator that increases the
possibility of finding the global optimum. This operator changes a percentage of
individuals by altering the value of the existing string. The last operator is the replacement
that is used to decide which individuals remain or are replaced in a population. There are
many improvements on GA theory in order to make the optimization process more
efficient and powerful. In this sense, many methodologies based on GA architecture have
been developed. Based on some successful applications of optimization problems found in
the literature, the NSGA-II was chosen as the GA algorithm. It is important to highlight that
this algorithm uses a methodology where the concepts of dominance and diversity are
applied simultaneously, which makes the NSGA-II an efficient tool in the search process
and optimization of an objective function [15]. (Fig. 1) depicts a scheme of the NSGA-II
structure used in this work.
The RMSE (root mean square error) was chosen as the objective function as introduced by
Eq. (23). Minimizing the objective function, an approximation of the design variables
results.
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RMSE 

YY  Y 

2

(23)

YY
where YY stands for the displacement obtained by numerical solution [12] and Y for the
displacements obtained through an analytical solution.
The design variables that represent the poroelastic medium are stored in a vector {E, G, ν,
νu, B, α, R, k, ɸ} = {Young’s modulus, shear modulus, Poisson’s coefficient, undrained
Poisson’s ratio, Skempton’s pore pressure, Biot’s coefficient, poroelastic constitutive
coefficient, intrinsic permeability, porosity}, which will be maximized or minimized during
the optimization process. Based on the specific sample of soils, the search space was
defined according to Table 1.

Start
Initial population
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End
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Fig. 1 GA scheme
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Table 1 Search space
G
Ν
νu
B
K
ɸ

Minimum

Maximum

1.5 x 1010
0.15
0.31
0.50
4 x 10-4
0.01

6 x 109
0.25
0.34
0.85
8 x 102
0.26

4. The Revisited Problem: Stress Excitation on Top of Column
A problem investigated by Cheng [14] is revisited in order to test the proposed
methodology in this work. (Fig. 2) introduces a one-dimensional saturated soil or rock
column with three possible excitation modes: a stress and pressure excitation at the top,
and a displacement excitation at the bottom. Cheng [14] separately examined these
excitations. Despite its importance, only the displacement excitation will be taken into
account.

 yy   P0 e  iwt p  P0eiwt

L

y
x
u y  U 0 e  iwt

Fig. 2 One-Dimensional Saturated Soil Column under Dynamic Loading

It was considered that the top of the column was subject to a harmonic normal stress of –
P0e-iwt with the surface drained. The bottom and sides are confined by rigid, frictionless
and impermeable walls. The imposed boundary conditions for this problem are introduced
as,

uy  0 ; qy  0

to y  0

 yy   P0 ; p  0

(24)

to y  L

Cheng [14] and Dominguez [19] present the exact solution for the unidimensional
poroelastic in terms of displacement, which can be obtained by using a mathematical
symbolic computation program. They are presented as,
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Where Es is the drained elastic property, ω is the frequency of excitation, ρ is the density of
the soil (ρs stands for the solid density, ρf for the fluid density and ρa is the additional
density) and λ1 is the wave number and characterizes a high-velocity dilatational wave and
λ3 a low-velocity dilatational and dissipative wave [6]. For the routine calculations A0, B0
and C0, it is necessary to calculate Biot´s effective coefficient α, the constitutive coefficient
poroelastic R and the force field β obtained through frequency depending on whether or
not the material exhibits viscoelastic behavior [5]. The equation of the force field can be
seen in Eq. (30).

  f k
2



i   k   a   f
2



(30)

For this analysis, six material constants were used corresponding to the mechanical
properties of Berea sandstone: G = 6.0 x 109 N/m², ν = 0.2; νu = 0.33; k = 1.9 x 10-10 m4/N.s;
B = 0.62; ɸ = 0.19; ρs = 2800 kg/m³; ρf = 1000 kg/m³; ρa = 150 kg/m³ and a column length
of L = 1 [16]. Dominguez [19] introduced a BEM formulation for dynamic poroelastic
problems. The efforts were initially devoted to the analysis of the Biot coefficients and the
development of the boundary integral equations in terms of solid displacement and fluid
stress. Selvadurai [20] also introduced an analysis about waves for poroelastic media,
applying the statements proposed by Cheng [14] and Dominguez [19]. In order to validate
the methodology introduced by Domingues [19] and apply the proposed formulation by
Biot [8], the vertical displacements obtained by the excitation at the top of a column were
calculated. The numerical solutions were analyzed and compared with the analytical
solution introduced by Cheng [14], using the same constant materials previously defined
by Rice and Cleary [18]. This same analysis was performed using the principles of the Biot
theory by Selvadurai [20] using the BEM for studying wave propagation in a saturated
poroelastic media. In this study, peaks of resonance for low frequencies ωn = (2n-1)ω1, were
found, with n = 1,2,3, … . (Fig. 2) depicting the numerical solution versus the analytical
solution. The results were plotted in absolute values of normalized displacement at the top
of the column ũy(L)Eu/P0L versus the dimensionless frequency ω* = ω/ω1. The first
frequency of resonance ω1 can also be determined by Eq. (40) and Eu is the undrained
elastic module as introduced by Eq. (41). According to Selvadurai [20], for frequencies
below the first natural frequency, the dimensionless displacement approximates the
values of the poroelastic displacements for the elastic behavior.
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The problem initially introduced by Selvadurai [20] followed by Dominguez [19] was
discretized into 24 constant elements, numerically integrated with four Gauss points and
considers a discrete set of 44 frequencies. (Fig. 3) depicts the perfect overlapping until ω =
2.5 ω1 where after this point, it is possible to see a small offset between both curves.
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Fig. 3 Displacement at the top of the column (stress excitation)

5. The Numerical Results Using GA And BEM
In order to define the mechanical properties of the soil, a numerical routine was written to
couple both, the GA and the BEM. The domain was discretized into 32 constant boundary
elements and integrated numerically with six Gauss points. A set of 327 frequencies was
defined in order to ensure a good definition of the curves and the resonance peaks. The
objective function as aforementioned, was the RMSE and the design variables to be
optimized were: G, ν, νu, B, k, and ɸ. Table 2 summarizes the maximum and minimum values
for the search space, the values of the material constant imposed for the analytical solution
and those obtained after the optimization process. According to the resulting mechanical
properties after the optimization process, it is suggested that the soil is Berea sandstone.
The numerical results are related to the permeability of the soil in consequence of the fluid
trapped in the pores and the volumetric reaction of the process with fluid and solid. The
deformations present elastic behavior and are linked as variables of the optimization
process. The numerical results are related to the frequencies (ω) of the loads.
After searching fields in approximately 10 thousand iterations in the GA, the three
variables that most influenced the process were: permeability (k) because it is related to a
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quantity of pores (ɸ) and the interconnection between them affecting soil poropressure
behavior; the shear coefficient (G) that can approach a maximum stress, allowing a
quantity of material (ideal); and the Poisson coefficient drained (νu) being the most
differentiated coefficient. Since there is load dynamics in the structure, it was made with
this parameter to undergo great influence without calculation.
Table 2 Design variables, search range, analytical and optimized variables.
Design
variables

Search space
max

Search space
min

Analytical

Optimized

G

6 x 109

6 x 1019

6 x 109

5.95 x 109

Ν

0.20

0.18

0.20

0.20

νu

0.33

0.28

0.33

0.31

B

0.62

0.50

0.62

0.61428

K

1.9 x 102

5.6 x 100

1.9 x 102

9.54 x 10-1

ɸ

0.19

0.19

0.19

0.195

The stop criterion was set to approximate the values of the variables through the
optimization process with a minimum possible value; therefore, it was used as the
reference in Eq. (23) in RMSE ≤ 0.025 and was achieved for a value of 0.02509069.
A comparison between the analytical curve and the optimized one, can be seen as (Fig. 3)
(load transmitted by dynamic pressure) with the effects of the distribution of the AG
coupled to the BEM overlapping the analytic curve adopted by Cheng [14].
It is possible to observe a proximity between the solutions, and as in Selvadurai [20] there
was no total overlap of the curves. Full overlap requires a thorough investigation of the
problem.
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5. Conclusion
The main goal of this work was to develop a numerical procedure using BEM and GA-NSGAII in order to determine the design variables G, B, k, ν, νu, and ɸ as mechanical properties
of soil. The presented methodology was shown to be efficient for predicting the kind of
underground soil if a displacement x frequency curve is previously known. Despite using
an analytical curve for the displacement x frequency behavior, the present methodology
can also be used with a curve obtained experimentally. Regarding the design variables, it
is important to highlight that the permeability (k) was the variable that was most
influenced during the optimization process. The main reason is due to the fact that this
variable takes into account the amount of pores, the connection between them and finally
the strong influence in the fluid percolation. All advantages from the BEM features
provided a low computational cost and resulted in a good prediction for the
characterization of the soil.
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