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Strength evaluation of fire damaged concrete is not well studied although fire 
damaged concrete is encountered in many settings. There are limited studies that 
investigate the effect of physical properties on the strength of fire damaged 
concrete. In this paper, a fire damaged concrete slab element is evaluated based on 
non-destructive (rebound hammer and impact pulse velocity) and destructive 
(core and porosity) testing. Two correlation models are developed to assess the 
compressive strength of the slab element. The first model correlates the corrected 
core compressive strength to rebound number, impact pulse velocity and porosity. 
The second model correlates the corrected core compressive strength to rebound 
number and impact pulse velocity. Both correlation models are based on Pearson’s 
statistical approach. The two correlations are compared based on William’s 
modification of the Hotelling test and results indicate that rebound number, 
impact pulse velocity and porosity combined correlates more significantly to the 
corrected core compressive strength than rebound number and impact pulse 
velocity alone.  

 

© 2018 MIM Research Group. All rights reserved 

Keywords: 
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1. Introduction 

Knowledge of the in-situ concrete properties is an important factor in understanding the 
integrity of a structural element in an existing or a newly constructed structure. Assessing 
the compressive strength property of concrete is important to decide on possible 
recommendations for repair or demolition and to design rehabilitation systems required 
to maintain the structural integrity of a structure [1]. 

Concrete strength is determined through various methods including non-destructive and 
destructive testing. Evaluating and assessing concrete compressive strength through 
correlations between non-destructive and destructive testing have been established by 
many previous researchers. Examples include works of [2], [3] and [4]. [2] provided a 
recommendation and guidance on the combination of different non-destructive and 
destructive tests in order to increase the accuracy of estimating the in-situ concrete 
strength. SONREB method was developed by RILEM Technical committee to establish a 
combination between rebound index and pulse velocity. This method was based on the 
application of a correction factor between a reference concrete (for calibration) and the 
concrete under test. A final calibration factor was calculated based on theoretical and 

mailto:kry01@mail.aub.edu
http://dx.doi.org/10.17515/resm2016.53me0621
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experimental data. It was concluded that the SONREB method is accurate as long as 90% 
of the values of the non-destructive test measurements conform to the destructive test 
measurements. [3] correlated Schmidt hammer testing and destructive core testing based 
on experimental results. Findings of [3] indicate that Schmidt hammer testing alone is not 
reliable for strength evaluation of concrete structures; correlations between Schmidt 
hammer and core testing is often required to make a sound evaluation.  [4] correlated 
rebound hammer number, ultrasonic pulse velocity and core test based on Pearson’s and 
Spearman’s approaches, which gave good and reliable results. 

Non-destructive tests are important methods to estimate concrete strength in fire 
damaged structures. This is attributed to the fact that fire damaged structures are 
structurally weak and minimal cores shall be taken in order not to diminish further the 
structural integrity of the structure under assessment. However; for fire damaged 
concrete, correlations between non-destructive tests and core tests alone does not provide 
reliable estimates of concrete strength; this is due to many other factors that can influence 
the strength of fire damaged concrete [2]. As concrete is exposed to fire, the percentage of 
voids increases and as a result the strength of concrete will decrease accordingly.  

Examples of strength evaluation of fire damaged concrete include works of [5], [6], Dilek  
[7], [8] and [9]. [5] concluded that the properties of the constituent of material in RC beams, 
concrete and steel, progressively decrease by increasing temperature. [6] found that the 
shear strength of simply supported RC beams highly depends on the fire durations and 
thickness of concrete cover.  

[7] assessed a fire damaged wall at the foundation level of a structure. The assessment 
included a non-destructive evaluation through ultrasonic pulse velocity test and several 
destructive core tests removed from the damaged wall. Dynamic Young’s modulus and an 
air permeability index of 25 mm thick disks sawed from the cores were also determined 
and analysed. Non-destructive test results identified the presence of distressed layers of 
near-surface concrete, but could not provide information on the characteristics of these 
damaged layers. While destructive core testing did not identify the effects of the weakened 
layers of concrete. Loss of Young’s modulus for the damaged layers of concrete was noticed 
in comparison to the Young’s modulus of non-damaged concrete, and a significant increase 
in the air permeability of the fire exposed concrete surface was found. It was concluded 
that for thin layer damaged concrete core testing is not significant, while assessing 
dynamic modulus and air permeability index (API) tests proved to be more reliable. 

[8] discussed a renewed version of hammer-drilling method to evaluate fire damaged 
concrete. This method was based on continuously monitoring the pulse transmission of 
the hammer-drill method to evaluate the mechanical properties of damaged concrete. The 
method analysed the amplitude of the reflected waves, which provides information on the 
local acoustic resistance of concrete, and calculates the time of flight of the pulses 
propagating from the tip of the drill-bit to a fixed ultrasonic receiver on the surface of the 
concrete member. It was concluded that amplitude of the transmitted pulse is strongly 
influenced by hard aggregate pebbles and is poorly sensitive to thermal damage which 
makes this parameter unsuited to this particular case. However, the velocity of the 
transmitted pulse was not influenced by coarse aggregate, and proved to be a sensitive 
indicator to the conditions of fire damaged concrete. 

[9] addressed the effect of burning by fire flame on the behaviour and load capacity of 
rectangular reinforced concrete beams. Ultrasonic pulse velocity and rebound number 
tests were used to assess the impact of fire on the beams. Results showed reductions in 
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both ultrasonic pulse velocity and rebound number for beams, and that sudden cooling of 
concrete causes additional strength loss of concrete (air cooling vs water cooling). 
Experimental results also indicated that the crack width in concrete of fire damaged beam 
are higher than beams subjected to identical loads. Load deflection were more levelled 
signifying softer load-deflection behaviour than that of control beams, which were 
attributed to early cracks and low modulus of elasticity. 

A thorough review of the literature indicates that strength evaluation of fire damaged 
concrete, which takes into account physical concrete properties, is not well studied 
although physical properties of concrete can highly influence the strength of fire damaged 
concrete. In this paper a correlation between porosity, impact pulse velocity, rebound 
number and core testing is established for fire damaged concrete slab and is statistically 
compared to the correlation excluding porosity. Correlation coefficients are calculated 
using Pearson’s statistical approach.  

2. Experimental 

Slab element of a five-story residential structure that was subjected to an extensive fire, 
lasting for five hours, with a predicted maximum temperature of 500 °C, was studied. 
Destructive and non-destructive testing were recorded prior to demolition of the 
structure. Non-destructive tests included rebound hammer and impact pulse velocity, 
destructive tests included coring and porosity. Destructive tests consisted of the extraction 
of 30 cores from severally distributed points of the slab. Cores were tested in the 
laboratory for compressive strength and porosity. Non-destructive tests were carried out 
prior to the extraction of cores, and at the same locations of the extracted cores. Each non-
destructive test was repeated at least twice to ensure repeatability and average values 
were reported.  

2.1. Review of Destructive and Non-Destructive Testing Methods 

Destructive and non-destructive testing methods for determining in-situ concrete strength 
are briefly presented. As well as the method for determining the percentage porosity of 
concrete. 

Core testing is the most direct and accurate method in estimating the concrete strength in 
concrete structures. Core specimens are extracted from structural elements, and 
conditioned, then crushed to evaluate the compressive strength of the core. Before testing, 
cores are trimmed at the ends so that they are flat and perpendicular to the longitudinal 
axis of the core. The core ends are caped with a high alumina cement mortar, and tested in 
a dry state. Scatter in core test results can be found and is mainly attributed to variations 
in concrete characteristics and site stress distributions [4]. 

Rebound hammer test is the simplest way to estimate the concrete compressive strength. 
It is characterized by being the least expensive test, developing the smallest amount of 
structural damage, and practicality. Rebound hammer test only investigates the surface 
layer of concrete, and results might not represent the interior of the concrete. For that, 
rebound hammer is not an entirely accurate method. The surface of concrete is impacted 
by a steel hammer via a spring, and concrete compressive strength is estimated through 
the surface hardness rebound value.  The amount of lost Kinetic energy during the impact 
of the steel hammer is measured, and this loss of energy is correlated with the strength and 
rigidity of concrete [10]. 
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Impact pulse velocity test is used to determine the velocity of propagated waves along a 
known distance in a concrete specimen, two transducers are placed along that distance to 
calculate the velocity. The transducers are placed on opposite sides of the concrete element 
(direct transmission), adjacent sides of the concrete, or on the same face of the concrete 
element. For best results, the two transducers are place directly on opposite sides, so loss 
of sensitivity and accuracy is avoided. An appropriate coupling agent is placed on both the 
transducers face, and the concrete surface. The faces of the transducers are pressed firmly 
to the concrete surface until a stable transit time is displaced. The transit time is measured 
and the wave velocity is calculated. These values are used to correlate the properties of 
concrete through curves provided in the test device.  Impact pulse velocity is affected by 
water/cement ratio, moisture content, presence of reinforcement, and cracks present in 
concrete. 

Porosity test is used to calculate the percentage of voids present in a concrete specimen. 
Voids in fire damaged concrete occurs when water content reaches boiling point and 
evaporates through concrete, creating voids while escaping from entrapment. Percentage 
of voids increases proportionally with the increase in the exposure time of fire. Porosity 
index is an important factor to assess the degree of damage in a fire damaged structure. 

2.2. Testing Program 

Rebound hammer, impact pulse velocity, destructive core and porosity tests were carried 
out using instrumentation and testing procedures typically adopted in practice and 
following American Standard Testing Methods ([11], [12], [13], and [14] respectively). 

Tests were carried out in severally distributed points along the slab. A reference grid 
system was created to uniformly distribute the testing locations on the slab. The grid 
system split the slab to 30 cells, and a grid naming was used to identify each test location 
as shown in Figure 1 below.  

A precise survey was done using the ground penetrating radar test to locate the 
longitudinal and transverse reinforcing steel bars, before commencing with the tests. In 
this way, it was possible to avoid steel bars during core extraction.  

Non-destructive rebound hammer test was carried out first, and ten readings were taken 
per cell. The mean rebound hammer value was recorded. Impact pulse velocity was 
measured for each cell, and a minimum of two readings were taken. The mean value of the 
two readings was recorded. One core was extracted from each cell (denoted by a black 
circle in Figure 1), and the compressive strength of each core was measured. Finally, 
porosity of each core was investigated by calculating the percentage of voids in the 
extracted core. Testing program is summarized in Table 1 below. 
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Fig. 1. Testing locations 

 

Table 1. Testing program 

Test Number of Tests Performed 

Core 30 

Impact Pulse Velocity 30 

Rebound Hammer 30 

Porosity 30 

2. Results and Analysis 

Core compressive strength results were corrected to account for length to diameter ratio, 
diameter, moisture conditions and drilling factors, as per the recommendation of [15]. 
Extracted cores measured 10 cm in diameter and 20 cm in length and were soaked for 48 
hours prior to crushing. Corrected core compressive strength values were calculated by 
multiplying each core compressive strength by a factor of 1.16. Non-destructive and 
destructive testing results are summarized in Table 2 below. 

Coefficient of variation (CV) for each studied parameter was calculated. Higher CV values 
were found for the porosity parameter (27%) and rebound number (16%), while impact 
pulse velocity and core compressive strength returned lower values of CV (11% and 14% 
respectively). Usually it’s normal to expect some scatter in the results taking into account 
the extent of fire reached to different parts of the slab, the within tests variability and the 
within member variability of concrete compressive strength. Overall variability of core 
compressive strength data is considered acceptable if compared to the value suggested by 
[15] of 13%.  
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Table 2. Destructive and non-destructive testing results 

Grid 
Corrected Core 

Compressive 
Strength (MPa) 

Rebound 
Number 

Impact Pulse 
Velocity 
(km/s) 

Porosity 

AB12 18.2 43 1.4 0.0773 

AB23 24.1 49 1.6 0.053 

AB34 21.2 38 1.34 0.0687 

AB45 30.3 66 1.75 0.0211 

AB56 24.5 50 1.55 0.0531 

BC12 26.2 60 1.67 0.0413 

BC23 19.4 47 1.3 0.0718 

BC34 22.5 44 1.4 0.0698 

BC45 26.1 56 1.39 0.0447 

BC56 23.2 50 1.44 0.0616 

CD12 22.7 57 1.4 0.0629 

CD23 20.9 38 1.38 0.0773 

CD34 24.6 59 1.53 0.0498 

CD45 23.5 57 1.48 0.0564 

CD56 27.1 44 1.35 0.0438 

DE12 26.4 61 1.42 0.0438 

DE23 19.4 38 1.2 0.0885 

DE34 19.8 48 1.32 0.0902 

DE45 22.3 50 1.52 0.0704 

DE56 21.2 51 1.3 0.0773 

EF12 18.7 45 1.22 0.0824 

EF23 20.5 45 1.38 0.0768 

EF34 24.2 39 1.67 0.0566 

EF45 19.7 46 1.42 0.0777 

EF56 25.3 52 1.76 0.0551 

FG12 19.1 44 1.57 0.0655 

FG23 22.9 45 1.45 0.0623 

FG34 27.5 51 1.86 0.0444 

FG45 24.2 53 1.54 0.0525 

FG56 17.1 36 1.62 0.0919 

Three graphs showing the relation of corrected core compressive strength, rebound 
number, impact pulse velocity and porosity respectively are shown in Figure 2 below.  
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Fig. 2. Graphical representation of the results 

2.1. Parson’s Correlation Coefficients 

To better assess the correlation between non-destructive and destructive test results, 
Pearson’s correlation coefficients were determined. The aim is to find two relations 
between the studied variables in the forms: 

)()()( PVRHf
dcb

c
a  (1) 

)()( VRHf
cb

c
a  (2) 

 

where: fc – corrected core compressive strength; a, b, c and d – Pearson’s correlation 
coefficients; RH – rebound number; V – impact pulse velocity; P – porosity. 

Pearson’s correlation coefficients along with some statistical parameters for the case 
including porosity in the correlation and the case excluding porosity from the correlation 
respectively are presented in Tables 3 and 4 below. 
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Table 3. Pearson's correlation coefficients (including porosity) 

 Coefficients 
Standard 

Error 
t-Stat P-Value R square 

a 5.6 0.31 5.48 9.32E(-6) 

0.82 
b 0.08 0.10 0.76 0.45 
c 0.03 0.13 0.22 0.83 
d -0.38 0.06 -6.10 1.90E(-6) 

 

Table 4. Pearson's correlation coefficients (excluding porosity) 

 Coefficients 
Standard 

Error 
t-stat P-Value R square 

a 2.67 0.45 2.20 0.03 
0.57 b 0.51 0.12 4.24 2.00E(-4) 

c 0.45 0.17 2.58 0.015 

 

It can be noted from Tables 3 and 4 above that statistical parameters vary widely between 
the two correlations. Standard error returned smaller values for the case including 
porosity in the correlation. P-values and t-stat parameter varied between coefficients of 
the two correlations. For instance, the intercept (a) in the correlation including porosity 
returned higher value of t-stat parameter and lower P-value than the intercept (a) in the 
correlation excluding porosity; whereas the rebound number coefficient (b) in the 
correlation including porosity returned a lower value of t-stat parameter and a higher P-
value than the rebound number coefficient (b) in the correlation excluding porosity. Thus 
a general conclusion from the comparison of those statistical parameters cannot be made. 
The correlation including porosity returned higher R-square value (0.82) than the 
correlation excluding porosity (0.57). However; conclusions about the better correlation 
cannot be made by directly comparing R-square values. 

2.2. Statistical Comparison Between the Two Correlations 

Direct comparison between statistical parameters may not be always indicative on 
whether two correlations are significantly different from one another or not. To test 
whether the two correlations are significantly different, the correlations are transformed 
using William’s modification of the Hotelling test with a significance level of 0.05. The r 
value is distributed as t with (n-3) degrees of freedom [16]. The following null hypothesis 
is tested, 

H0: The correlation including porosity as a parameter in evaluating strength of fire damaged 

concrete is the same as the correlation excluding porosity. Results of William’s modification of 

the Hotelling test are summarized in Table 5 below. 

 

Table 5. Williams modification of the Hotelling test 

r1-2 r2-3 r1-3 t(n-3) 
Critical t value at 
0.05 significance 

level 
0.8 0.75 0.91 1.96 1.7 
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where: r1-2 – correlation between porosity, rebound number and impact pulse velocity ; r2-

3 – correlation between corrected core compressive strength, rebound number and impact 
pulse velocity; r1-3 – correlation between corrected core compressive strength, rebound 
number, impact pulse velocity and porosity; t(n-3) – William’s modification parameter. 

Results of the Williams modification of the Hotelling test indicate that William’s 
modification parameter is statistically significant at a 0.05 significance level. Thus the null 
hypothesis should be rejected and the correlations are significantly different at a 0.05 
significance level. It can be concluded that, rebound number, impact pulse velocity and 
porosity combined correlate more significantly to the corrected concrete compressive 
strength of a fire damaged slab than rebound number and impact pulse velocity combined 
alone.  

Conclusions  

In this paper two strength evaluation models for a fire damaged concrete slab were 
studied. Strength evaluation models were based on correlations between non-destructive 
(rebound hammer and impact pulse velocity) and destructive (core and porosity) tests. 
The correlation coefficients were calculated using Pearson’s correlation approach. A 
statistical comparison of the two correlations was conducted using William’s modification 
of the Hotelling test. Based on the experimental findings the following conclusions could 
be made: 

 Comparison between the strength evaluation models indicates that the two 
models are statistically different and the correlation model which includes 
porosity as a parameter to evaluate the strength of fire damaged concrete 
correlates more significantly to the corrected core compressive strength. 

 Correlations between non-destructive and core testing alone may not be reliable 
in strength evaluation of fire damaged concrete. 

 Introducing physical properties of concrete, such a porosity, may help increasing 
reliability of strength assessment of fire damaged concrete.  
 

It should be noted that all correlations and analyses conducted in this paper are based on 
the destructive and non-destructive testing results conducted on a specific slab element of 
a five-story residential building that was subjected to an extensive fire. As a result, 
correlation models and results presented pertain to this structural element and may not 
be directly applicable to other fire damaged structural elements. However; findings and 
conclusions may be indicative on the general effect of physical properties of concrete, such 
as porosity, on the strength evaluation of fire damaged concrete.  
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 Many earthquake prone countries have significant amount of existing deficient 
buildings to be evaluated for seismic actions. Although nonlinear methods are 
more preferable for assessment of existing buildings, most of the practicing 
engineers are unfamiliar to these methods. Therefore, linear methods seem to be 
in use in the near future for assessment of great number of deficient existing 
buildings in a reasonable time. In linear methods, nonlinear behaviour is taken 
into account by a single parameter: strength reduction factor (R) which is used 
to greatly reduce the elastic force demand accounting for the nonlinear 
behaviour. This study evaluates the use of R factors for different ductility and 
performance levels of buildings with respect to different soil site class. It is 
observed that the R factors: decrease with increasing periods, are more sensitive 
for higher performance levels, may change more than 30% with respect to 
number of story or transverse reinforcement amount, and may change 20% 
depending on the site class. However, effect of site class is generally smaller and 
a clear trend is not observed. Exemplary R values for different ductility, 
performance levels and number of stories are provided in the study. 
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1. Introduction 

Although nonlinear methods capture the real behaviour of structures better than linear 
ones, their use is somewhat limited due to additional modelling work. Most of practicing 
civil engineers in many countries are lack of the required knowledge about nonlinear 
principles. Therefore, elastic methods do not seem to be fully replaced by nonlinear ones 
in the close future. In elastic methods, nonlinear behaviour is taken into account by a single 
parameter: “strength reduction factor (R)” [1]. Thus this parameter has a critical role for 
the proper evaluation of buildings. In building codes, some values of the R factors are given 
for certain classes of structures but they are meant to be for new construction [2-5]. Such 
R factors may not be suitable for evaluation of deficient existing buildings with elastic 
methods. This study examines R factors to be used for existing mid-rise reinforced 
concrete buildings which are thought to be the major portion of the building stock under 
risk in developing countries. Turkey is selected to represent the developing countries. 
Eleven 4-story and eleven 7-story buildings are modelled with features common in Turkish 
building stock. The buildings reflect existing deficiencies in the building stock [6]. All 
buildings are modelled with two different transverse steel amounts accounting for seismic 
detailing to evaluate buildings with different ductility levels. Capacity curves of the 
building models are obtained by nonlinear static analyses. Displacement capacities at 
Immediate Occupancy (IO), Life Safety (LS) and Collapse Prevention (CP) performance 
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levels are determined. The “Equivalent” Single-Degree-Of-Freedom (SDOF) system models 
obtained from capacity curves are subjected to acceleration records of 83 different 
earthquakes, approximately 20 records for each of the USGS site classification to determine 
seismic demands [7]. Based on the obtained data, R values for different performance levels 
are suggested for existing buildings. This study is useful for better understanding R factors 
and proper elastic modelling of existing buildings for seismic assessment. 

2. Strength Reduction Factor  

Because of the economical and functional reasons, nearly all buildings are built to behave 
nonlinearly during the design seismic event. The static lateral force method accounts for 
nonlinear response of the structures by the use of “strength reduction factors” (R), which 
is also known as “response modification factor” [4, 5, 8, 9]. The elastic base shear demand 
ratio obtained from 5% damped acceleration response spectrum (Ce) are divided by R 
factor to greatly reduce the force demands to obtain design base shear force ratio (Cb) (Fig. 
1, Eq. 1). 

 
R

C
C e

b =                                                                                                                                 (1) 

The commentary to the NEHRP Recommended Provisions describes the R factor as ‘‘an 
empirical response modification (reduction) factor intended to account for both damping 
and ductility inherent in a structural system at displacements great enough to approach 
the maximum displacement of the system [10]. Strength reduction factor is the most 
important factor in design or evaluation of the buildings using elastic methods since no 
other parameter affects the base shear demand as much as R. Therefore, proper selection 
of R factor has a key role in proper seismic assessment. 

 

b y e i 

Elastic Response 

Spectrum 

Cb 

Cy 

Ce 

Roof 

Displacement 

Base Shear 

Ratio C=V/W 

 

Fig. 1 Typical base shear ratio-roof displacement relationship 

2.1. Components of R Factor 

Since the reasons to use R factor are based on different phenomenon, the R factor has 
different components. Based on experimental data Uang and Bertero [11], Whittaker et. al. 
[12] described R factor as the product of three factors that accounted for over strength, 
ductility and damping: 

RRRR o=                                                                                                                                 (2) 

In Eq. 2 Ro is over strength factor, R is ductility factor and R is damping factor. Using data 
from earthquake simulation tests, the over strength factor (Ro) is calculated to be yield 
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base shear ratio (Cy) divided by design base shear ratio (Cb), ductility factor is the base 
shear ratio required for elastic response (Ce) divided by yield base shear ratio (Cy), and the 
damping factor was set to unity. In a later document a formulation for R is proposed [9] as: 

Ro RRRR =                                                                                                                                 (3) 

The formulation given in Eq. 3 is same as the Eq. 2 (when Rξ is 1.0) except the redundancy 
factor (RR). This factor is intended to reflect the effects of redundancy of the structure such 
as structural indeterminacy and improved reliability due to multiple lines of load carrying 
mechanisms. 

The proposed formulations do not specifically address the effects of plan and vertical 
irregularity in framing systems. Whittaker et al. [1] states that irregularity could be 
addressed by reducing the response modification factor by a regularity factor. EC8 reduces 
the behaviour factors by 20% for irregular buildings [3]. 

As seen above different formulations of R factor has been proposed in literature. This study 
concentrates on the over strength and ductility factors and assumes R is the product of 
these factors as given in Eq. 3 with RR is equal to unity. 

Although many studies are available about R factors, limited research has been done 
concerning R factors for different performance levels and soil site classifications. As 
reported by other researchers, local construction practices significantly affect R values [1]. 
Therefore, additional studies are important to better establish these factors for regions 
with varying construction practices. This paper focuses on the over strength and ductility 
factors for the existing buildings with different ductility classes and for different 
performance levels, and variation of these factors according to different soil site 
classification. 

2.1.1 Over Strength Factor 

The yield lateral strength of a building (Vy) generally exceeds its design lateral strength 
(Vb) because components are likely to be designed with capacities significantly greater 
than the design requirements, material strengths generally exceed specified nominal 
strengths, and displacement and detailing requirements often force the use of stronger 
components than that necessary for strength alone. For a structural system, over strength 
factor (Ro) vary as a function of seismic zone and building period [13]. Buildings located in 
different seismic zones will have different values of over strength due to the different ratio 
of gravity loads to seismic loads which results in values depending on seismic zones for the 
strength factor. Differences in local construction practices may also significantly affect the 
strength factor value [1]. 

Freeman [14] estimated strength factors of approximately 2.8 and 4.8 for four story and 
seven-story reinforced concrete moment frames, respectively. Uang and Maarouf [15] 
analyzed a six-story reinforced concrete perimeter moment frame building shaken by the 
1989 Loma Prieta earthquake. The strength factor reported for the building is 1.9. Hwang 
and Shinozuka [16] studied a four-story reinforced concrete intermediate moment frame 
building located in seismic zone 2 as per the Uniform Building Code. The building has 
determined to have a strength factor of 2.2 if no limits to the damage to the structural 
system is imposed. Whittaker et al. [1] stated that the scatter in the reported values for the 
strength factor is significant. 

For multistory multibay frames, overstrength factor is specified in EC8 as 1.30 [3]. ASCE7 
gives an overstrength ratio of 3.0 for RC framed structures [2]. However, this ratio is 
intended for finding design forces in the members. Therefore, it is given as higher for 
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conservative purposes and does not conform to the logic of overstrength factor in scope of 
the study. 

Mondal et al. [17] investigated the R factors of RC moment frame buildings designed and 
detailed following the Indian standards for ductile detailing at two performance levels. 
They reported overstrength factors of 2.70, 2.64, 2.39 and 2.26 for 2, 4, 8 and 12 story 
buildings based on fundamental mode shape lateral load distribution. 

2.1.2 Ductility Factor 

The ductility factor (R) is a measure of the global nonlinear response of a structural 
system due to its plastic deformation capacity. It is measured as the ratio of the base shear 
considering an elastic response (Ve) / base shear considering an inelastic response (Vy). It 
is assumed that the elastic force demand on the system (Ve) can be reduced by the factor 
R owing to the inelastic displacement capacity available with the system. In the last 
decades, significant studies have been conducted to investigate the ductility factor based 
on SDOF systems [18-22]. These relationships are based on statistical behaviour of 
inelastic SDOF systems under strong motion (with 5% damping) on rock or stiff soil. 

EC8 gives behaviour factor as 3.0 and 4.5 times the overstrength ratio for medium and high 
ductility class buildings, respectively [3]. Therefore, these values may be assumed as 
suggested ductility factors. Mondal et al. [17] in the above mentioned study determined 
2.01 and 2.05 ductility factors for 4 and 8 story RC buildings for a limit state based on ATC 
40 Structural Stability level [23]. For another limit state based on element plastic rotation 
capacities, the figures are 2.32 and 2.51, respectively. 

Nishanth et al. [13] examined the response reduction factors for moment resisting RC 
frames designed according to Indian codes. When their reported values for different 
seismic zones are averaged, the ductility factors for high ductility 4, 7, 10, 13, 16 story 
buildings are 1.76, 3.03, 3.73, 3.53, 2.95, respectively. Corresponding values for buildings 
with moderate ductility are 1.73, 2.71, 3.11, 2.75, 2.20. They concluded that the values of 
R as given by the codes are of higher degree. 

2.1.3 Damping Factor 

The damping factor (Rξ) accounts for the effect of supplementary viscous damping and is 
mainly significant for structures with special energy dissipating devices. Without these 
devices, the damping factor is generally assigned a value equal to unity and not considered 
in the determination of the response reduction factor for the force-based evaluation [1, 
24]. Since there are no energy dissipating devices in the considered models the Rξ is taken 
as 1.0 in scope of the study. 

2.1.4 Redundancy Factor 

A redundant seismic structural system is composed of multiple vertical lines of lateral load 
resisting frames, which transfers earthquake-induced forces to the foundation. As there 
are generally multiple lines of frames in RC structural systems, they usually fell in the 
category of redundant structural systems. For redundant systems, the lateral load is shared 
by different frames depending on the relative stiffness and strength characteristics of each 
frame. Frames aligned in the same direction, form a redundant parallel system. Therefore, 
the reliability of the system will be higher than the reliability of individual frames of the 
structural system. If the frames are identical, the reliability will be equal to that of a single 
frame as they will fail simultaneously. If the frame properties are uncorrelated, the 
resulting system reliability will be higher. Four lines of strength and stiffness compatible 
vertical seismic framing in each principal direction of a building have been recommended 
as the minimum necessary for adequate redundancy [25, 26]. Whittaker et al. [1] gives 
exemplary values for RR as 0.71, 0.86 and 1.0 for systems with 2, 3 and 4 lines of vertical 
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seismic framing, respectively. As there are more than 4 lines of framing in each direction 
of the considered models and due to the suggestion of ASCE7, RR is taken as 1.0 in this study 
[2]. More information can be found in literature about redundancy factor [27-31]. 

3. Building Models 

The major portion of the building stock in many developing countries are consists of 
deficient mid-rise reinforced concrete buildings [6]. In scope of the study, existing mid-rise 
reinforced concrete buildings inferior to code requirements are investigated. Two sets of 
RC buildings 4-story and 7-story are selected to represent mid-rise buildings located in the 
high seismicity region of Turkey (design ground acceleration of 0.4g). There are eleven 
buildings in each set. The selected buildings are typical beam-column RC frame buildings 
with no shear walls (Fig. 2). Since the majority of buildings in Turkey were constructed 
according to 1975 Turkish Earthquake Code [32], the 4- and 7-story buildings are designed 
according this code considering both gravity and seismic loads. Soil site class Z3 that is 
similar to class C soil of FEMA 356 (2000) is assumed [33]. Material properties are 
assumed to be 16 MPa for the concrete compressive strength and 220 MPa for the yield 
strength of both longitudinal and transverse reinforcement [6]. Strain-hardening of 
longitudinal reinforcement has been taken into account and the ultimate strength of the 
reinforcement is taken as 330 MPa. 

 

Fig. 2 Plan view of reference 4- and 7- story buildings 

One of the important deficiencies in the existing building stock is the insufficient amount 
of transverse reinforcement. The transverse reinforcement amount may be considered to 
represent construction and workmanship quality or compliance to the code, since closer 
spacing of transverse reinforcement shows that the structure has ductile detailing and is 
code compliant and/or has better construction and workmanship quality [34]. Two 
different spacings are considered as 100 mm and 200 mm to investigate R factors of the 
buildings with different ductility classes [6]. More info about building models can be found 
at the study by Inel et al. [35]. 

3.1 Modelling Approach 

Nonlinear static analyses have been performed using SAP2000 Nonlinear that is a general-
purpose structural analysis program [36]. Three-dimensional model of each structure is 
created in SAP2000 to carry out nonlinear static analysis. Beam and column elements are 
modelled as nonlinear frame elements with lumped plasticity by defining plastic hinges at 
both ends of beams and columns. SAP2000 implements the plastic hinge properties 
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described in ATC 40 [23] or FEMA 356 [33]. As shown in Fig. 3, five points labelled A, B, C, 
D, and E define force-deformation behaviour of a plastic hinge. 

 

Fig. 3 Force-Deformation relationship of a typical plastic hinge 

The definition of user-defined hinge properties requires moment–curvature analysis of 
each element. Modified Kent and Park model [37] for unconfined and confined concrete 
and typical steel stress–strain model with strain hardening (Mander [38]) for steel are 
implemented in moment–curvature analyses. The points B and C on Fig. 2 are related to 
yield and ultimate curvatures. The point B is obtained from SAP2000 using approximate 
component initial effective stiffness values as per TEC 2007 [4]; 0.4EI for beams and values 
depending on axial load level for columns as given in Eq. 4. 
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fc is concrete compressive strength, N is axial load, Ac is area of section. For the N/(Ac x fc) 
values between 0.1 and 0.4 linear interpolation is made. 

The ultimate curvature is defined as the smallest of the curvatures corresponding to (1) a 
reduced moment equal to 80% of maximum moment, determined from the moment-
curvature analysis, (2) the extreme compression fiber reaching the ultimate concrete 
compressive strain as determined using the relation provided by Priestley et al. [39], given 
in Eq. 5, and (3) the longitudinal steel reaching a tensile strain of 50% of ultimate strain 
capacity that corresponds to the monotonic fracture strain. Ultimate concrete compressive 
strain is given as: 

cc

suyhs
cu

f

f 


4.1
004.0 +=                                                                                                                                 (5) 

where εcu is the ultimate concrete compressive strain, εsu is the steel strain at maximum 
tensile stress, ρs is the volumetric ratio of confining steel, fyh is the yield strength of 
transverse reinforcement, and fcc is the peak confined concrete compressive strength. 

The input required for SAP2000 is moment-rotation relationship instead of moment-
curvature. Also, moment rotation data have been reduced to five-point input that brings 
some inevitable simplifications. Plastic hinge length is used to obtain ultimate rotation 
values from the ultimate curvatures. Several plastic hinge lengths have been proposed in 
the literature [39, 40]. In this study plastic hinge length definition given in Eq. 6 which is 
proposed by Priestley et al. [39] is used. 
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blyhblyhp dfdfLL 044.0022.008.0 +=                                                                                            (6)                                  

In Eq. 6, Lp is the plastic hinge length, L is the distance from the critical section of the plastic 
hinge to the point of contraflexure, dbl is the diameter of longitudinal reinforcement. 

Following the determination of the ultimate rotation capacity of an element, acceptance 
criteria are defined as labelled IO, LS, and CP on Fig. 2. IO, LS, and CP stand for Immediate 
Occupancy, Life Safety, and Collapse Prevention, respectively. This study defines these 
three points corresponding to 10%, 60%, and 90% use of plastic hinge deformation 
capacity [41]. In existing reinforced concrete buildings, especially with low concrete 
strength and/or insufficient amount of transverse steel, shear failures of members should 
be taken into consideration. For this purpose, shear hinges are introduced for beams and 
columns. Because of brittle failure of concrete in shear, no ductility is considered for this 
type of hinges. Shear hinge properties are defined such that when the shear force in the 
member reaches its strength, member fails immediately. The shear strength of each 
member is calculated according to TS 500 [42] that is similar to UBC 1997 [5]. 

Effect of infill walls are modelled through diagonal struts as suggested in TEC 2007 [4] and 
FEMA 356 [33]. Nonlinear behaviour of infill walls is reflected by assigned axial load plastic 
hinges on diagonal struts whose characteristics are determined as given in FEMA 356 [33]. 
Material properties are taken from TEC 2007 [4] to reflect characteristics of infill walls in 
Turkey; 1000 MPa, 1 MPa and 0.15 MPa were assumed as modulus of elasticity, 
compressive strength and shear strength values, respectively. 

Reference 7 story model is composed of 200 nodes, 483 RC frame members, 168 infill wall 
elements and 910 plastic hinges. Reference 4 story model is composed of 125 nodes, 276 
RC frame members, 96 infill wall elements and 520 plastic hinges. The given number of 
nodes are for the points where different members are connected. Note that the software 
further divides the frames to increase accuracy, if needed. 

Range of some important properties of the building models is given in Table 1. Further 
information about building models and behaviour can be found in the study by Inel et al. 
[35]. Views of the reference 7 story models are given in Fig. 4. The infill wall elements are 
not included to in Fig. 4b decrease the complexity of the view. 

 

Table 1 Natural period, weight and strength coefficient ranges of 4- and 7-story buildings 

N Period Range (s) 
Seismic Weight Range 

(kN) 
Yield Base Shear Ratio 

(Vy/W) 

4 0.47-1.10 8456-10163 0.11-0.25 

7 0.74-1.32 2912-20277 0.11-0.18 
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a) Wire frame view of the model b) View of the model with 3D members 
(infill walls not visible) 

Fig. 4 Views of the 7 story model 

3.2 Nonlinear Static Analyses 

In order to obtain capacity curves and displacement ductility (maximum roof displacement 
at which performance criteria still satisfied over yield roof displacement) values of the 
building models, nonlinear static analyses are carried out. The lateral forces applied at 
center of mass were proportional to the product of mass and the first mode shape 
amplitude at each story level under consideration. P-Delta effects were taken into account. 
Example capacity curves are provided in Fig. 5 for one of the 4-story models for 100 and 
200 mm transverse reinforcement spacing. The vertical axis plots shear strength 
coefficient that is the base shear normalized by seismic building weight. The horizontal 
axis plots global displacement drift that is lateral displacement of building at the roof level 
normalized by building height. The figure indicates significant effect of transverse 
reinforcement spacing on displacement capacity. 
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 Fig. 5 Example capacity curves of reference 4-story building for 100 and 200mm 
transverse reinforcement spacing. 
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3.3 Performance Evaluation 

Performance evaluation of the investigated buildings is conducted using Turkish 
Earthquake Code [4]. Three levels, Immediate Occupancy (IO), Life Safety (LS), and 
Collapse Prevention (CP) are considered as specified in this code and several other 
international guidelines [23, 33]. Criteria given in the code for three performance levels 
are listed in Table 2. 

Table 2 Performance levels and criteria provided in Turkish Earthquake Code [4] 

Performance 
Level 

Performance Criteria 

Immediate 
Occupancy 

(IO) 

1. There shall not be any column or shear walls beyond IO level.  
2. The ratio of beams in IO-LS region shall not exceed 10% in any story.  
3. There shall not be any beams beyond LS. 

Life Safety 
(LS) 

1. In any story, the shear carried by columns or shear walls in LS-CP region 
shall not exceed 20% of story shear. This ratio can be taken as 40% for roof 
story.  

2. In any story, the shear carried by columns or shear walls yielded at both 
ends shall not exceed 30% of story shear.  

3. The ratio of beams in LS-CP region shall not exceed 20% in any story. 

Collapse 
Prevention 

(CP) 

1. In any story, the shear carried by columns or shear walls beyond CP 
region shall not exceed 20% of story shear. This ratio can be taken as 40% 
for roof story. 

2. In any story, the shear carried by columns or shear walls yielded at both 
ends shall not exceed 30% of story shear. 

3. The ratio of beams beyond CP region shall not exceed 20% in any story.  

4. Nonlinear Response History Analyses 

The capacity curve of each building obtained from pushover analysis was approximated 
with a bilinear curve using guidelines given in ATC 40 [23] and FEMA 440 [43] and reduced 
to equivalent SDOF systems. Then these SDOF systems are subjected to nonlinear response 
history analysis by using ground motion record sets. Earthquake records with different 
characteristics may significantly affect the results of analyses [44, 45]. In this study USGS 
soil site classification based on the average shear wave velocity to a depth of 30 m is used 
[7]. Site class A is the stiffest type with a shear wave velocity higher than 750 m/s, and D 
is the weakest site with a shear wave velocity lower than 180 m/s. The site B has a shear 
wave velocity between 750 m/s and 360 m/s whereas site C has a shear wave velocity 
between 360 m/s and 180 m/s. Four site classifications include 83 different records, 
approximately 20 records for each site class. All earthquake records are taken from PEER 
website [46]. Average values for some properties of selected ground motion records are 
given in Table 3. 



Ozmen and Inel / Research on Engineering Structures & Materials 4(4) (2018) 241-255 

 

250 

 

Table 3 Average values for some properties of used ground motion records 

Site class 
Number of 

records 
Magnitude 

PGA 
(g) 

PGV 
(m/s) 

PGD 
(m) 

A 20 7.00 0.40 0.30 0.11 

B 23 6.71 0.39 0.36 0.11 

C 20 7.02 0.40 0.43 0.19 

D 20 7.05 0.26 0.36 0.20 

5. Analyses Results 

Displacement capacities of the buildings are evaluated for IO, LS and CP performance levels 
using nonlinear static analyses and criteria given in TEC 2007. Displacement ductilities are 
calculated dividing displacement capacities by yield displacement. Using response history 
analyses with the given displacement ductilities, R of the building models are determined. 
Total of 88 capacity curves (eleven 4- and eleven 7 story buildings, two principal directions 
and 2 transverse reinforcement spacing) are analyzed for 83 acceleration records. Table 4 
lists average values for yield base shear strength ratio (Cy), design base shear ratio (Cb), 
over strength factor (Ro), and ductility ratio (R) for different performance levels, site class 
and transverse reinforcement spacing. Note that due to contribution of walls to the lateral 
strength, Cy values given in table may seem to be high for existing pre-modern code 
buildings. 

 

Table 4 Average Cy, Cb values and R factors for different site class, spacing, performance level 

  
 

  R Exemplary R (Ro.R) Values 

Story Cy Cb Ro 
Site IO LS CP IO LS CP 

Class s1 s2 s1 s2 s1 s2 s1 s2 s1 s2 s1 s2 

4 0.16 0.11 1.45 

A 1.18 1.15 2.36 1.62 3.59 2.81 

1.7 3.6 2.4 5.5 4.2 
B 1.19 1.15 2.59 1.69 4.02 3.04 

C 1.19 1.15 2.55 1.69 3.83 2.96 

D 1.20 1.15 2.42 1.67 3.61 2.82 

7 0.14 0.09 1.57 

A 1.10 1.03 1.63 1.34 2.51 1.92 

1.7 1.6 2.7 2.1 4.4 3.2 
B 1.11 1.03 1.78 1.39 2.96 2.15 

C 1.11 1.03 1.80 1.40 3.04 2.16 

D 1.10 1.03 1.65 1.34 2.66 1.98 

Note: s1= s100 mm, s2= s200 mm 

Base shear demands are calculated according to TEC 2007 [4]. Note that since the yield 
strength of the buildings is not significantly affected by amount of transverse 
reinforcement, Cy is given independent of transverse reinforcement. The change of Cy, Ro 
and R and R values for CP performance level and 100 mm transverse reinforcement 
spacing with building period are given in Fig. 6. Similar trends are observed for all the other 
performance levels and transverse reinforcement spacing. 
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Fig. 6 Relationship of Cy, Ro, R and R with period (for Collapse Prevention and s100 
mm) 

5. Conclusions 

Total of 88 capacity curves of 22 buildings (eleven 4- and eleven 7 story buildings, two 
principal directions and 2 transverse reinforcement spacing) are used to examine R factors 
for existing buildings. Three different performance levels and 83 ground motion records 
of four different site classes are considered. Based on 21912 nonlinear response history 
results the following observations are made. 

• Average yield base shear strength ratio of 4-story buildings are higher than that of 
7-story ones.  It is observed that Cy values become lower as the period gets higher 
(Fig. 6), as observed by other studies [47-49]. 

• Although 4-story buildings have higher yield base shear strength ratio, average over 
strength factor of 7-story buildings are higher than 4-story ones (Table 4). This can 
be explained by lower design base shear demands of 7-story buildings with higher 
periods located at descending branch of code spectrums. In scope of the building 
models of this study Ro values seem to scatter around 1.5 (Fig. 6). It is notable that 
1.5 is the value implicitly used for overstrength in TEC 2007 Section 2.5 [4]. 

• All average ductility factors of 7-story buildings are lower than corresponding 
ductility factors of 4-story buildings (Table 4). This shows that as the number of 
story or period increases the ductility and ductility factors decreases (Fig. 6) as 
pointed out by other researchers [47, 48] and indicated by observed wide spread 
damage of higher buildings compared to lower ones after earthquakes [50-53]. 
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• Even if Ro values are higher for 7-story buildings, R factors are lower than that of 4-
story buildings, because higher Ro values are not enough to compensate the 
insufficiency in ductility factors. R also seems to be decreasing with increasing 
period. (Table 4, Fig. 6). 

• IO level is just at the beginning of inelastic behaviour. Since R is a factor regarding 
inelasticity, it does not change by the amount of transverse reinforcement for IO 
level. 

• The effect of transverse reinforcement amount on the ductility ratio is significant 
for LS and CP levels (Table 4). The difference in ductility ratio of 100 mm and 200 
mm transverse reinforcement spacing is up to 33% depending on performance 
levels and number of stories. This is in compliance with the findings of an 
experimental study by Rizwan et al. [54], which reports reductions of R values by 
40 to 60% due to construction defects. 

• Even if it is not accounted in the codes, or in many other studies in literature, site 
class may affect R values as observed by other researchers [22]. The dependence is 
more evident for higher performance levels (CP). Up to 20% difference in the 
average values of R is observed (Table 4). However, in general the differences are 
smaller and a clear trend is not observed. 

• Examples of R values for evaluation of existing buildings are provided in Table 4 for 
general use. 
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 In this paper, unsteady squeezing flow of Casson nanofluid between two parallel 
plates embedded in a porous medium and subjected to magnetic field is analyzed. 
The developed systems of partial differential equations for the fluid flow models 
are converted to ordinary differential equations through suitable similarity 
variables. The obtained ordinary differential equation is solved using method of 
matched asymptotic expansion. The accuracies of the approximate analytical 
method for the small and large values of squeezing numbers are investigated. Good 
agreements are established between the results of the approximate analytical 
method and the results numerical method using fourth-fifth order Runge-Kutta-
Fehlberg method. Thereafter, the developed approximate analytical solutions are 
used to investigate the effects of pertinent flow parameters on the squeezing flow 
phenomena of the nanofluids between the two moving parallel plates. The results 
established that the as the squeezing number and magnetic field parameters 
decreases, the flow velocity increases when the plates come together. Also, the 
velocity of the nanofluids further decreases as the magnetic field parameter 
increases when the plates move apart. However, the velocity is found to be directly 
proportional to the nanoparticle concentration during the squeezing flow i.e. when 
the plates are coming together and an inverse variation between the velocity and 
nanoparticle concentration is recorded when the plates are moving apart.  It is 
hope that this study will enhance the understanding the phenomena of squeezing 
flow in various applications.  
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1. Introduction 

The flow characteristics of fluid between two parallel plates have attracted many research 
interests. This is due to their several applications in engineering such as foodstuff 
processing, reactor fluidization, moving pistons, chocolate fillers, hydraulic lifts, electric 
motors, flow inside syringes and nasogastric tubes, compression, and injection, power 
transmission squeezed film, polymers processing etc. In such fluid flow applications and 
processes, the analysis of momentum equation is very essential. Following the pioneer 
work and the basic formulations of squeezing flows under lubrication assumptions by 
Stefan [1], there have been increasing research interests and many scientific studies on 
these types of flow. In a past work over some few decades, Reynolds [2] analyzed the 
squeezing flow between elliptic plates while Archibald [3] investigated the same problem 
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for rectangular plates. The earlier studies on squeezing flows were based on Reynolds 
equation which its insufficiencies for some cases have been shown by Jackson [4] and Usha 
and Sridharan [5]. Moreover, the nonlinear behaviours of the flow phenomena have 
attracted several attempts and renewed research interests aiming at properly analyzing 
and understanding the squeezing flows [5-14].   

Casson fluid is a non-Newtonian fluid first invented by Casson in 1959 [15, 16].  It is a shear 
thinning liquid which is assumed to have an infinite viscosity at zero rate of shear, a yield 
stress below which no flow occurs, and a zero viscosity at an infinite rate of shear [17]. It 
is based on the structure of liquid phase and interactive behaviour of solid of a two-phase 
suspension. It has ability to capture complex rheological properties of a fluid, unlike other 
simplified models such as the power law [18] and second, third or fourth-grade models 
[19]. The non-linear Casson’s constitutive equation has been found to describe accurately 
the flow curves of suspensions of pigments in lithographic varnishes used for preparation 
of printing inks. In particular, the Casson fluid model describes the flow characteristics of 
blood more accurately at low shear rates and when it flows through small blood vessels 
[20]. So, human blood can also be treated as a Casson fluid in the presence of several 
substances such as fibrinogen, globulin in aqueous base plasma, protein, and human red 
blood cells. Some famous examples of the Casson fluid include jelly, tomato sauce, honey, 
soup, concentrated fruit juices etc. Concentrated fluids like sauces, honey, juices, blood, 
and printing inks can be well described using the Casson model. Many researchers [21-30] 
studied the Casson fluid under different boundary conditions. Some find the solutions by 
using either approximate methods or numerical schemes and some find its exact analytical 
solutions. The solutions when the Casson fluids are in free convection flow with constant 
wall temperature are also determined. On the other hand, the flow behaviours of the 
Casson fluid in the presence of magnetic field and heat transfer is also an important 
research area. Therefore, Khalid et al. [31] focused on the unsteady flow of a Casson fluid 
past an oscillating vertical plate with constant wall temperature under the non-slip 
conditions. Application of Casson fluid for flow between two rotating cylinders is 
performed in [32]. The effect of magnetohydrodynamic (MHD) Casson fluid flow in a lateral 
direction past linear stretching sheet was explained by Nadeem et al. [33]. 

In the past and recent studies, different numerical and analytical approximate methods 
have been adopted to analyze the nonlinearity in the flow process [1-64]. It could be stated 
that the past efforts in analyzing the squeezing flow problems using approximate analytical 
methods have been largely based on the applications homotopy analysis method (HAM), 
Adomain decomposition method (ADM), differential transformation method (DTM), 
variational iteration method (VIM), variation of parameter method (VPM), optimal 
homotopy asymptotic method (OHAM) etc. However, the determination of the included 
unknowns (that will satisfy the second boundary conditions) accompanying the 
approximate analytical solutions of these methods in analyzing the nonlinear problems 
increases the computational cost and time. Further, numerical schemes are used for the 
determination of the unknown included parameters. Practically, this attests that the 
methods (HAM, ADM, VIM, VPM, DTM, OHAM, DJM, and TAM) can be classified as semi-
analytical methods rather than pure approximate analytical methods such as regular, 
singular and homotopy perturbation methods. Also, these methods (HAM, ADM, VIM, VPM, 
DTM, OHAM, DJM and TAM) traded off relative simplicity and low computational cost for 
high accuracy as compared to the perturbation methods. Indisputably, the relatively 
simple, low cost, highly accurate and total analytic method is still required in analyzing the 
process and nonlinear equations.  
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The relative simplicity and low computational cost have made perturbation methods to be 
widely applied in nonlinear analysis of science, non-science and engineering problems. 
Although, the validities of the solutions of the traditional perturbation methods are limited 
to small perturbation parameters and weak nonlinearities, there have been various 
attempts in recent times to overcome these deficiencies [65-72]. Therefore, over the years, 
the relative simplicity and high accuracy especially in the limit of small parameter have 
made perturbation methods interesting tools among the most frequently used 
approximate analytical methods. Although, perturbation methods provide in general, 
better results for small perturbation parameters, besides having handy mathematical 
formulations, they have been shown to have good accuracies, even for relatively large 
values of the perturbation parameter [65-72]. In the class of the perturbation methods, the 
method of matched asymptotic expansion (MMAE) is mostly used to determine a uniform 
and accurate approximation to the solution of singularly perturbed differential equations 
and to find global properties of differential equations. Moreover, to the best of the author’s 
knowledge, such perturbation method has not been used for the analysis of flow under 
consideration. Therefore, in this paper, method of matched asymptotic expansion is used 
to analyze the magnetohydrodynamic squeezing flow of Casson nanofluid between two 
parallel plates. The developed analytical solutions are used to study the effects of various 
parameters on the squeezing flow between two parallel plates. 

2. Model Development and Analytical Solutions 

Consider a Casson nanofluid flowing between two parallel plates placed at time-variant 
distance and under the influence of magnetic field as shown in the Fig. 1. It is assumed that 
the flow of the nanofluid is laminar, stable, incompressible, isothermal, non-reacting 
chemically, the nano-particles and base fluid are in thermal equilibrium and the physical 
properties are constant. The fluid conducts electrical energy as it flows unsteadily under 
magnetic force field. The fluid structure is everywhere in thermodynamic equilibrium and 
the plate is maintained at constant temperature.  

 

Fig. 1. Model diagram of MHD squeezing flow of nanofluid between two parallel plates 
embedded in a porous medium 

Consider a Casson nanofluid flowing between two parallel plates placed at time-variant 
distance and under the influence of magnetic field as shown in the Fig. 1. It is assumed that 
the flow of the nanofluid is laminar, stable, incompressible, isothermal, non-reacting 
chemically, the nano-particles and base fluid are in thermal equilibrium and the physical 
properties are constant. The fluid conducts electrical energy as it flows unsteadily under 
magnetic force field. The fluid structure is everywhere in thermodynamic equilibrium and 
the plate is maintained at constant temperature.  
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Using the rheological equation for an isotropic and incompressible Casson fluid, reported 
by Casson [15,16], is 

0     (1a) 
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(1b) 

where τ is the shear stress, τo is the Casson yield stress, μ is the dynamic viscosity,  is the 

shear rate, π = eijeij and eij is the (i,j)th component of the deformation rate, π is the product 
of the component of deformation rate with itself, πc is a critical value of this product based 
on the non-Newtonian model, μB the is plastic dynamic viscosity of the non-Newtonian fluid 
and py is the yield stress of the fluid. The velocity as well as the temperature is functions of 
y, t only. Following the assumptions, the governing equations for the flow are given as 

0
u v

x y

 
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             

           

 (3) 
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
 



          
            

           

 
(4) 

where  

 1nf f s        (5a) 

 
2.5

1

f

nf








    (Brinkman model) 

(5b) 

and the magnetic field parameter is given as  

0( )
1

B
B t

t



 

(6) 

Under the assumption of no-slip condition, the appropriate boundary conditions are given 
as 
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( ) 1 , 0, wy h t H t u v V       

(7) 

 
0, 0, 0

u
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y


  


 

0, 0x u   

On introducing the following dimensionless and similarity variables 

   

   
2.

2
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2
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2 1 2 1 1

1 , 1, ,
2
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S DaSA

H
A

v
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 
  

  

 
  

 



   
  

      

 (8) 

 

One arrives at 

  21 1
1 3 0f Re f f ff f f M f f

Da
       



 
        

 

 
(9a) 

 

Alternatively, Eq. (9a) can be written as it can be  

   
2.5 21 1

1 1 3 0f SA f f ff f f M f f
Da

        


 
         

 

 
(9b) 

 

with the boundary conditions  

0, 0, 0f f     

(10) 
1, 1, 0f f     

The physical properties of the copper nanoparticles, pure water and kerosene as the base 
fluids are shown in Table 1. 

Table 1: Physical properties of copper nanoparticles, water and kerosene 

 Density (kg/m3) Dynamic viscosity(kg/ms) 
Pure water 997.1 0.000891 
Kerosene 783.0 0.001640 

Copper 8933.0 - 

3. Method of Matched Asymptotic Expansion  

For small injection and suction at the walls where the permeation Reynolds number is 
small, the above Eq. (9) can easily be solved using regular perturbation method. It can 
easily be shown using the regular perturbation method (RPM) that the series solution of 
Eq. (9), in the absence of magnetic field under a non-porous medium is given as  
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(11a) 

We can also expressed the solution in Eq. (10a) as 

     
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(11b) 

However, for large values of permeation Reynolds number, the solution of the regular 
perturbation method breaks down. This is because the problem becomes a singular 
perturbation problem. In order to obtain an analytical solution that is uniformly valid for 
the whole length of flow, a singular perturbation method, method of matched asymptotic 
expansion is applied in this work.  

Integrating Eq. (9), one arrives at 

 
2

21 1
1 2 of Re f f ff f M f f

Da
       



               

 
(12) 

where o  is space-invariant parameter. 

For the purpose of establishing the outer and inner expansions of Eq. (12) subject to the 
boundary conditions of Eq. (10), Eq. (12) is divided by “Re” to have 

 
2
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(13) 

where for large value of 

1
1
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

 
 

  ,       

1 1
1 1

Re 

 
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   

Taking
1 1

1
Re




 
  

 
,    Eq. (13) can be written as 

 
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Re Da
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(14) 

For ease of present analysis, Eq. (14) can be re-written as  
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(15) 

Where 
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Since ε is taken as the small perturbation parameter, it turns out that
1 3

22 2
1

1M
Da

 
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  
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. Therefore, it is established that the term containing a multiple of 
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22 2
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M
Da

 
   

  
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 will not disappear in the limiting case as 0.   

Since the small perturbation parameter multiplies the highest derivatives as shown in 
Eq.(15), then the above problem in Eq. (15) is a singular perturbation problem. Method of 
matched asymptotic expansion is adopted in the present study to provide an approximate 
analytical solution to the singular perturbation method. The procedures are given as 
follows.  

 

3.1 The Outer Solution 

Assuming that the outer solution takes the form of a series 

1 3

2 2
0 1 2 3 ...f f f f f        (16) 

and 

1 3

2 2
0 1 2 3 ...             (17) 

where the coefficients i  will be determined by matching the outer solutions with the 

inner solutions. 

Substituting Eq. (16) into Eq. (15), after equating the same power of the coefficient ε, one 
arrives at: 

 
2

0 ' '' 2

0 0 0 0: f f f    (18a) 

1

' ' '' ''2
0 1 0 1 0 1 0 1: 2 2f f f f f f      (18b) 



Sobamowo / Research on Engineering Structures & Materials 4(4) (2018) 257-277 

 

 

264 

 

 

 

 
21 ' ' '' '' ''' ''

0 2 2 0 2 0 0 1 1

2 ' 2

0 0 2 1 1

: 2 2 '

1
2 2

f f f f f f f f f f f f

M f Re
Da

  

   

       

 
     
 

 
(18c) 
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(18d) 

With the boundary conditions 

       0 1 2 30 0 0 0 0f f f f     

(19) 
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It can easily be shown that the solutions of Eqs. (18a-d) using the above boundary 
conditions in Eq. (18) are 

       0 0 1 1 2 2 3 3, , ,f f f f            (20) 

Substituting Eq. (19) into Eq. (15) shows that the outer solution of Eq. (15) is given as 
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 (21) 

The above outer solution given in Eq. (21) is only valid in the region between the edge of 
the boundary layer and the center distance between the plates 

3.2 The Inner Solution 

The inner solution can be developed by applying a stretching transformation 

 
1

21  


   , which implies that  

1
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Substituting Eq. (22) into Eq. (15), gives 
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Consequently, the inner boundary conditions are given as 
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and  the “dot” shows that the derivative is with respect to τ.   
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One can assume an inner solution of the form that satisfies the boundary conditions,  
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(26c) 

The boundary conditions for these inner solutions are given as: 

0 1 2 0 1 2(0) (0) (0) ... (0) 0, (0) (0) (0) ... (0) 0n nz z z z z z z z           (27) 

The solutions of Eq. (26a), (26b) and (26c) using the boundary conditions in Eq. (27) are 
given as 
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(28c) 

On substituting Eqs. (28a-28c) into Eq. (25), gives the second-order inner solution which 
is valid in the boundary layer region as 
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Alternatively, Eq. (29) can be expressed as 
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(30) 

3.2 Matching criteria  

The final complete solution can be established by matching the outer solutions with the 
inner solutions at the edge of the boundary layer i.e. by imposing continuity between the 

solutions at different scales. This is done to determine the constants or the coefficients i  

in the outer solution. Expressing the outer solution in terms of the inner variable τ and 
matching it with the inner solution as    gives 

0 1 2 2

1 1
1, , 1  

 
     (31) 

Therefore, the outer solution can be written as 
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 (32) 

The complete solution is given by Eqs. (30) and (32). It should be noted the inner solution 
given by Eq. (30) is valid even outside the boundary layer region i.e. it is uniformly valid 
throughout the region of 0 < η <1. 

Another physical quantity of interest in this analysis is the skin friction coefficient, which 
can be expressed as 
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Using the dimensionless variables in Eq. (8), the dimensionless form of Eq. (33) is given as 
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 (34) 

It should be noted that developed ordinary non-linear differential equation in Eq. (9b) 
together with the boundary conditions in Eq. (10) was also solved using shooting method 
coupled with Runge-Kutta-Fehlberg method. The Runge–Kutta–Fehlberg method is an 
embedded method from the Runge-Kutta family. In the method, the identical function 
evaluations are used in conjunction with each other to create methods of varying order 
and similar error constants. By performing one extra calculation, the error in the solution 
can be estimated and controlled by using the higher-order embedded method that allows 
for an adaptive step-size to be determined automatically. The Runge-Kutta-Fehlberg is 
currently the default method in GNU Octave's ode45 solver. 

4. Results and Discussion 

For the purpose of demonstrating the accuracy of MMAE and RPM, Tables 1-3 show the 
comparisons of results of the perturbation methods with the results of the numerical 
methods for different values of permeation Reynolds and Hartmann numbers. In the 
perturbation methods, it could be established that there is no additional computational 
cost in the determination of the coefficients or constants of the outer solution. This shows 
that the cost of computation of approximate analytical solution using the perturbation 
methods is lower than using the other approximate analytical methods. Although, the 
solutions of perturbation methods depend on small parameters, its high accuracy within 
the vicinity of the small perturbation parameters is well established. 

https://en.wikipedia.org/wiki/Runge-Kutta_methods
https://en.wikipedia.org/wiki/Adaptive_Stepsize
https://en.wikipedia.org/wiki/GNU_Octave
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Table 2: Comparison of results of flow for large squeezing number in the absence of magnetic 
field 

f Squeezing S= 101 M=0, 1/Da=0 

η NM MMAE Residue 

0.0 0.00000 0.00000 0.00000 

0.1 0.16377 0.16414 0.00037 

0.2 0.32193 0.32254 0.00061 

0.3 0.46995 0.47078 0.00083 

0.4 0.60424 0.60523 0.00099 

0.5 0.72190 0.72292 0.00102 

0.6 0.82063 0.82154 0.00091 

0.7 0.89871 0.89938 0.00067 

0.8 0.95498 0.95535 0.00037 

0.9 0.98878 0.98890 0.00012 

1.0 1.00000 1.00000 0.00000 

 

Table 3: Comparison of results for small squeezing number in the absence of magnetic field 

f     Squeezing S = 0.5,  M=0, 1/Da=0                          Squeezing   S = 1.5, M=0, 1/Da=0 

η NM MMAE Residue NM MMAE Residue 

0.0 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 

0.2 0.31707 0.29170 0.02537 0.31609 0.29880 0.01720 

0.4 0.59972 0.57140 0.02832 0.59818 0.57410 0.02408 

0.6 0.81886 0.79940 0.01946 0.81747 0.80190 0.01557 

0.8 0.95526 0.95690 0.01640 0.95430 0.95800 0.00370 

1.0 1.00000 1.00000 0.00000 1.00000 1.00000 0.00000 

The results for small and large values of squeezing number are shown in Tables. It could 
be depicted from the Tables that for small value of squeezing number, the difference 
between the results of the numerical method (NM) and that of regular perturbation 
method (RPM) decreases as the squeezing number decreases. Additionally, it is found that 
the approximate analytical solutions using RPM are practically equivalent to the exact 
solution for sufficiently small │S│. However, regular perturbation solution becomes less 
reliable and breaks down when the perturbation parameter, S becomes large i.e. the 
asymptotic error increases as value of the squeezing number increases. This therefore 
shows that the accuracy of the RPM is commensurate with the smallness of squeezing 
number.  From the analysis, it is established that the solution of the RPM is a fair 
approximation to the solution of the NM for -5 ≤ S ≤ 5. It should be pointed out that the 
asymptotic solutions deteriorate when the preceding term is of the same order as 
proceeding term. i.e. the perturbation solution breaks downs when second term in the 
asymptotic solution is of the same magnitude with the first term or when the third term in 
the solution is quantitatively the same as the second term.  Although, the method of 
matched asymptotic expansion gives accurate results for the large values of the 
permeation squeezing number, it was found that its analytical solution breaks down when 
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the perturbation parameter, S, is no longer large. Consequently, the error between the NM 
and MMAE becomes increasing large when S is not large enough for the singular 
perturbation solutions.  

  

Figure 2a Variation of f(η) with the flow 
length 

Figure 2b Variation of f’(η) with the flow 
length 

For the value of nanoparticle parameter value, ϕ = 0.15, Figs. 2 and 3 depict the pattern of 
the flow behavior of the fluid. The figures show that the decrease in the axial velocity of the 
fluid near the wall region causes an increase in velocity gradient at the wall region. Also, 
because of the conservativeness of the mass flow rate, the decrease in the fluid velocity 
near the wall region is compensated by the increasing fluid velocity near the central region.  

 
 

Figure 3 Effects of magnetic number on the 
velocity of the fluid 

Figure 4 Effects of Darcy number on the 
velocity 
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Figure 5 Effects of Squeezing number on the 
velocity 

Figure 6 Effects of nanoparticle fraction on 
the velocity 

 

Figure 7 Effects of Casson fluid parameter on the velocity         

Fig. 3 which shows the effect of increasing magnetic number or Hartmann parameter (M) 
on the flow characteristics of the fluid. It is observed that at increasing values of M, the 
velocity decreases in the range of 0 ≤ η ≤ 0.5 and then increases in the range 0.5 < η  ≤ 1.  
The flow response to the presence of magnetic field is due to the Lorentz force created by 
the magnetic field which retards the fluid motion at boundary layer during the squeezing 
flow i.e. when the plates are coming together. It should be noted that during the squeezing 
flow, especially when the plates are very close to each other, then the flow together with 
retarding Lorentz force creates adverse pressure gradient. Whenever such forces act over 
a long time then there might be a point of separation and back flow occurs.  The flow 
velocity of the nanofluids further decreases as the magnetic field parameter increases 
when the plates move apart. The flow behaviour when the plates move apart are depicted 
in the figure. This behaviour is as a result of a vacant space occurs and in order not to 
violate the law of conservation of mass, the fluid in that region moves with high velocity 
and consequently, an accelerated flow is observed.  

Effects of Darcy number on the flow pattern of the Casson nanofluid between the two 
parallel plates is portrayed in Fig. 4. The figure displays an opposite trend to that of the 
squeezing number effects on the flow. It could be seen from the figure that as the Darcy 
number increases, the velocity increases in the range of 0 ≤ η ≤ 0.5 and then decreases in 
the range 0.5 < η  ≤ 1.  
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Fig. 5 displays the effects of squeezing number on the flow behavior of the fluid. It is clear 
from the figure that as the squeezing number increases, the velocity decreases in the range 
of 0 ≤ η ≤ 0.5 and then increases in the range 0.5 < η  ≤ 1.  Effect of nanoparticle fraction on 
the fluid velocity is depicted in Fig. 6. The result shows that as the solid volume fraction of 
the fluid increases the velocity decreases in the range of 0 ≤ η ≤ 0.5 and then increases in 
the range 0.5 < η  ≤ 1. This is because as the nanoparticle volume increases, more collision 
occurs between nanoparticle and particles with the boundary surface of the plates and 
consequently the resulting flow retardation which decreases the fluid velocity near the 
boundary layer. The flow behaviour of the Casson nanofluid to increasing Casson fluid 
parameter is shown in Fig. 7. The figure depicts the effects of Casson fluid parameter on 
velocity profile of Casson nanofluid. It is obvious from the figure that Casson the parameter 
has influence on axial velocity.  From the figure, it is clear that the magnitude of velocity of 
the fluid decreases in the range of 0 ≤ η ≤ 0.5 and then increases in the range 0.5 < η  ≤ 1 as 
the Casson fluid parameter increases. 

5. Conclusion 

In this work, magnetohydrodynamic squeezing flow of Casson nanofluid between two 
plates has been analyzed using method of matched asymptotic expansion. The obtained 
analytical solutions were used to investigate the squeezing phenomena of the nanofluid 
between the moving plates. Also, the effects of the pertinent flow parameters on the flow 
process were investigated and discussed. The results of the analytical solutions as 
developed in this study are good agreement with the results of the numerical method using 
fourth-fifth order Runge-Kutta-Fehlberg method. The results in this work can be used to 
further the study of squeezing flow in applications such as power transmission, polymer 
processing and hydraulic lifts. 
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Nomenclature 

B(t) Magnetic field strength 
 Hartmann parameter 

P Pressure 

py Yield stress of the fluid 
 Squeeze Parameter 

u Velocity in x direction 

v Velocity in y Direction 
 Dimensionless velocity in y direction 

x Horizontal axis of flow 

y Perpendicular axis to the flow 

 Effective thermal conductivity 

Greek Symbol 

 Effective dynamic viscosity 

 Effective density 

 Dimensionless similarity variable 

τ Hear stress 

τo Casson yield stress  

μ Dynamic viscosity  

  Shear rate 

eij   (i,j)th component of the deformation rate,  

π  Product of the component of deformation rate with 

itself,  

πc critical value of this product based on the non-

Newtonian model,  

μB plastic dynamic viscosity of the non-Newtonian fluid  
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Due to fiber reinforced polymer composite materials have a brittle structure, it 
is important to know their behavior under dynamic loads. Therefore, it is 
necessary to know the S-N curve that characterizes the fatigue life of the 
composite material, when selecting and sizing the material. In this study, fatigue 
behavior of glass/epoxy laminated composites was investigated under flexural 
loading. For this aim, computer controlled fixed end type flexural fatigue test 
machine was developed and glass/epoxy test samples were tested under flexural 
stress corresponding to 80%, 70%, %60, %50, and %40 of the static 3-point 
bending strength. In addition, the static strengths of the epoxy-laminated 
composites under tensile, compressive and flexural loads were also determined. 
It has been observed that the damage such as matrix and fiber cracks and 
delamination in the glass/epoxy laminated composites, which were exposed to 
flexural deformation. Also, it has been seen that, the developed fixed end type 
flexural fatigue test machine can be used to determine fatigue behavior of thin-
walled composite materials. 
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1. Introduction 

Composite materials are formed by combining two different components called fibers and 
matrices at the macro   level. The occurred new material has superior mechanical and 
physical properties than both fiber and matrix material. Composite materials have come 
to the forefront by result of studies, which were did in order to meet the economical, high 
strength and very light material needs that required by the development of technology. So 
that, they have become an alternative to traditional building materials and their usage has 
become increasingly widespread, due to their superior mechanical and physical 
properties. 

Many building elements are subjected to repetitive loads or repetitive elastic deformations 
during their usage. As a result of repetitive loads, the materials lose their rigidity over time 
and damage at the stress values under yield strength. This phenomenon is called fatigue. 
Fatigue behavior of composite materials detection is more difficult unlike isotropic 
materials.  The reason for this, the number of parameters handled during the design of 
composite materials is high. Composite materials tend to accumulate damages in 
structures and damage does not always occur in a macroscopic dimension. Some damage 
mechanism such as fiber damage, separation, reverse layer cracks and matrix cracks can 
occur in laminated composites, during fatigue. Several studies have been carried out to 
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understand this complex damage mechanism under fatigue loading of layered composite 
materials. 

Shenoi et al. [1] have presented an investigation on the fatigue behavior of sandwich beams 
with fiber reinforced polymer (FRP) skins and PVC foam core. Their study revealed core 
shear as dominant failure mode via gradual loss in foam core stiffness and concluded that 
beam fatigue life of sandwich is dictated by the core fatigue life. Nikforooz et al. [2] have 
investigated the fatigue performance of laminated glass fiber polyamide having eight 
layers under tension-tension loading. The test results showed that the fiber orientation 
and layer thickness were effective on fatigue behavior of glass/polyamide and glass/epoxy 
composites. Bureau and Denault [3] produced woven glass/polypropylene laminates using 
different process parameters. Flexural fatigue tests showed a general decrease of the life 
to final failure and increase in the stiffness drop in the presence of porosity. Dickson et al. 
[4] studied the fatigue behavior of cross ply 0/90 and ±45 carbon/PEEK and 
carbon/epoxy. They found that 0/90 lay-up for both materials had comparable fatigue 
resistance while ±45 carbon/PEEK laminates had better fatigue resistance than 
carbon/epoxy laminates. The other result obtained from fatigue test that the fatigue 
response of a cross-plied carbon/PEEK laminate in the ±45o orientation is much better 
than that of equivalent carbon/epoxy composites, again because the superior properties 
of the thermoplastic matrix.  

Belingardi et al. [5] conducted a detailed material characterization and study of bending 
fatigue property of relatively complex un-notched intra-ply hybrid composite that consists 
of distinct layers of biaxial glass-fiber-reinforced composite and biaxial carbon fiber-
reinforced composites as well as biaxial layers of bundles of carbon and glass fibers mixed 
within a single layer.  Beyene et al. [6] have investigated the effect of notch on flexural 
fatigue performance of twill glass/epoxy composite. Displacement-controlled flexural 
fatigue tests have been conducted on the specimens and damage in the composite has been 
continuously monitored during cycling. Test results showed that it is observed that 
different notched geometry behave differently for quasi-static and fatigue loading. Koricho 
et al. [7] have investigated the fatigue behavior of glass/epoxy laminated composites by 
using displacement controlled flexural fatigue test machine. Test results showed that when 
the fatigue load level increases, the fatigue life decreases is short and the extent of damaged 
zone prior to catastrophic failure becomes smaller. Also, at low fatigue load level, the 
fatigue life is long and the extent of damaged zone becomes wider. Sakin et al. [8] 
investigated flexural fatigue behavior of glass fiber reinforced polyester composite 
materials, glass-fiber woven and randomly distributed glass-fiber mat samples with 
polyester resin. According to the test results, the highest fatigue life has been obtained 
from 800 g/m2 fiber glass woven specimens with 0/90 lay-up. Liang et al. [9] conduced an 
experimental investigations of tension–tension fatigue tests on flax/epoxy and 
glass/epoxy composites specimens with [0/90]3S and [±45]3S stacking sequences. The 
stiffness degradation of both composites exhibits similar trend despite the loading level. 
Ellyin and Kujawski [10] investigated the frequency effect on the tensile fatigue 
performance of angle-ply glass fiber reinforced laminate and concluded that there was a 
considerable influence of test loading frequency. Especially for matrix dominated 
laminates and loading condition, frequency becomes important due to the general 
sensitivity of the matrix to the loading rate and because of the internal heating generation 
and associated temperature raise. 

Fatigue tests are performed in loading conditions such as tensile, compressive, flexural and 
torsion, which is at the stress values below the static strengths of the material. Fatigue test 
machine, which can test under different load conditions with load control or displacement 
control, have been developed for fatigue tests. Kulkarni et al. [11] have developed plane 
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flexural fatigue testing machine for composite material. Gheilmetti et al. [12] have 
developed flexural fatigue test machine for high frequency applications of flat aluminum 
specimens. Mokhtarnia et al. [13] have developed an original flexural fatigue test machine, 
which have capable of applying stress control load in different loading waveforms, 
frequencies, and stress ratios, for fatigue characterization of composite materials. 
Balcioglu et al. [14] have developed a multi-sample fatigue test machine, which 
characterizes the flexural fatigue behavior of fiber-reinforced composite sheets, wooden 
sheets, plastic-based sheets and light metal sheets. 

In this study, a displacement controlled fatigue device capable of testing 10 samples at the 
same time was developed to characterize flexural fatigue behavior of composite materials. 
The flexural fatigue behaviors of glass/epoxy laminated composites were investigated by 
the developed device. The three-point bending strength and three-point bending modulus 
were statically calculated to determine the displacement values to be applied to the 
glass/epoxy samples during the fatigue test. After that, the fatigue test specimens were 
subjected to fatigue tests at loading values corresponding to 80%, 70%, 60%, 50% and 
40% of the static three-point bending strengths in order to obtain the S-N curve 
characterizing the glass/epoxy composite fatigue behavior. In addition, tensile and 
compressive behavior of glass/epoxy laminated composites were determined within static 
tests. 

2. Fatigue Test Machine 

In fatigue tests, the two most important parameters that determining fatigue life of the 
material are amplitude and frequency. In addition, the test frequency of the fatigue device 
and the resonance frequency of the material under the actual loading conditions must be 
the same. It is not right to choose a material, which work under low frequency, according 
to the high frequency fatigue test results and It is not right to interpret the fatigue life of 
that material. Since heterogeneous materials such as composites are anisotropic, it is 
difficult to characterize fatigue behavior parameters with conventional fatigue devices and 
methods. The standard test frequency range for polymer matrix composites is frequency 
as low as 1-10 Hz. The temperature increases during the test due to hysteretic heating at 
higher frequencies and in this case   the isothermal behavior of the composite changes 
[8,13]. 

Almost all of the fatigue testing machines are tested at the same time as the single sample. 
However, in order to obtain the S-N curves characterizing the fatigue strength limit of the 
material, it is necessary to test at least 5 samples in response to each deformation or stress 
value. Generally; fatigue tests are performed to accurately form the S-N curve at 7-8 
different stress values that below the static strength of the material. In this case, an average 
of 35-40 samples must be subjected to the fatigue test to obtain the S-N curve for a single 
material parameter. In a fatigue test performed on a classical fatigue testing machine, it is 
necessary to use a total of 80 samples if considered 2 different material parameters and 5 
repetitions for each stress value. Assuming the fatigue test frequency is 10Hz, the total test 
duration for our high cycle fatigue test, which we plan to continue to 10 million load cycles, 
is approximately 146 days. In this study, it was aimed to develop a new multi-samples 
fatigue testing machine to investigate the fatigue behavior of fiber reinforced composite 
plates when considering limitations and disadvantages of previous fatigue test machines, 
such as total test time, mechanical efficiency, low production cost. 

There are very few multi-sample fatigue testing machines available for lightweight plate 
materials [15–17]. In this study, differential from literature, a flexural fatigue test machine 
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was developed, which has a remotely controllable, user-friendly interface, take 
instantaneous fatigue data for each sample without loss even at high frequencies. 
Computer-controlled fixed-end type flexural fatigue testing machine is fully computer 
controlled thanks to the developed software. Fatigue testing of viscoelastic materials is 
carried out in two different modes, either as a displacement-controlled or stress-controlled 
test [13,18]. The main feature of the fatigue testing device in this study is the ability to 
perform a constant displacement-controlled test (Figure 1). 

 

Fig. 1 Displacement controlled multi-sample fixed-end type flexural fatigue tester 

In most of the classical flexural fatigue test machines, the displacement value is obtained 
by the crank-pinch mechanism. The maximum and minimum displacement values are 
usually adjusted manually by means of mechanical construction. In this case, it is difficult 
to obtain a precise value. In addition, the effect of centrifugal force come in view due to 
high frequency in the fatigue tests that performed on these types of test machine. The 
displacement value is provided with 5μm accuracy by means of the linear screw moving 
table which is moved forward/backward by helping of servo-motor controlled by software 
in the developed fatigue test machine. In classical fatigue testing machines, defining and 
setting the initial zero position is another important challenge. If the initial zero position 
cannot be precisely determined in the fixed-end type fatigue devices, it will occur pre-
tensioning at sample due to the momentum which occurs by axis misalignment. In this 
case, the true S-N curve that express the fatigue behavior of the material cannot be 
determined. In the developed fatigue testing machine, the initial zero position was defined 
once to the device precisely. The device comes to the initial zero position with a single 
button fall in to the software interface and each test starts from the same zero position. In 
order to better understand the working principle of the fatigue device, the parts of the 
machine are numbered and given definitions in Figure 2. 
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(a) 

 
(b) 

1. Chassis-1 
2. PC  
3. Software interface 
4. Main control panel 
5. System start / stop button 
6. Emergency stop-switch 
7. Rotating camera holder 
8. Camera adjustment mechanism 
9. IP camera 
10. Load cell cabling 
11. Power cable 
12. Chassis-2 
13. Lower fixing U profile 
14. Rubber shock absorbers 
15. Height adjustment block 
16. Holding arms 
17. Linear sliding table 
18. Servo-motor 
19. Load cell 
20. Holder -1 (sample fixture) 
21. Holder -2 (sample movement 

area) 
22. Magnetic readers and linear 

encoder 
23. Sensor holder 
24. Distance adjustment screws 
25. Test samples 
26. Couplings 
27. Linear cradles 
28. Linear rails 
29. Bearings 
30. Limit safety sensors 
31. Screw shaft (step = 20mm) 
32. Sliding base plate 
33. Keyboard 
34. Mouse 

 

Fig. 2 The components of multi-sample fixed-end type flexural fatigue test machine [14] 

3. Experimental Studies 

The tests carried out in the scope of the study were carried out in two stages; as static and 
dynamic. In the first stage, the tensile strength, tensile modulus, compressive strength, 
three-point bending strength and bending modulus of the glass/epoxy composite were 
determined under static loads. Then the fatigue behavior of glass/epoxy composite were 
determined by using the stress and strain values obtained from the three-point bending 
test data. 

 

 



Balcıoğlu et al. / Research on Engineering Structures & Materials 4(4) (2018) 279-296 

 

284 

 

3.1. Static Tests 

In the study, glass/epoxy laminated composite materials were produced by hand lay-up 
methods. The stacking sequence of [0/90]4 laminate consists of 8 layers of biaxial fabrics 
having 300g/m2 weight. The matrix material was procured from Duratek Epoxy and 
Polyurethane System in Turkey. It has two components as DTE 1100 epoxy and DST 1105 
hardener. They were prepared by mixing 74/26 in weight, respectively. Glass/epoxy 
laminated composites, which manufactured by hand lay-up method, were cured at 100oC 
under pressure of 6MPa for 100min, by using temperature–time–pressure controlled 
hydraulic press. 

The test specimens were sized according to ASTM D 3039M-93 standard to determine the 
tensile strength of the produced sandwich composites [19]. Longitudinal Young modulus 
(E1) and longitudinal tensile strength (Xt) were obtained by using longitudinal direction of 
glass/epoxy composite specimens (Figure 3(a)). Transverse Young modulus (E2) and 
transverse tensile strength (Yt) were also obtained by using transverse direction of 
glass/epoxy laminated composite specimens (Figure 3(b)). The tensile strengths in the 
longitudinal and transverse directions (Xt and Yt) were determined by dividing the failure 
load by the cross-sectional area of the longitudinal and transverse specimens, respectively.   

Shear properties were determined according to the ASTM D3518M-13 standard test 
method [20]. This test method determines the in-plane shear response of polymer matrix 
composite materials reinforced by high modulus fibers (Figure 3(c)). The composite 
material form is limited to a continuous-fiber-reinforced composite ±45° laminate capable 
of being tension tested in the laminate x direction. The in-plane shear modulus (G12), was 
defined by using Eq. 1, where E45 is elasticity modulus in 45o fiber direction and ϑ12 is major 
Poisson’s ratio [21]. Poisson’s ratio ϑ12 was accepted as 0.32 according to studies in the 
literature [22]. 

Compressive properties were determined according to the ASTM D3410-87 standard test 
method [20]. Longitudinal and transverse compressive strength of glass/epoxy composite 
specimens (Xc and Yc) were calculated by dividing the failure load to the cross-sectional 
area of the specimens in longitudinal and transverse direction, respectively (Figure 3(d)). 

 

𝐺12 =
1

4

𝐸45
−

1

𝐸1
−

1

𝐸2
+
2𝜗12
𝐸1

                                    (1) 

 

The flexural strength and flexural modulus of the glass/epoxy composites were 
determined according to ASTM D7264 test standard [24] . According to this standard span-
to-thickness ratio is 32:1, the standard specimen thickness is 4 mm, and the standard 
specimen width is 13 mm with the specimen length being about 20% longer than the 
support span (Figure 3(e)). 
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(a) 

 
(b) 

 
(c) 

 

 
(d) 

(e) 

 

Fig. 3 Static test set up (a-c) tensile test, (d) compression test and (e) flexural 
tests 

 

The load-displacement graph of each test sample was drawn thanks to the computer-
controlled software of the test device. Then, three-point bending strength and flexural 
modulus was calculated by using data, which was obtained from the graphs, in Equations 
2-3. 

𝜎𝑓 =
3𝑃𝐿

2𝑏ℎ2
                                               

 (2) 
 

𝐸𝑓 =
𝐿3𝑚

4𝑏ℎ3
         

  (3) 

 
where, P maximum load, L support span, b width of specimen, h thickness of beam, m slope 
of the load-displacement curve. Three specimens were tested for each material parameters 
and average of the obtained three test results was accepted as main value. 
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3.2. Fatigue Tests 

Fatigue tests are repeated for lower stress levels starting from stress values at least 20% 
below the static strength of the material. The device manufactured within the scope of the 
study is displacement controlled.  For this reason, it is necessary to calculate the value of 
the strain (displacement) which will occur the desired level of stress. In this context, the 
Hooke law, which expresses the relationship between the stress and stress of the material, 
has been utilized. The displacement values which will give the desired stress value were 
calculated by using the equation (4-5) given below [24]; 

𝜎𝑓 = 𝜀. 𝐸𝑓                                              (4) 

𝜀 =
6𝛿ℎ

𝐿2
                                                  (5) 

In these equations, "ε”, “Ef", and "δ" denotes the unit flexural deformation, flexural 
modulus, and the maximum flexural deformation value, respectively. The maximum 
flexural strength value obtained from each composite sample was used as one cyclic 
flexural strength in the fatigue test. The displacement value (δ) required for the desired 
stress value was calculated separately for each test parameter. This value was transferred 
to the developed multi-sample flexural fatigue device by its servo motor software. 

Test sample that were prepared according to the ASTM D671-93 test standard shown in 
Figure 4 was used for the fatigue tests. This test method covers the determination of the 
effect of repetitions of the same magnitude of flexural stress on plastics by fixed-end type 
testing machines, designed to produce a constant-amplitude-of-force on the test specimen 
each cycle [25]. To prevent hysteretic heating, fatigue tests were carried out at a test 
frequency of 5Hz and under a R = ±1 strain rate. 

 
Fig. 4 Fatigue test specimen and dimensions 

 

Fatigue behavior of a material is usually characterized by S-N diagram, showing the 
relationship between the stress amplitude or maximum stress and number of cycles to 
failure on a semi logarithmic scale. This diagram is obtained by testing a number of 
specimens at various stress levels. S-N diagram is of considerable value to the designer 
especially when the structure contains a critical component where any failure is 
catastrophic. In order to obtain S-N curves characterizing the fatigue strength-fatigue life 
behavior of the glass/epoxy composite material, the test specimens were exposed to 
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fatigue at stress level of 80%, 70%, 60%, 50% and 40%, which correspond to the static 
three-point flexural strength of the material. Fatigue stress (𝜎𝐹), which causes fatigue 
fracture or fatigue damage during flexural load, was determined according to equation 6 
given below; 

𝜎𝐹 =
6𝑃𝐿

𝑏ℎ2
                   (6) 

where, P is the force read from the load cell, L is the distance from the load applied site to 
the fatigue damage region, b is the width of the sample damage region, and h is the sample 
thickness. In order to draw the S-N curve of the material, the force value on the sample was 
read and recorded once per 1000 cycles via the load cell. Then, the fatigue strength 
corresponding to the relevant cycle value is calculated using Equation 6. The stress when 
the test sample was subjected to fatigue damage was considered as fatigue damage 
strength (𝜎𝐹𝐷).  Five samples were tested for each stress level and the average of the 
obtained values was taken as the main fatigue life. 

4. Results and Discussions 

4.1. Static Test Results 

Static tests were achieved at U-Test brand 50kN capacity universal tensile test machine at 
room temperature. Totally three samples were tested from each type of test. The average 
of the results obtained from the three samples was accepted as a main mechanical property 
value. The load-displacement curves of glass/epoxy laminated composites in tensile tests 
are shown in Figure 5. Accordingly, the glass/epoxy composites showed similar behavior 
by damage as brittle in the longitudinal fiber direction and transverse fiber direction. 
Matrix cracking and fiber breaking under tensile loading are successive damage 
mechanisms (Figure 3(a)). In addition, the fracture progressed angularly rather than 
linearly, depending on the orientation of the fiber in the sample (Figure 3(b-c)). 

 
(a) 
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(a) 

Fig. 5 Load-displacement curve obtained from tensile test (a) longitudinal fiber 
direction and (b) transverse fiber direction 

Compression tests were carried out longitudinal fiber direction and transverse fiber 
direction as being in tensile test. The load-displacement curve obtained from the 
compression tests is given in Figure 6. As a result of the compression loading, fiber 
breakage and shear failure occurred fractionally. The ultimate damage ensured by 
breaking of fiber brittle (Figure 3 (d)). 

 
(a) 

 
(b) 

Fig. 6 Load-displacement curve obtained from compression test (a) longitudinal fiber 
direction and (b) transverse fiber direction 
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Flexural strength (σf) and flexural modulus (Ef) of glass/epoxy laminated composites were 
investigated under three-point bending load. The load-displacement curve obtained from 
the three-point bending test of glass/epoxy laminated composites was given in Figure 7. 
All results were plotted in terms of applied load versus center displacement of the sample 
under the crosshead of the electronic universal tester machine. 

 
Fig. 7 Load-displacement curve of glass/epoxy laminated composite obtained from 

three-point bending test 

 

The obtained curves were divided into three stages. The first stage, which is appearance in 
linear, can explain the elastic deformation of the glass/epoxy composite laminate. There is 
no linear relationship between displacement and load in the second stage. The load 
increase was less relative to displacement and the sample reached at maximum flexural 
load that it can bear in this stage. Also, micro matrix cracks and delaminations occurred in 
this stage. In spite of the increasing of displacement the increase in the load was inevitably 
diminished or becomes a flat form in the third region. In the third stage, previous peak load 
can never reach because the load that ensure in this stage was carried by only the 
reinforcement element. At the end, the fibers break apart and the sample cracked as brittle. 
The flexural strength (𝜎𝑓) and flexural modulus (Ef) values obtained from the three point 

bending tests are given in Table 1 together with the standard deviations. 

When the values given for the mechanical properties in Table 1 are examined, it is seen 
that the values were close to each other in longitudinal fiber and transverse fiber direction. 
However, the values in longitudinal fiber direction were higher for each mechanical 
property. In this case it can be said that, similar glass filaments were used in each two 
directions for glass woven fabric and the number of filaments in the longitudinal fiber 
direction was many. 
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Table 1. Mechanical properties of glass/epoxy laminated composites with standard 
deviation under tensile, compression and three-point bending loading 

Test Type 
Mechanical Properties 

Value (MPa) 
Standard Deviation 

Value (MPa) 
Longitudinal direction 
elasticity modulus (E1) 

32636.45 580.80 

Transverse direction elasticity 
modulus (E2) 

30326.93 780.78 

Tensile strength in longitudinal 
direction (Xt) 

360.67 12.19 

Tensile strength in transverse 
direction (Yt) 

348.07 7.59 

In-plane shear modulus (G12) 2849.50 - 
Compression strength in 
longitudinal direction (Xc) 

244.56 15.44 

Compression strength in 
transverse direction (Yc) 

238.23 20.70 

Flexural modulus (Ef) 30952.65 2823.46 
Flexural strength (𝜎𝑓) 495.45 11.34 

 

4.2. Fatigue Test Results 

Glass/epoxy laminated composites with thermoset matrix structure have a brittle 
structure. However, depending on loading conditions, brittle fracture damage may not 
always occur under variable loads. During the flexural fatigue tests, two different damage 
forms were observed in glass/epoxy laminated composites. Fracture damage occurred in 
test specimens which were forced to fatigue at the level of stress near the static three-point 
bending strength. The matrix cracks propagated rapidly by the result of high bending 
stress and the fiber matrix interface connection weakened. Fatigue damage was spread to 
the fiber matrix interface by the increase in the number of cycles and caused separation of 
layers (delamination). Finally, the glass/epoxy composite sample was fractured in a brittle 
manner. (Figure 8a). The number of cycles until fracture failure was considered as the 
fatigue life (Nf).  

Although, the specimens were forced to fatigue at low stresses until number of cycles of 
106, which was accepted as theoretical fatigue life for this study, but they did not show any 
breakage in the samples. In the event of such damage, the stiffness of the test sample 
decreases as the number of cycles increases. This means that less strain is applied for the 
same displacement. The loss of rigidity that occur by the time in specimens was taken as 
the criterion of fatigue, because fatigue fracture was not observed in specimens forced to 
fatigue at low stress levels. According to the ISO 13003 standards, stiffness reduction 
between 5% and 20% can be accepted as the fatigue failure in FRP composites [26]. So that 
20% stiffness loss was considered as the fatigue damage criterion for non-fractured 
specimens in the fatigue test. The stress value on the specimen was accepted as fatigue 
damage stress (𝜎𝐹𝐷) when 20% stiffness loss occurred. For non-fractured samples, the 
number of cycles passed for a 20% stiffness loss was considered as fatigue life (Nf). 

Matrix cracks and fiber-matrix interface damage progress more slowly in variable loads at 
low stress levels. Tensile and compressive stresses, which were occurred by bending, 
cause stiffness loss in the sample. However, delamination damage take place with starting 
from weak edges of the test sample to center of sample. Despite of the losing the strength 
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of the composite specimen with delamination, low stress does not cause fracture of the 
fibers, radically (Figure 8b). 

 
(a) 

 
(b) 

Fig. 8 Fatigue damage of glass/epoxy composite (a) crack and (b) delamination 

 

Load value that corresponding to each cycle was recorded, thanks to the software of the 
developed fatigue device. So that, the fatigue strength corresponding to each cycle was 
calculated with the help of Equation (6). In figure 9 have presented loss of stiffness that 
occurred with the increasing of number of cycles in the test specimen. Accordingly, the 
decrease in stiffness loss is clearly seen by increasing of the stress amplitude. Such that, in 
50,000 cycles, the glass / epoxy specimen lost 7%, 18%, 20%, 26% and 29% of the stiffness 
at 40%, 50%, 60%, 70% and 80% of stress amplitude, respectively. 

 
Fig. 9 Stiffness losses of glass/epoxy test samples 

 

Laminated composites are thin-walled structures and thin-walled structural elements are 
more susceptible to bending and buckling loads. Table 2 shows the flexural strength and 
fatigue life of layered composites which were loaded static and dynamically at different 
stress levels with the standard deviations. Hereunder, glass/epoxy composite material has 
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a maximum fatigue life of 354800 cycles under a full variable loading of 218.64 MPa. 
According to the static situation, the glass/epoxy composite sample lost 55.96% of its 
strength at the end of the cycle of 354800. If similar comparison is performed for 
glass/epoxy test specimen that loaded dynamically at a stress level of 80% of static 
strength, the test specimen is damaged by breaking when the flexural strength of the 
specimen lost 18.18%. This means that the damage tolerances of the brittle glass / epoxy 
composites are very low in the dynamic stresses at high stress amplitudes. 

The fatigue strength increased by the stress amplitude increased and nevertheless fatigue 
life decreased. When stress amplitude reached from 40% to 80%, the fatigue strength 
increased by 85%, while the fatigue life decreased by 557%. 

Table 2. The fatigue life corresponding to the fatigue stress in different stress amplitude 

Stress Level 
(%) 

Stress (𝝈𝑭𝑫) 
(MPa) 

Cycle(𝑵𝑭) 
Loss of Rigidity 

According to Static 
Loading (%) 

40 
218.64 354800 

55.96 
(22.17) (25440.13) 

50 
256.78 271100 

48.28 
(17.71) (19122.63) 

60 
308.36 165240 

37.78 
(26.96) (5035.18) 

70 
367.34 113700 

25.86 
(25.97) (23145.19) 

80 
405.70 54000 

18.18 
(23.17) (4662.62) 

100 
(Static) 

495.45 
1 - 

(11.34) 

*(Standard deviation) 

 

The S-N curve representing the relation of fatigue strength-fatigue life under different 
stress amplitude of glass/epoxy laminated composite was given in Figure 10. For 
glass/epoxy samples, breakage of samples or loss of 20% rigidity was accepted as fatigue 
damage in this scope of study. Even if the breaking was not observed on samples, the 
experiment was not continued after 20% rigidity loss. The theoretical fatigue life for 
polymer matrix composites is 106 cycles [8]. The fatigue strength corresponding to the 
theoretical life was expressed by the Power Law function. The Power Law function, which 
expresses mathematically the fatigue mechanism, was indicated on the graph. As shown in 
Fig. 10, the Power Law equation for glass/epoxy samples is expressed in; 

𝜎𝐹 = 15791𝑁−0.33 
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Fig. 10 S-N curve of glass/epoxy laminated composites 

 

 

 

Table 3 shows the comparison of fatigue strength values corresponding to the number of 
different cycles estimated by the Power Law function with experimental data. When look 
at the error percentages in Table 3, it seen that the maximum error percentage for 
predicted values was 7.76%. 

 

Table 3. Comparison of experimental and predictive values 

 

Cycle 
Power Law Func. Fatigue Strength 

(Experimental) 
Fatigue Strength 

(Prediction) 
Error (%) 

A B 

354800 

15791 -0,33 

218.64 232.76 6.46 

271100 256.78 254.38 0.94 

165240 308.36 299.52 2.87 

113700 367.34 338.85 7.76 

54000 405.7 433.23 6.79 
 

Figure 11 showed the S-N curves obtained by experimental and the Power Law function. If 
assume there was no breakage, the maximum flexural fatigue stress that the glass/epoxy 
laminated composite could hold would have been 165.35MPa. In this case, the glass/epoxy 
laminated composites which were subjected to full variable bending loading up to 106 
cycles lost 66.67% of their static bending strength. 
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Fig. 11 Comparison of experimental and predictive of S-N curve 

 

5. Conclusion 

In this study, the static and dynamic behavior of glass/epoxy laminated composites were 
investigated. Tensile, compressive and flexural behavior were determined in static tests. 
Computer-controlled multi sample fatigue test machine, which can tire ten fatigue samples 
at the same time under flexural loading, have been developed for dynamic tests. Flexural 
fatigue strength, stiffness loss and fatigue life were determined in fatigue tests.  In addition,  

The general evaluations obtained in this context were given below. 

 When the standard deviation values of the data obtained from the static tests were 
examined, it is seen that the scattering values of the data for the same experiment 
type are at acceptable levels. The standard deviation results show that hand lay-
up is suitable for laminated composites. 

 It has been found that fiber orientation directly influences the tensile and 
compressive strength of the material according to the tensile and compression 
tests. The reason for that, the density of fiber in the structure of the woven glass 
fabric reinforcement material is different along fiber and transverse fiber 
directions. 

 According to the fatigue test results, it was seen that the designed flexural 
fatigue device is practicable for the low frequency fatigue test of plastic and 
composites materials. The test time per unit sample was shortened due to 
fatigue test capacity for 10 samples at the same time and useful software 
interface. 

 According to the results obtained from the dynamic tests, the fatigue life 
decreases as the applied stress amplitude value increases. The high stress 
amplitude forces the material to more deformation. The increase in the 
amount of deformation causes the weakening of the bonds at the fiber-matrix 
interface. The cracks starting from the matrix material are progressed over 
time, causing the material to get tired earlier. In addition, the stress amplitude 
directly affects the form of fatigue damage such as fatigue fracture or 
delamination. 
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 Material constants for S–N power equation have been estimated for the two 
composite types and the agreement between this equation and the experimental 
data has been noticed. Based on 20% reduction of initial flexural stiffness taken 
as a failure criterion, the safe fatigue life areas representing the fatigue 
workability for glass/epoxy composite laminates have been determined. 

 The Power Law function was found to be successful in predicting experimental 
fatigue data. It is foreseen that glass / epoxy composites which continue to 106 
cycles without breakage damage can carry fatigue load of 165,35 MPa. 

Acknowledgment 

This study was sponsored by Usak University Scientific Research Coordination Agency 
(BAP Project Number: UBAP012014/MF013). 

References 

[1] Shenoi RA, Aksu S, Allen HG. Flexural fatigue characteristics of FRP sandwich beams. 
Fatigue Fract Eng Mater Struct 1993;16:649–662. https://doi.org/10.1111/j.1460-
2695.1993.tb00109.x   

[2] Nikforooz M, Montesano J, Golzar M, Shokrieh MM. Fatigue behavior of laminated glass 
fiber reinforced polyamide. Procedia Eng 2018;213:816–23. 
https://doi.org/10.1016/j.proeng.2018.02.077  

[3] Bureau M., Denault J. Fatigue resistance of continuous glass fiber/polypropylene 
composites: consolidation dependence. Compos Sci Technol 2004;64:1785–94. 
https://doi.org/10.1016/j.compscitech.2004.01.016  

[4] Dickson RF, Jones CJ, Harris B, Leach DC, Moore DR. The environmental fatigue 
behaviour of carbon fibre reinforced polyether ether ketone. J Mater Sci 1985;20:60–
70. https://doi.org/10.1007/BF00555899  

[5] Belingardi G, Cavatorta MP, Frasca C. Bending fatigue behavior of glass–carbon/epoxy 
hybrid composites. Compos Sci Technol 2006;66:222–32. 
https://doi.org/10.1016/j.compscitech.2005.04.031  

[6] Beyene AT, Belingardi G, Koricho EG. Effect of notch on quasi-static and fatigue flexural 
performance of Twill E-Glass/Epoxy composite. Compos Struct 2016;153:825–42. 
https://doi.org/10.1016/j.compstruct.2016.05.094  

[7] Koricho EG, Belingardi G, Beyene AT. Bending fatigue behavior of twill fabric E-
glass/epoxy composite. Compos Struct 2014;111:169–78. 
https://doi.org/10.1016/j.compstruct.2013.12.032  

[8] Sakin R, Ay İ, Yaman R. An investigation of bending fatigue behavior for glass-fiber 
reinforced polyester composite materials. Mater Des 2008;29:212–7. 
https://doi.org/10.1016/j.matdes.2006.11.006  

[9] Liang S, Gning PB, Guillaumat L. A comparative study of fatigue behaviour of flax/epoxy 
and glass/epoxy composites. Compos Sci Technol 2012;72:535–43. 
https://doi.org/10.1016/j.compscitech.2012.01.011  

[10] Ellyin F, Kujawski D. Tensile and fatigue behaviour of glassfibre/epoxy laminates. 
Constr Build Mater 1995;9:425–430. https://doi.org/10.1016/0950-0618(95)00073-
9 

https://doi.org/10.1111/j.1460-2695.1993.tb00109.x
https://doi.org/10.1111/j.1460-2695.1993.tb00109.x
https://doi.org/10.1016/j.proeng.2018.02.077
https://doi.org/10.1016/j.compscitech.2004.01.016
https://doi.org/10.1007/BF00555899
https://doi.org/10.1016/j.compscitech.2005.04.031
https://doi.org/10.1016/j.compstruct.2016.05.094
https://doi.org/10.1016/j.compstruct.2013.12.032
https://doi.org/10.1016/j.matdes.2006.11.006
https://doi.org/10.1016/j.compscitech.2012.01.011


Balcıoğlu et al. / Research on Engineering Structures & Materials 4(4) (2018) 279-296 

 

296 

 

[11] Kulkarni PV, Sawant PJ, Kulkarni VV. Design and Development of Plane Bending 
Fatigue Testing Machine for Composite Material. Mater Today Proc 2018;5.   

[12] Ghielmetti C, Ghelichi R, Guagliano M, Ripamonti F, Vezzù S. Development of a fatigue 
test machine for high frequency applications. Procedia Eng 2011;10:2892–7. 
https://doi.org/10.1016/j.proeng.2011.04.480  

[13] Mokhtarnia B, Layeghi M, Rasouli SH, Soltangheis B. Development of a New Device for 
Bending Fatigue Testing. J Test Eval 2016;44:20140347.   
https://doi.org/10.1520/JTE20140347  

[14] Balcioğlu HE, Sakin R, Dumanay A, Gün H. Kompozit Levhalar için Ankastre-Tip 
Eğilmeli, Çok Numuneli Yorulma Test Makinesinin GeliştirilmesiKompozit Levhalar 
için Çok Numuneli Ankastre-Tip Eğilmeli. Gümüşhane Üniversitesi Fen Bilim Enstitüsü 
Derg 2018;8:1–17. 

[15] Sakin R. Fatigue-life estimation and material selection for commercial-purity 
aluminum sheets. Res Eng Struct Mater 2016. 
https://doi.org/10.17515/resm2015.30me1205  

[16] Waring G, Hofer KE, Brown I, Trabocco RE. Design and operation of multi-specimen 
fully reversed fatigue systems for advanced composite materials. Exp Mech 
1980;20:153–161. https://doi.org/10.1007/BF02327118  

[17] Yun GJ, Abdullah ABM, Binienda W. Development of a Closed-Loop High-Cycle 
Resonant Fatigue Testing System. Exp Mech 2012;52:275–88. 
https://doi.org/10.1007/s11340-011-9486-z  

[18] Roudet F. Fatigue of glass/epoxy composite in three-point-bending with predominant 
shearing. Int J Fatigue 2002;24:327–37. https://doi.org/10.1016/S0142-
1123(01)00088-3  

[19] ASTM I. Standard Test Method for Tensile Properties of Polymer Matrix Composite 
Materials. PA 19428-2959, United States: ASTM International; 2008. 

[20] ASTM D 3518/D 3518M. Standard Test Method for In-Plane Shear Response of 
Polymer Matrix Composite Materials by Tensile Test of a ±45° Laminate 1994. 

[21] Balcioğlu HE, Aktaş M. An investigation on lateral buckling of laminated composites 
with delamination 2013. 

[22] Kaman MO. Effect of fiber orientation on fracture toughness of laminated composite 
plates [0°/θ°]s. Eng Fract Mech 2011;78:2521–34. 
https://doi.org/10.1016/j.engfracmech.2011.06.005  

[23] ASTM I. Standard Test Method for Compressive Properties of Polymer Matrix 
Composite Materials with Unsupported Gage Section by Shear Loading. Pennsylvania 
19428-2959, United States: ASTM International; 2003. 

[24] ASTM D7264/D7264M – 07. Standard Test Method for Flexural Properties of Polymer 
Matrix Composite Materials. ASTM International: 2015. 

[25] ASTM D671-93. Standard Test Method for Flexural Fatigue of Plastics by Constant-
Amplitude-of- Force 1993. 

[26] Stoll MM, Weidenmann KA. Fatigue of fiber-metal-laminates with aluminum core, 
CFRP face sheets and elastomer interlayers (FMEL). Int J Fatigue 2018;107:110–8. 
https://doi.org/10.1016/j.ijfatigue.2017.10.017  

 

https://doi.org/10.1016/j.proeng.2011.04.480
https://doi.org/10.1520/JTE20140347
https://doi.org/10.17515/resm2015.30me1205
https://doi.org/10.1007/BF02327118
https://doi.org/10.1007/s11340-011-9486-z
https://doi.org/10.1016/S0142-1123(01)00088-3
https://doi.org/10.1016/S0142-1123(01)00088-3
https://doi.org/10.1016/j.engfracmech.2011.06.005
https://doi.org/10.1016/j.ijfatigue.2017.10.017


 

*Corresponding author: ayooyediran@hotmail.com 
DOI: http://dx.doi.org/10.17515/resm2017.16en0301  

Res. Eng. Struct. Mat. Vol. 4 Iss. 4 (2018) 297-323                                                            297 

  

  

 

Research Article 

Natural frequencies, modes and critical velocities of top 
tensioned cantilever pipes conveying pressurized steady two-
phase flow under thermal loading 

Adeshina S. Adegoke, Ayo A. Oyediran* 

Department of Mechanical Engineering, University of Lagos, Nigeria 

Article Info  Abstract 

Article history: 
Received  1 Mar 2017   
Revised    14 Sep 2017 
Accepted 16 Nov 2017  

 This paper studied the planar dynamics of top tensioned cantilevered pipes 
conveying pressurized steady two-phase flow under thermal loading. The 
governing equations of motions were derived based on Hamilton’s principle, the 
centerline is assumed to be extensible in order to account for possible thermal 
expansion; resulting to a set of coupled axial and transverse partial differential 
equations.  Analytical approach was used to resolve the governing equations 
using the multiple scale perturbation technique, which aided the development of 
theoretical schemes for estimating the natural frequencies and mode shapes. 
Numerical results were presented for a case study of two phase flow of water 
and air with the stability and dynamic behavior of the system studied linearly via 
Argand diagrams which were constructed as the mixture flow velocity is 
increased for various void fractions. The Argand diagram assessment of the axial 
vibration natural frequencies shows that the attainment of the critical velocity is 
delayed for a cantilever pipe conveying two phase flow compared to when the 
pipe is conveying single phase flow. The result of the linear analysis of the 
transverse vibration reveals that at the critical mixture velocity, the system loses 
stability through Hopf bifurcation. Similarly, to the axial vibration, the 
attainment of the critical velocity was observed to be at higher velocities for a 
cantilever pipe conveying two phase flow as compared to when the pipe is 
conveying single phase flow. In addition to, the critical velocity is observed to be 
increasing as the void fraction of the two phase flow increases. The assessment 
of the effect of thermal loading, pressurization and top tension on the attainment 
of the critical velocity shows that thermal loading, pressurization and 
compression at the tip hastens the attainment of the critical velocity while 
tensioning top tension delays the attainment of the critical velocity. 

© 2018 MIM Research Group. All rights reserved. 
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1. Introduction 

Instability of pipes conveying fluid are mainly of two different cases, the first is as a result 
of the unstable vibration caused by the fluid flow when the flow velocity surpasses a critical 
value and the other is a vibration due to oscillating fluid flow (Pulsating Flows). Vast 
publications exist on the study of the effect of internal flow on the dynamics of cantilever 
pipes, with most of the earlier work focusing on the linear dynamics of the pipe 
emphasizing on the determination of the critical velocity for the onset of flutter [1-5] for a 
single phase fluid. Sequel to these works, the nonlinear dynamics of pipes captivated the 
minds of many curious researchers which resulted to various publications on the subject; 
notable among these is the detail theoretical work by Semler et al [6] where a 
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comprehensive nonlinear equation was derived for a cantilever pipe based on inextensible 
theory. However, existing publications on the dynamics of fluid-conveying cantilevered 
pipes taking into account extensibility is rare with the pioneering work by Ghayesh et al 
[7], where he studied the nonlinear dynamics of cantilevered extensible pipe conveying 
single phase fluid without thermal loading, he observed that conversely to inextensible 
pipe, an extensible pipe elongates in the axial direction as the flow velocity increases.  

The combined thermal and pressurization effect on the instability of pipes is not an area 
with vast historical research trends. However, recent findings on the contributions of 
transient temperature to pipe walking prompted some studies on this subject, Qian et al. 
[8], studied the instability of simply supported pipes conveying fluid under thermal loads 
and discovered that the critical fluid velocity decreases with increasing temperature. 
Another interesting result of Marakala et al [9] reveals that the frequency of vibration 
increases with increase in pressure and decreases with increase in temperature. The 
increase in pressure increases the velocity of the fluid flow and reduces the damping effect. 
Temperature has an effect on displacement as well as frequency, since thermal contraction 
and expansion increases due to high heat transfer rate at high velocity. As the temperature 
of the fluid increases, the frequency decreases due to softening effect of tube. However, 
these publications were on the dynamics of a simply supported pipe. 

Two phase flow is a common flow phenomenon in various industrial pipes, but very few 
publications exist on the instability behavior of pipes conveying two phase flow. Miwa et 
al [10] did an in-depth review of the extent of existing work on two-phase flow induced 
vibrations, stating that there exist very few researches on the instability behavior of pipes 
due to internal two phase flow. In his review, Miwa et al explains that internal two phase 
flow induced vibration can be initiated by various hydrodynamic phenomena, depending 
on the geometrical configurations of the flow channels and operating conditions, gas-liquid 
two phase flow may create vibrations with various modes of amplitude and frequency. 
Young and Qiang [11] highlighted that in gas and liquid transportation, the gas and the 
liquid normally do not travel at the same velocity in the pipeline because of difference in 
viscosities, for an upward flow in a vertical pipe, the gas phase will flow at higher velocity 
than the liquid because it is denser and less viscous while in a downward flow, the gas is 
slower as a result of variation in densities. Monette and Pettigrew [12] presents an 
excellent experimental paper on the fluidelastic instability of flexible tubes subjected to 
two-phase flow which might be one of the premier paper on the dynamics of pipe 
conveying two phase flow, where experimental results were compared with the theoretical 
estimations and also reveals the relationship between the void fraction and the dynamics 
of the pipe for a two phase liquid-gas flow.   

Majority of the existing publications focused on single phase flow, not many considered 
thermal effect, and most of the existing equations of motion for cantilever pipe conveying 
fluids are based on the inextensible theory. However, there seems to be some gaps on the 
study of combined effect of Multiphase flow and thermal effect on the dynamics of 
cantilever pipes conveying fluids. This present study investigates the dynamics of top 
tensioned cantilever pipes conveying pressurized steady two-phase flow under thermal 
loading. Approximate analytical approach is used to resolve the governing equations by 
imposing the method of multiple scales perturbation technique directly to the systems 
equations (direct-perturbation method).  

2. Problem Formulation and Modelling  

Considering a system of cantilever cylindrical pipe of length (L), having a cross-sectional 
area (A), mass per unit length (mp) and flexural rigidity (EI), conveying multiphase flow, 
and flowing parallel to the pipe’s center line.  
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The center line axis of the pipe in its undeformed state is assumed to overlaps with the Y 
axis and the cylinder is assumed to vibrate in the (Y, X) plane (see fig. 1). To derive the 
system’s governing equations of motion, the following basic assumptions were made for 
the cylinder and the fluid: (i) the mean flow velocity is constant; (ii) the cylinder is slender, 
so that the Euler–Bernoulli beam theory is applicable; (iii) although the deflections of the 
cylinder may be large, the strains are small; (iv) the cylinder centreline is extensible.  

 

Fig. 1 System’s Schematics 

 

The centerline of the cantilever pipe is assumed extensible so as to account for possible 
expansion due to the high temperature of the fluid content. Semler et al [6] expressed the 
geometric relation of the centerline of an extensible pipe as: 

1 + ϵ(Y) = √[1 +
∂u

∂Y
]
2

+ [
∂v

∂Y
]
2

 

(1) 

           

ϵ(Y) is the axial strain along the pipe’s centerline. 

Assuming θ to be the angle between the pipe’s centerline and the Y- axis, this can be defined 
as: 

cos θ =
1 + ∂u/dY

1 + ϵ(Y)
, sin θ =

∂v/dY

1 + ϵ(Y)
         

(2) 

The curvature k is related to the geometry as: 

k =
1

1 + ϵ

∂θ

∂Y
 

(3) 
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The derivative in Eq. (3) can be obtained from Eq. (2) as: 

∂θ

∂Y
=
[
∂2v

∂Y2
(1 +

∂u

∂Y
) −

∂v

∂Y

∂2u

∂Y2
]

(1 + ϵ)2
 

(4) 

The second derivative is expressed adopting Lagrange notations as: 

(
∂θ 

∂Y
)
2 

= v′′2 − 2v′′2u′ − 2v′′2u′′2 − 2v′v′′u′′ 
(5) 

2.1. Derivation of the Equation of Motion  

The equations of motion are derived using the energy method. The energy method is based 
on the Hamilton’s principle, which is defined as the variations of the time derivative of the 
Lagrangian. This can be mathematically expressed as: 

δ∫ ℒ dt = ∫ ∑MjUj(ṙL +∑UjτL

n

j=1

)δrL

n

j=1

 dt,   
t2

t1

t2

t1

 

(6) 

Where 

n is the number of phases in the fluid, which will be 2 for a two phase flow 

Mj is the mass of the phases in the fluid 

Uj is the flow velocity of the phases in the fluid 

ℒ is the Lagrangian operator which is expressed as: 

ℒ = 𝒯f + 𝒯p − 𝒱f − 𝒱p, (7) 

 

𝒯p and 𝒱p are the kinetic and potential energies of the pipe, and 𝒯f and 𝒱f are the kinetic 

and potential energies associated with the conveyed fluid.  

The following expressions hold: 

ṙL = u̇Li + v̇Lk  and τL = u
′
Li + v

′
Lk  

2.1.1. Kinetic Energy 

The total kinetic energy of the system is the summation of the kinetic energy of the pipe 
and the kinetic energies of the phases/components of the flowing fluid.  

The velocity vector of the pipe’s centerline is expressed as: 

V⃗⃗ p =
∂u

∂t
î +

∂v

∂t
ĵ 

(8) 

Therefore, the kinetic energy of the pipe is expressed as: 

𝒯p =
1

2
mp∫ [(

∂u

∂t
)
2

+ (
∂v

∂t
)
2

] dx
L

0

 
(9) 
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As illustrated by Semler et al [6], the axial elongation of the pipe is complemented by a 
lateral contraction, due to the Poisson effect. This will impact the flow velocity of the fluid 
phases/components such that: 

∑Uj = [(1 + ϵ)/(1 + aϵ)]

n

j=1

∑U0j

n

j=1

 
(10) 

Where U0j and Uj are the flow velocities before and after elongation, the subscript (j) is 

used to identify the various phases/components of the conveyed fluid, (ϵ ) is the axial 
strain and (a) relates to the Poisson ratio (v) as a = 1 − 2v; for an extreme case v = 0.5 
and a  becomes zero Ghayesh [7]. 

The flow velocity relative to the centerline axis of the pipe is expressed as: 

V⃗⃗ f = {
∂u

∂t
+∑Uj(1 − aϵ) (1 +

∂u

∂x
)

n

j=1

} î + {
∂v

∂t
+∑Uj(1 − aϵ) (

∂v

∂x
)

n

j=1

} ĵ 

(11) 

Therefore, the Kinetic energy of the conveyed fluid is expressed as: 

𝒯f =
1

2
∑Mj∫ {(

∂u

∂t
)
2

+ (
∂v

∂t
)
2

+ Uj
2 [1 + 2

∂u

∂x
+ (
∂u

∂x
)
2

− 2a(
∂u

∂x
+
1

2
(
∂v

∂x
)
2

) + (
∂v

∂x
)
2

]
L

0

n

j=1

+ 2Uj [
∂u

∂t
(1 +

∂u

∂x
) +

∂v

∂t

∂v

∂x
]}dx 

(12) 

Summing Eq. (9) and Eq. (12) to have the total kinetic energy of the system and then 
considering the variations: 

δ∫ (KE)dt
t2

t1

= (mp +∑Mj

n

j=1

)∬(
∂u

∂t
δ (
∂u

∂t
) +

∂v

∂t
δ (
∂v

∂t
)) dxdt

+∑Mj

n

j=1

∬(Uj
2 [δ (

∂u

∂x
) +

∂u

∂x
δ (
∂u

∂x
)

− a(δ (
∂u

∂x
) +

∂v

∂x
δ (
∂v

∂x
)) +

∂v

∂x
δ (
∂v

∂x
)]

+ 2Uj [δ (
∂u

∂t
) +

∂u

∂t
δ (
∂u

∂x
) +

∂u

∂x
δ (
∂u

∂t
) +

∂v

∂t
δ (
∂v

∂x
)

+
∂v

∂x
δ (
∂v

∂t
)]) dxdt 

(13) 

Integrating Eq. (13) and adopting the Lagrange notations for the variations in space and 
Newton notations for the variations in time, the terms varying in space and time are 
grouped as; 



Adegoke and Oyediran / Research on Engineering Structures & Materials 4(4) (2018) 297-323 

 

302 

 

δ∫ (KE)dt
t2

t1

=∬[−(mp +∑Mj

n

j=1

) (üδu + v̈δv)

−∑MjUj
2(u′′δu − av′′δv + v′′δv)

n

j=1

−∑MjU̇jδu

n

j=1

−∑2MjUju̇
′δu

n

j=1

−∑MjU̇ju
′δu

n

j=1

−∑2MjUjv̇
′δv

n

j=1

−∑MjU̇jv
′δv

n

j=1

] dxdt +∑MjUj∫ [u̇L𝛿𝑢 + v̇L𝛿𝑣]dt
t2

t1

n

j=1

 

(14) 

2.1.2. Potential Energy 

Semler et al [6] highlighted that the potential energy is as a result of the elastic deformation 
of the pipe and the effect of gravity. The deformation from elastic behavior of the pipe can 
be linked to the strain energy, which is expressed by Semler at al [6] as: 

𝒱p =
1

2
EA∫ ϵ2dx

L

0

+
1

2
EI∫ (1 + ϵ)2k2dx 

L

0

 
(15) 

This is clearly the combinations of the axial strain effect and the bending strain effect 
where (E) denotes the Young’s modulus, (I) denotes the pipe moment of inertia, (A) 
denotes the cross-sectional area, (ϵ) is the axial strain and (k) is the curvature term as 
expressed in Eq. (3). 

The thermal effect can be introduced by considering the linear strain tensor as a sum of 
the strain contributions from the mechanical stress and the thermal effect. Semler et al [6] 
further decomposed the axial strain into a steady strain component due to externally 
applied tension (T0) and pressure force component (P = pA) and an oscillatory strain 
component due to the oscillations of the pipe. These can be expressed as: 

ϵij = ϵij
σ + ϵij

∆ +
T0 − P

EA
 

(16) 

While the stress contributing strain component can be obtained through the binomial 
expansion of Eq. (1) as: 

ϵij
σ =

∂u

∂x
−
1

2
(
∂u

∂x
) (
𝜕𝑣

𝜕𝑥
)
2

+
1

2
(
𝜕𝑣

𝜕𝑥
)
2

−
1

8
(
𝜕𝑣

𝜕𝑥
)
4

 
(17) 

Considering that the gradient of the transverse displacement of the pipe is far greater than 

the gradient of the longitudinal displacement (
𝜕𝑣

𝜕𝑥
>

∂u

∂x
). Also, the thermal contributing 

strain component can be expressed in terms of the thermal expansively (𝛼) and the 
difference in temperatures (∆𝑇) as: 

𝜖𝑖𝑗
∆ = (−𝛼∆𝑇) (18) 

Substituting Eq. (17) and Eq. (18) into Eq. (16) and then substituting Eq. (16), Eq. (3) and 
Eq. (5) in to Eq. (15) resulting to: 
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𝒱𝑝 =
1

2
𝐸𝐴∫ [(𝑢′ −

1

2
𝑢′𝑣′2 +

1

2
𝑣′2 −

1

8
𝑣′4) +

T0 − 𝑃

𝐸𝐴
+ (−𝛼∆𝑇)]

2

𝑑𝑥
𝐿

0

+
1

2
𝐸𝐼 ∫ [𝑣′′2 − 2𝑣′′2𝑢′ − 2𝑣′′2𝑢′′2 − 2𝑣′𝑣′′𝑢′′] 𝑑𝑥 

𝐿

0

 

(19) 

With the reference plane in the same direction as the gravitational acceleration, the effect 
of gravity can be expressed as: 

𝒱𝑔 = 𝑔(∑𝑀𝑗 +𝑚

𝑛

𝑗=1

)∫ (𝑥 + 𝑢)𝑑𝑥
𝐿

0

 

(20) 

Combining equations (19) and (20), the potential energy of the system is expressed as:  

𝛿 ∫ (𝑃𝐸)𝑑𝑡
𝑡2

𝑡1

= 𝐸𝐴∬[(
T0 − 𝑃

𝐸𝐴
− (𝛼∆𝑇)) (𝛿𝑢′ − 𝑢′𝑣′𝛿𝑣′ −

1

2
𝑣′2𝛿𝑢′

+ 𝑣′𝛿𝑣′ −
1

2
𝑣′3𝛿𝑣′)

+ (𝑢′ −
1

2
𝑢′𝑣′2 +

1

2
𝑣′2 −

1

8
𝑣′4) (𝛿𝑢′ − 𝑢′𝑣′𝛿𝑣′

−
1

2
𝑣′2𝛿𝑢′ + 𝑣′𝛿𝑣′ −

1

2
𝑣′3𝛿𝑣′)] 𝑑𝑥𝑑𝑡

+ 𝐸𝐼∬[𝑣′′𝛿𝑣′′ − 𝑣′′𝛿𝑢′ − 2𝑢′𝑣′′𝛿𝑣′′ − 2𝑣′′2𝑣′𝛿𝑣′

− 2𝑣′2𝑣′′𝛿𝑣′′ − 𝑣′𝑣′′𝛿𝑢′′ − 𝑣′𝑢′′𝛿𝑣′′ − 𝑣′′𝑢′′𝛿𝑣′] 𝑑𝑥𝑑𝑡

+ 𝑔(∑𝑀𝑗 +𝑚

n

𝑗=1

)∫ (𝛿𝑢)𝑑𝑥𝑑𝑡 
𝐿

0

 

(21) 

According to Semler at al [6], for a pipe of length L=1, with |𝑢|~0.01, 𝑎𝑛𝑑 |𝑣|~0.1, 
neglecting terms of the order 0.0001 and below. 

Integrating Eq. (21) and collecting terms that varies in time and space as: 

𝛿 ∫ (𝑃𝐸)𝑑𝑡
𝑡2

𝑡1

=∬(−𝐸𝐴𝑢′′𝛿𝑢 − 𝐸𝐴(𝑢′𝑣′′ + 𝑣′𝑢′′)𝛿𝑣

−𝐸𝐴 (
3

2
𝑣′2𝑣′′) 𝛿𝑣

+ (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇))(𝑢
′𝑣′′ + 𝑣′𝑢′′)𝛿𝑣

+ (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇)) (
3

2
𝑣′2𝑣′′) 𝛿𝑣 − 𝐸𝐴𝑣′𝑣′′𝛿𝑢

+ (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇))𝑣
′′𝛿𝑣 

+ (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇))𝑣
′𝑣′′𝛿𝑢 + 𝐸𝐼𝑣′′′′𝛿𝑣

− 𝐸𝐼(𝑣′′′′𝑣′ + 𝑣′′𝑣′′′)𝛿𝑢

− 𝐸𝐼 (3𝑢′′′𝑣′′ + 4𝑣′′′𝑢′′ + 2𝑢′𝑣′′′′ + 2𝑣′2𝑣′′′′

+ 8𝑣′𝑣′′𝑣′′′ + 2𝑣′′3) 𝛿𝑣 − (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇))
′
𝛿𝑢

+ (𝑚 +∑𝑀𝑗

𝑛

𝑗=1

)𝑔𝛿𝑢)𝑑𝑥𝑑𝑡 

(22) 
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2.1.3. Non-Conservative Work Done 

As illustrated by Sinir [13], the damping effect can be accounted for by taking the first 
variations of the non-conservative force: 

∫ 𝛿𝑊𝑛𝑐

𝑡2

𝑡1

= ∫ 𝑐𝑣̇𝛿𝑣𝑑𝑡
𝑡2

𝑡1

 
(23) 

where c is the coefficient of viscous damping. Also, the right hand side term of the 
Hamilton’s equation (6): 

rhs =∑MjUj

n

j=1

∫ [(u̇L +∑Uj

n

j=1

u′
L)𝛿𝑢 + (v̇L +∑Uj

n

j=1

v′
L)𝛿𝑣]  dt = 0

t2

t1

 

(24) 

=∑MjUj

n

j=1

∫  (u̇L𝛿𝑢 + v̇L𝛿𝑣)dt
t2

t1

+∑MjU
2
j

n

j=1

∫  (u′
L𝛿𝑢 + v

′
L𝛿𝑣)dt

t2

t1

 
(25) 

The first term of equation (25) is identical to the last term of equation (14), therefore the 
rhs becomes: 

∑MjU
2
j

n

j=1

∫  (u′
L𝛿𝑢 + v

′
L𝛿𝑣)dt

t2

t1

 
(26) 

Physically, this implies a non-classical boundary condition at the free end for a discharging 
cantilever pipe: 

EIv′′′
L =∑MjU

2
j

n

j=1

∫  v′
L𝛿𝑣dt

t2

t1

 
(27) 

Thus, a force is imposed at the free end if the velocity of the exiting fluid is not tangential 
to the pipe. However this study assumes that the exiting flow remains tangential to the 
pipe at the free end, therefore classical boundary condition holds at the free end. 

2.2. Equation of Motion for Multiphase Flow 

Summing equations (14), (22), (23) and (25), the system’s equation of motion can be 
expressed as: 

(𝑚 +∑𝑀𝑗

𝑛

𝑗=1

) 𝑢̈ +∑M𝑗𝑈𝑗̇

𝑛

𝑗=1

+∑2𝑀𝑗𝑈𝑗𝑢̇
′

𝑛

𝑗=1

+∑𝑀𝑗

𝑛

𝑗=1

𝑈𝑗
2𝑢′′ +∑𝑀𝑗𝑈𝑗̇𝑢

′

𝑛

𝑗=1

− 𝐸𝐴𝑢′′ − 𝐸𝐼(𝑣 ′′′′𝑣 ′ + 𝑣 ′′𝑣 ′′′)

+ (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇) − 𝐸𝐴)𝑣
′𝑣 ′′

− (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇))
′
+ (𝑚 +∑𝑀𝑗

𝑛

𝑗=1

)𝑔 = 0 

(28) 
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(𝑚 +∑𝑀𝑗

𝑛

𝑗=1

) 𝑣̈ +∑2𝑀𝑗𝑈𝑗𝑣̇
′

𝑛

𝑗=1

+∑𝑀𝑗

𝑛

𝑗=1

𝑈𝑗
2𝑣 ′′ −∑𝑎𝑀𝑗

𝑛

𝑗=1

𝑈𝑗
2𝑣 ′′ +∑𝑀𝑗𝑈𝑗̇𝑣

′

𝑛

𝑗=1

+ 𝐸𝐼𝑣 ′′′′ − (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇))𝑣
′′ + 𝐶𝑣̇

− 𝐸𝐼 (3𝑢′′′𝑣 ′′ + 4𝑣 ′′′𝑢′′ + 2𝑢′𝑣 ′′′′ + 2𝑣 ′2𝑣 ′′′′ + 8𝑣 ′𝑣 ′′𝑣 ′′′

+ 2𝑣 ′′3)

+ (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇) − 𝐸𝐴) (𝑢
′𝑣 ′′ + 𝑣 ′𝑢′′ +

3

2
𝑣 ′2𝑣 ′′) = 0 

(29) 

The associated boundary conditions are: 

𝑣(0) = 𝑣′(0) 𝑎𝑛𝑑 𝑣′′(𝐿) = 𝑣′′′(𝐿) = 0  (30) 

𝑢(0) = 𝑢′(𝐿) = 0 (31) 

Where the terms represent: 

The inertia force terms: (𝑚 + ∑ 𝑀𝑗
𝑛
𝑗=1 )ü 𝑎𝑛𝑑 (𝑚 + ∑ 𝑀𝑗

𝑛
𝑗=1 )𝑣̈  

The Coriolis force: ∑ 2𝑀𝑗𝑈𝑗𝑢̇
′𝑛

𝑗=1  𝑎𝑛𝑑 ∑ 2𝑀𝑗𝑈𝑗 𝑣̇
′𝑛

𝑗=1   

The centrifugal force: ∑ 𝑀𝑗
𝑛
𝑗=1 𝑈𝑗

2𝑢′′ 𝑎𝑛𝑑 a∑ 𝑀𝑗
𝑛
𝑗=1 𝑈𝑗

2𝑣′′ 

The forces due to gravity:(𝑚 + ∑ 𝑀𝑗
𝑛
𝑗=1 )𝑔 

The bending stiffness term: 𝐸𝐼𝑣′′′′ 

The axial stiffness term: 𝐸𝐴𝑢′′ 

The damping term: 𝐶𝑣̇ 

The forces due to unsteady flow: ∑ 𝑀𝑗𝑈𝑗̇
𝑛
𝑗=1  

The gradient terms: (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇))
′
 

Equations (28), (29), (30) and (31) are the governing equations and boundary conditions 
for a tensioned cantilever pipe conveying pressurized unsteady multiphase flow under 
thermal loading. 

2.2.1. Dimensionless Equation of Motion for Multiphase Flow 

The equation of motion may be rendered dimensionless to make the analysis of the system 
more robust and not constraint to one specific system by introducing the following non-
dimensional quantities; 

𝑢̅ =
𝑢

𝐿
  ,    𝑣̅ =

𝑣

𝐿
  ,   𝑡̅ = [

𝐸𝐼

∑𝑀𝑗 +𝑚
]

1
2⁄ 𝑡

𝐿2
  ,   𝑈𝑗 = [

𝑀𝑗

𝐸𝐼
]

1
2⁄

𝑈𝐿 ,

𝛾 =  
∑𝑀𝑗 +𝑚

𝐸𝐼
𝐿3𝑔, 

(32) 

𝛽𝑗 =
𝑀𝑗

∑𝑀𝑗+𝑚
,   𝛹𝑗 =

𝑀𝑗

∑𝑀𝑗
,  𝐷𝑎𝑚𝑝𝑖𝑛𝑔 𝑡𝑒𝑟𝑚: 𝜇 =

𝐶𝐿2

√∑(𝑀𝑗+𝑚)𝐸𝐼
 

𝑇𝑒𝑛𝑠𝑖𝑜𝑛:𝛱0 =
𝑇𝑜𝐿

2

𝐸𝐼
 , 𝐹𝑙𝑒𝑥𝑖𝑏𝑖𝑙𝑖𝑡𝑦: 𝛱1 =

𝐸𝐴𝐿2

𝐸𝐼
, 𝑃𝑟𝑒𝑠𝑢𝑟𝑒: 𝛱2 =

𝑃𝐿2

𝐸𝐼
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𝑢̈̅ +∑𝑈𝑗̅
̇

𝑛

𝑗=1

√𝛹𝑗√𝛽𝑗 + 2∑𝑈̅𝑗

𝑛

𝑗=1

√𝛹𝑗√𝛽𝑗 𝑢̇̅
′ +∑𝛹𝑗𝑈𝑗̅

2
𝑢̅′′

𝑛

𝑗=1

+∑𝑈𝑗̅
̇  √𝛹𝑗√𝛽𝑗𝑢̅

′

𝑛

𝑗=1

−𝛱1𝑢̅
′′ − (𝑣̅ ′′′′𝑣̅ ′ + 𝑣̅ ′′𝑣̅ ′′′)

+ (𝛱0 − 𝛱2 − 𝛱1(𝛼∆𝑇) − 𝛱1)𝑣̅
′𝑣̅ ′′

− (𝛱0 − 𝛱2 −𝛱1(𝛼∆𝑇))
′
+ 𝛾 = 0 

𝑣̈̅ + 2∑𝑈𝑗

𝑛

𝑗=1

√𝛹𝑗√𝛽𝑗 𝑣̇̅
′ +∑𝛹𝑗𝑈𝑗̅

2
𝑣̅ ′′

𝑛

𝑗=1

− 𝑎∑𝛹𝑗𝑈𝑗̅
2
𝑣̅ ′′

𝑛

𝑗=1

+∑𝑈𝑗̅
̇  √𝛹𝑗√β

𝑗
𝑣̅ ′

𝑛

𝑗=1

− (𝛱0 −𝛱2 − 𝛱1(𝛼∆𝑇))𝑣
′′ + 𝑣̅ ′′′′ + 𝜇𝑣̇

− (3𝑢̅′′′𝑣̅′′ + 4𝑣̅ ′′′𝑢̅′′ + 2𝑢̅′𝑣̅ ′′′′ + 2𝑣̅ ′2𝑣̅ ′′′′ + 8𝑣̅ ′𝑣̅ ′′𝑣̅ ′′′

+ 2𝑣̅ ′′3)

+ (𝛱0 − 𝛱2 − 𝛱1(𝛼∆𝑇) − 𝛱1) (𝑢̅
′𝑣̅ ′′ + 𝑣̅ ′𝑢̅′′ +

3

2
𝑣̅ ′2𝑣̅′′)

= 0 

(33) 

The dimensionless boundary conditions are: 

𝑣̅(0) = 𝑣̅′(0) 𝑎𝑛𝑑 𝑣̅ ′′(𝐿) = 𝑣̅ ′′′(𝐿) = 0 (34) 

𝑢̅(0) = 𝑢̅′(𝐿) = 0 (35) 

In these equations, 𝑢̅ 𝑎𝑛𝑑 𝑣̅ are respectively, the dimensionless displacements in the 
longitudinal and transverse direction, (𝑈𝑗) is the flow velocities of the constituent 

phases/components used in the parametric studies of the dynamics of the system, (𝛽𝑗) is 

the mass ratio same as in single phase flows as derived by Semler et al [6] and Paidoussis 
[20], (𝛹𝑗) is another mass ratio which is unique to multiphase flow relating the fluid mass 

independent of the mass of the pipe, (𝛾) is the gravity term, (𝜇) is the damping term and 
(𝛱0, 𝛱1, 𝛱2) represent the Tension term, Flexibility term and the pressurization term 
respectively.  

2.2.2. Dimensionless Equation of Motion for Two Phase Flow  

The governing equation can be reduced to that of a two phase as: 

𝑢̈̅ + 𝑈1̅̅ ̅̇√𝛹1√𝛽1 +𝑈2̅̅ ̅̇√𝛹2√𝛽2 + 2𝑈1√𝛹1√𝛽1𝑢̇̅
′ + 2𝑈2√𝛹2√𝛽2𝑢̇̅

′

+ 𝛹1𝑈1̅̅ ̅
2
𝑢̅′′ +𝛹2𝑈2̅̅ ̅

2
𝑢̅′′ + 𝑈1̅̅ ̅̇ √𝛹1√𝛽1𝑢̅

′

+ 𝑈2̅̅ ̅̇ √𝛹2√𝛽2𝑢̅
′ − 𝛱1𝑢̅

′′ − (𝑣̅ ′′′′𝑣̅ ′ + 𝑣̅ ′′𝑣̅ ′′′)

+ (𝛱0 − 𝛱2 − 𝛱1(𝛼∆𝑇) − 𝛱1)𝑣̅
′𝑣̅′′

− (𝛱0 − 𝛱2 − 𝛱1(𝛼∆𝑇))
′
+ 𝛾 = 0 

(36) 

𝑣̈̅ + 2𝑈̅1√𝛹1√𝛽1𝑣̇̅
′ + 2𝑈̅2√𝛹2√𝛽2𝑣̇̅

′ +𝛹1𝑈1̅̅ ̅
2
𝑣̅ ′′ + 𝛹2𝑈2̅̅ ̅

2
𝑣̅ ′′ − 𝑎𝛹1𝑈1̅̅ ̅

2
𝑣̅ ′′

− 𝑎𝛹2𝑈2̅̅ ̅
2
𝑣̅ ′′ + 𝜇𝑣̇ + 𝑈1̅̅ ̅̇ √𝛹1√𝛽1𝑣̅

′ + 𝑈2̅̅ ̅̇ √𝛹2√𝛽2𝑣̅
′

− (𝛱0 − 𝛱2 − 𝛱1(𝛼∆𝑇))𝑣
′′ + 𝑣̅ ′′′′

− (3𝑢̅′′′𝑣̅ ′′ + 4𝑣̅ ′′′𝑢̅′′ + 2𝑢̅′𝑣̅ ′′′′ + 2𝑣̅ ′2𝑣̅ ′′′′ + 8𝑣̅ ′𝑣̅ ′′𝑣̅ ′′′

+ 2𝑣̅ ′′3)

+ (𝛱0 −𝛱2 − 𝛱1(𝛼∆𝑇) − 𝛱2) (𝑢̅
′𝑣̅ ′′ + 𝑣̅ ′𝑢̅′′ +

3

2
𝑣̅ ′2𝑣̅ ′′)

= 0 

(37) 
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The associated boundary conditions are: 

𝑣̅(0) = 𝑣̅′(0) 𝑎𝑛𝑑 𝑣̅′′(𝐿) = 𝑣̅ ′′′(𝐿) = 0 (38) 

𝑢̅(0) = 𝑢̅′(𝐿) = 0 (39) 

2.2.3. Governing Equation for a steady two phase flow  

𝑢̈̅ + 𝑈1𝐶21𝑢̇̅
′ + 𝑈2𝐶22𝑢̇̅

′ + 𝐶31𝑈1̅̅ ̅
2
𝑢̅′′ + 𝐶32𝑈2̅̅ ̅

2
𝑢̅′′ − 𝐶5𝑢̅′′

− (𝑣̅′′′′𝑣̅′ + 𝑣̅′′𝑣̅′′′) + 𝐶6𝑣̅′𝑣̅′′ − 𝐶7′ + 𝛾 = 0 

(40) 

𝑣̈̅ + 𝑈1𝐶21𝑣̇̅
′ + 𝑈2𝐶22𝑣̇̅

′ + 𝐶31𝑈1̅̅ ̅
2
𝑣̅′′ + 𝐶32𝑈2̅̅ ̅

2
𝑣̅′′ − 𝑎𝐶31𝑈1̅̅ ̅

2
𝑣̅ ′′

− 𝑎𝐶32𝑈2̅̅ ̅
2
𝑣̅ ′′ + 𝐶𝑚𝑣̇ − 𝐶7𝑣′′ + 𝑣̅ ′′′′

− (3𝑢̅′′′𝑣̅′′ + 4𝑣̅′′′𝑢̅′′ + 2𝑢̅′𝑣̅ ′′′′ + 2𝑣̅′2𝑣̅′′′′ + 8𝑣̅′𝑣̅′′𝑣̅′′′

+ 2𝑣̅′′3) + 𝐶6 (𝑢̅′𝑣̅′′ + 𝑣̅ ′𝑢̅′′ +
3

2
𝑣̅ ′2𝑣̅′′) = 0 

(41) 

For a steady flow, velocities are not changing with time, therefore; 

𝑈1̅̅ ̅̇ = 𝑈2̅̅ ̅̇ = 0 (42) 

The associated boundary conditions are: 

𝑣̅(0) = 𝑣̅′(0) 𝑎𝑛𝑑 𝑣̅′′(𝐿) = 𝑣̅ ′′′(𝐿) = 0 (43) 

𝑢̅(0) = 𝑢̅′(𝐿) = 0 (44) 

Equations (40) to (44) are obtained using the notations: 

𝐶21 = 2√𝛹1√𝛽1    

𝐶22 = 2√𝛹2√𝛽2  

𝐶31 = 𝛹1  

𝐶32 = 𝛹2  

𝐶41 = 𝐶11    

𝐶42 = 𝐶12  

𝐶5 = 𝛱1          

𝐶6 = 𝛱0 − 𝛱2 − 𝛱1(𝛼∆𝑇) − 𝛱1  

𝐶7 = 𝛱0 − 𝛱2 − 𝛱1(𝛼∆𝑇)    

𝐶𝑚 = 𝜇 

2.3. Empirical Gas–Liquid Two-Phase Flow Model 

The components velocities in terms of the superficial velocities are expressed as: 

𝑉𝑔 = 𝑈𝑔𝑣𝑓,    𝑉𝑙 = 𝑈𝑙(1 − 𝑣𝑓) (45) 

Where 𝑈𝑔  and 𝑈𝑙  are the superficial flow velocities. Adopting the Chisholm empirical 

relations Woldesemayat and Ghajar [14], Void fraction:  
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𝑣𝑓 = [1 + √1 − x(1 −
𝜌𝑙
𝜌𝑔
) (
1 − x

x
) (
𝜌𝑔

𝜌𝑙
)]

−1

 

(46) 

Slip Ratio: 

𝑆 =
𝑉𝑔

𝑉𝑙
= [1 − x(1 −

𝜌𝑙

𝜌𝑔
)]

1/2

 
(47) 

The vapour quality: (x) The densities of the liquid and gas phases respectively: (𝜌𝑙 and 𝜌𝑔)  

Mixture Velocity:  

𝑉𝑇 = 𝑈𝑔𝑣𝑓 + 𝑈𝑙(1 − 𝑣𝑓) (48) 

Individual Velocities: 

𝑉𝑙 =
𝑉𝑇

𝑆 + 1
, 𝑉𝑔 =

S𝑉𝑇

𝑆 + 1
 

(49) 

For various void fractions (0.1, 0.3, 0.5, 0.7 and 0.9) and a series of mixture velocities, the 
corresponding slip ratio and individual velocities are estimated and used for numerical 
calculations. 

Single phase flow velocity can be recovered by making the slip ratio to be zero.  

3. Method of Solution 

Exact solutions of nonlinear equations are almost not available; an approximate solution 
will be sought for by utilizing the multiple time scale perturbation technique. This 
approach is applied directly to the partial differential equations (40) and (41), given that 
the common method of discretizing the equations first and then applying perturbation 
method yields less accurate results for finite mode truncations and higher order 
perturbation schemes [15-18].  

Adopting perturbation techniques, it is necessary to decide the terms to be considered 
small or weak. However, the study considers the contributions of the nonlinear terms, 
damping term, gradient term and gravity term to be small compared to the linear terms. 

The damping coefficient is ordered so that the effect of damping and nonlinearity appear 
in the same perturbation equation. 

𝑢̈̅ + 𝑈1𝐶21𝑢̇̅
′ + 𝑈2𝐶22𝑢̇̅

′ + 𝐶31𝑈1̅̅ ̅
2
𝑢̅′′ + 𝐶32𝑈2̅̅ ̅

2
𝑢̅′′ − 𝐶5𝑢̅′′

+ 𝜀(−(𝑣̅′′′′𝑣̅′ + 𝑣̅ ′′𝑣̅ ′′′) + 𝐶6𝑣̅ ′𝑣̅ ′′ − 𝐶7′ + 𝛾) = 0 

(50) 

𝑣̈̅ + 𝑈̅1𝐶21𝑣̇̅
′ + 𝑈̅2𝐶22𝑣̇̅

′ + 𝐶31𝑈1̅̅ ̅
2
𝑣̅ ′′ + 𝐶32𝑈2̅̅ ̅

2
𝑣̅ ′′ − 𝑎𝐶31𝑈1̅̅ ̅

2
𝑣̅ ′′

− 𝑎𝐶32𝑈2̅̅ ̅
2
𝑣̅ ′′ + 𝜀𝐶𝑚𝑣̇ − 𝐶7𝑣 ′′ + 𝑣̅ ′′′′

+ 𝜀 (−(3𝑢̅′′′𝑣̅ ′′ + 4𝑣̅ ′′′𝑢̅′′ + 2𝑢̅′𝑣̅ ′′′′ + 2𝑣̅ ′2𝑣̅ ′′′′

+ 8𝑣̅ ′𝑣̅ ′′𝑣̅ ′′′ + 2𝑣̅ ′′3) + 𝐶6 (𝑢̅′𝑣̅ ′′ + 𝑣̅ ′𝑢̅′′ +
3

2
𝑣̅ ′2𝑣̅ ′′))

= 0 

(51) 

We seek an approximate solution for 𝑢̅ 𝑎𝑛𝑑 𝑣̅  of the form: 
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𝑢̅ = 𝑢̅0(𝑇0, 𝑇1) + 𝜀𝑢̅1(𝑇0, 𝑇1) + 𝜀
2𝑢̅2(𝑇0, 𝑇1) + ⋯ (52) 

𝑣̅ = 𝑣̅0(𝑇0, 𝑇1) + 𝜀𝑣̅1(𝑇0, 𝑇1) + 𝜀
2𝑣̅2(𝑇0, 𝑇1) + ⋯ (53) 

Two time scales are needed 𝑇0 = 𝑡  and 𝑇1 = 𝜀𝑡 

Where 𝜀 is a small dimensionless measure of the amplitude of 𝑢̅ and 𝑣̅, used as a book-
keeping parameter. Then, the time derivatives are: 

𝑑

𝑑𝑡
= 𝐷0 + ε𝐷1 + ε2𝐷2 + … 

(54) 

𝑑2

𝑑𝑡2
= 𝐷0

2 + 2ε𝐷0𝐷1 + ε2(𝐷1 
2 + 2𝐷0𝐷2) + … 

(55) 

𝑊ℎ𝑒𝑟𝑒 𝐷𝑛 =
𝜕

𝜕𝑇𝑛 
  

Substituting Eq. (55), Eq. (54), Eq. (53) and Eq. (52) into Eq. (50) and Eq. (51) and equating 
the coefficients of (𝜀) to zero and are respectively: 

U-Equation: 

𝑂(ε0).        𝐷0
2
𝑢̅0 + 𝐶21𝐷0𝑢̅0

′𝑈1 + 𝐶22𝐷0𝑢̅0
′′𝑈2 + 𝐶31𝑢̅0

′′𝑈1
2

+ 𝐶32𝑢̅0
′′𝑈2

2
− 𝐶5𝑢̅0

′′ = 0 

(56) 

𝑂(ε1).       𝐷0
2
𝑢̅1 + 𝐶21𝐷0𝑢̅1

′𝑈1 + 𝐶22𝐷0𝑢̅1
′𝑈2 + 2𝐷1𝐷0𝑢̅0

+ 𝐶31𝑢̅1
′′𝑈1

2
+ 𝐶32𝑢̅1

′′𝑈2
2
+ C21𝐷0𝑢̅0

′𝑈1
+ 𝐶22𝐷0𝑢̅0

′𝑈2 − 𝐶5𝑢̅1
′′ − 𝑣̅0

′′′′𝑣̅0
′ − C7′ − 𝛾

− 𝑣̅0
′′𝑣̅0

′′′ + 𝐶6𝑣̅0
′𝑣̅0

′′ = 0 

(57) 

V-Equation: 

𝑂(ε0).        𝐷0
2
𝑣̅0 − 𝐶7𝑣̅0′

′
+ 𝑣̅0

′′′′ + 𝐶21𝐷0𝑣̅0
′𝑈1 + 𝐶22𝐷0𝑣̅0

′𝑈2
+ 𝐶31𝑣̅0

′′𝑈1
2
+ 𝐶32𝑣̅0

′′𝑈2
2
− 𝑎𝐶31𝑣̅0

′′𝑈1
2

− 𝑎𝐶32𝑣̅0
′′𝑈2

2
= 0 

(58) 

𝑂(ε1).       𝐷0
2
𝑣̅1 − 𝐶7𝑣̅1

′′ + 𝑣̅1
′′′′ + 2𝑢̅0

′𝑣̅0
′′′′ + 4𝑢̅0

′′𝑣̅0
′′′ + 3𝑣̅0

′′𝑣̅0
′′′

+ 2𝑣̅0
3′′
+ 2𝐷0𝐷1𝑣̅0 + 𝐶31𝑣̅1

′′𝑈1
2
+ 𝐶32𝑣̅1

′′𝑈2
2

+ 8𝑣̅0
′𝑣̅0

′′𝑣̅0
′′′ + 𝐶6𝑢̅0

′𝑣̅0
′′ + 𝐶6𝑢̅0

′′𝑣̅0
′ + 𝐶𝑚𝐷0𝑣̅0

+
3

2
𝐶6𝑣̅0

2′
𝑣̅0

′′ + 𝐶21𝐷0𝑣̅0
′𝑈1 + 𝐶22𝐷0𝑣̅0

′𝑈2

+ 𝐶21𝐷1𝑣̅0
′𝑈1 + 𝐶22𝐷1𝑣̅0

′𝑈2 − 𝑎𝐶31𝑣̅1
′′𝑈1

2

− 𝑎𝐶32𝑣̅1
′′𝑈2

2
= 0 

(59) 

The order zero problems for both the axial and transverse vibration of the cantilever pipe 
have the form of an undamped and unforced flow induced vibration problem. This will be 
used to estimate the linear natural frequencies and mode shapes. 

3.1. Natural Frequencies and Modal Functions  

Estimation of the Natural frequencies and modal function is an order zero problem that 
can be determined by resolving Eq. (56) and Eq. (58).  



Adegoke and Oyediran / Research on Engineering Structures & Materials 4(4) (2018) 297-323 

 

310 

 

The homogeneous solution of the leading order equations Eq. (56) and Eq. (58) can be 
expressed as: 

𝑢̅(𝑥, 𝑇0, 𝑇1)0 = 𝜙(𝑥)𝑛 𝑒𝑥𝑝(𝑖𝜔𝑛𝑇0) + 𝐶𝐶 (60) 

𝑣̅(𝑥, 𝑇0, 𝑇1)0 = 𝜂(𝑥)𝑛 𝑒𝑥𝑝(𝑖𝜆𝑛𝑇0) + 𝐶𝐶 (61) 

Where (𝐶𝐶) is the complex conjugate, 𝜙(𝑥)𝑛 𝑎𝑛𝑑 𝜂(𝑥)𝑛 are the modal functions for the 
axial and transverse vibrations for each mode (n) and 𝜔𝑛 𝑎𝑛𝑑 𝜆𝑛 are the eigenvalues for 
the axial and transverse vibrations for each mode (n).The eigenvalues are complex values 
with complex conjugate pair of solutions. Substituting Eq. (60) and Eq. (61) into Eq. (56) 
and Eq. (58) results to: 

(𝐶31𝑈1
2
+ 𝐶32𝑈2

2
− 𝐶5)𝜙(𝑥)𝑛

′′ + (𝐶21𝑈1 + 𝐶22𝑈2)𝑖𝜔𝑛𝜙(𝑥)𝑛
′

− 𝜙(𝑥)𝑛𝜔𝑛
2 = 0 

(62) 

𝜂(𝑥)𝑛
′′′′ + (𝐶31𝑈1

2
+ 𝐶32𝑈2

2
− 𝐶7 − 𝑎𝐶31𝑈1

2
− 𝑎𝐶32𝑈2

2
) 𝜂(𝑥)𝑛

′′

+ (𝐶21𝑈1 + 𝐶22𝑈2)𝑖𝜆𝑛𝜂(𝑥)𝑛
′ − 𝜂(𝑥)𝑛𝜆𝑛

2 = 0 

(63) 

The general solution to the ordinary differential equations Eq. (62) and Eq. (63) are 
expressed as: 

𝜙(𝑥)𝑛 = 𝐺1𝑛 𝑒𝑥𝑝(𝑖𝑘1𝑥) + 𝐺2𝑛 𝑒𝑥𝑝(𝑖𝑘2𝑥) (64) 

𝜂(𝑥)𝑛 = 𝐻1(𝑒𝑥𝑝(𝑖𝑧1𝑥) + 𝐻2𝑒𝑥𝑝 (𝑖𝑧2𝑥)+𝐻3𝑒𝑥𝑝(𝑖𝑧3𝑥) +
𝐻4𝑒𝑥 𝑝(𝑖𝑧4𝑥) 

(65) 

3.1.1. Solution to axial vibration problem 

Substituting Eq. (64) into Eq. (62) gives a quadratic relation of the form: 

(𝐶5 − 𝐶31𝑈1
2
− 𝐶32𝑈2

2
) 𝑘2 − (𝐶21𝑈1 + 𝐶22𝑈2)𝑖𝜔𝑛𝑘 − 𝜔𝑛

2 = 0 (66) 

 

Solving the quadratic equation (66) for the wave numbers (𝑘) as a function of the 
eigenvalue (𝜔𝑛): 

𝑘1 = 𝜔𝑛

[
 
 
 
 𝐶21𝑈1

2
+
𝐶22𝑈2

2
+
√𝐶212𝑈1

2
+2𝐶21𝐶22𝑈1𝑈2+𝐶22

2𝑈2
2
−4𝐶31𝑈1

2
−4𝐶32𝑈2

2
+4𝐶5

2

𝐶5 − 𝐶31𝑈̅1
2
− 𝐶32𝑈̅2

2

]
 
 
 
 

  

(67) 

𝑘2 = 𝜔𝑛

[
 
 
 
 𝐶21𝑈1

2
+
𝐶22𝑈2

2
−
√𝐶212𝑈1

2
+2𝐶21𝐶22𝑈1𝑈2+𝐶22

2𝑈2
2
−4𝐶31𝑈1

2
−4𝐶32𝑈2

2
+4𝐶5

2

𝐶5 − 𝐶31𝑈̅1
2
− 𝐶32𝑈̅2

2

]
 
 
 
 

 

(68) 

In order to obtain the eigenvalue, Eq. (64) is substituted into the boundary conditions in 
Eq. (44): 

 
𝜕𝜙(𝑙, 𝑡)

𝜕𝑥
= 0 𝑎𝑛𝑑 𝜙(0, 𝑡) = 0 

(69) 
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𝐺1 + 𝐺2 = 0 (70) 

𝐺1𝑘1𝑖 𝑒𝑥𝑝(𝑖𝐿𝑘1) + 𝐺2𝑘2𝑖 𝑒𝑥𝑝(𝑖𝐿𝑘2) = 0 (71) 

In matrix form: 

(
1                                   1

𝑖𝑘1𝑒𝑥𝑝 (𝑖𝐿𝑘1)       𝑖𝑘2𝑒𝑥𝑝 (𝑖𝐿𝑘2)
)

⏟                    
𝐷

(
𝐺1
𝐺2
) = 0 

(72) 

For a non-trivial solution, the determinant of (D) must varnish;  

−𝑖𝑘1 𝑒𝑥𝑝(𝑖𝐿𝑘1) + 𝑖𝑘2 𝑒𝑥𝑝(𝑖𝐿𝑘2) = 0 (73) 

Substituting Eq. (67) and Eq. (68) into Eq. (73) and solving for the eigenvalue: 

𝜔𝑛 =
2𝜋𝑛 − 𝑖. 𝑙𝑛 (

𝑏

𝑎
)

(𝑎 − 𝑏)𝐿
, 𝑛 = 1,2,3, … 

(74) 

𝑎 =

𝐶21𝑈1

2
+
𝐶22𝑈2

2
+
√𝐶212𝑈1

2
+2𝐶21𝐶22𝑈1𝑈2+𝐶22

2𝑈2
2
−4𝐶31𝑈1

2
−4𝐶32𝑈2

2
+4𝐶5

2

𝐶5 − 𝐶31𝑈1
2
− 𝐶32𝑈2

2  

 

𝑏 =

𝐶21𝑈1

2
+
𝐶22𝑈2

2
−
√𝐶212𝑈1

2
+2𝐶21𝐶22𝑈1𝑈2+𝐶22

2𝑈2
2
−4𝐶31𝑈1

2
−4𝐶32𝑈2

2
+4𝐶5

2

𝐶5 − 𝐶31𝑈1
2
− 𝐶32𝑈2

2  

 

Eq. (74) is the pipe’s axial vibration eigenvalue. Solving Eq. (70) and Eq. (71) gives the 
constants G1 and G2. Therefore, the modal function for the axial vibration of the pipe is 
expressed as: 

𝜙(𝑥)𝑛 = 𝐺1𝑛 𝑒𝑥𝑝(𝑖𝑘1𝑥) + 𝐺2𝑛 𝑒𝑥𝑝(𝑖𝑘2𝑥) (75) 

 

Substituting Eq. (64) into Eq. (60) yields: 

𝑢̅(𝑥, 𝑇0)0 =∑𝐺𝑗𝑛 𝑒𝑥𝑝(𝑖𝑘𝑗𝑛𝑥) 𝑒𝑥𝑝(𝑖𝜔𝑛𝑇0) 

2

𝑗=1

=∑𝐺𝑗𝑛 𝑒𝑥𝑝(−𝐼𝑚(𝑘𝑗𝑛𝑥) − 𝐼𝑚(𝜔𝑛𝑇0)) 𝑒𝑥𝑝(𝑖(𝑅e(𝑘𝑗𝑛𝑥)

2

𝑗=1

+ 𝑅𝑒(𝜔𝑛𝑇0)))  

(76) 

It is clear from Eq. (76) that the real part is the natural frequency and the imaginary part 
is the amplitude. However, a marginally negative value of the imaginary part of any of the 
eigenvalue (𝜔𝑛) will cause the axial displacement (𝑢̅) to grow exponentially in time and 
this signifies the onset of the system’s instability.  
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3.1.2. Solution to Transverse Vibration Problem 

Substituting Eq. (65) into Eq. (63) gives a quartic relation: 

𝑧4𝑗𝑛 + (𝐶7 − 𝐶31𝑈1
2
− 𝐶32𝑈2

2
+ 𝑎𝐶31𝑈1

2
+ 𝑎𝐶32𝑈2

2
) 𝑧2𝑗𝑛

− (𝐶21𝑈1 + 𝐶22𝑈2)𝑧𝑗𝑛𝜆𝑛 − 𝜆
2
𝑛 = 0 

(77) 

𝑗 = 1,2,3,4 𝑎𝑛𝑑 𝑛 = 1,2,3,4,5…  

In order to obtain the eigenvalue, Eq. (65) is substituted into the boundary conditions in 
Eq. (43): 

𝜂(0) = 𝜂′(0) 𝑎𝑛𝑑 𝜂′′(𝐿) = 𝜂′′′(𝐿) = 0 (78) 

This gives four algebraic equations which can be expressed in matrix form as: 

[
 
 
 

1 1 1 1
𝑧1𝑛 𝑧2𝑛 𝑧3𝑛 𝑧4𝑛

(𝑧1𝑛)
2. exp (𝑖. 𝑧1𝑛) (𝑧2𝑛)

2. exp (𝑖. 𝑧2𝑛) (𝑧3𝑛)
2. exp (𝑖. 𝑧3𝑛) (𝑧4𝑛)

2. exp (𝑖. 𝑧4𝑛)

(𝑧1𝑛)
3. exp (𝑖. 𝑧1𝑛) (𝑧2𝑛)

3. exp (𝑖. 𝑧2𝑛) (𝑧3𝑛)
3. exp (𝑖. 𝑧3𝑛) (𝑧4𝑛)

3. exp (𝑖. 𝑧4𝑛)]
 
 
 

⏟                                                    
𝐺

 . [

1
𝐻2𝑛
𝐻3𝑛
𝐻4𝑛

] . 𝐻1𝑛

= (

0
0
0
0

) 

 

For a non-trivial solution, the determinant of (G) must varnish, That is: 

𝐷𝐸𝑇(𝐺) = 0 (79) 

In order to find modal solutions of  (𝜆), Eq. (77) and Eq. (79) must be solve simultaneously, 
this can be solved numerically using nonlinear numerical routine. 

The mode function of the transverse vibration corresponding to the nth eigenvalue is 
expressed as: 

ƞ(𝑥)𝑛 = 𝐻1𝑛. [𝑒
𝑥 .𝑧1𝑛 .𝑖 − (𝐴 + 𝐵 + 𝐶 + 𝐷) − 𝐸] (80) 

𝐴 = 
𝑒𝑥 .𝑧4𝑛 .𝑖 .  [𝑒 𝑧1𝑛 .𝑖 . (𝑧1𝑛)

3. 𝑧2𝑛 −  𝑒
 𝑧1𝑛 .𝑖 . (𝑧1𝑛)

3.  𝑧3𝑛 −  𝑒
 𝑧1𝑛 .𝑖  .  𝑧4𝑛. (𝑧1𝑛)

2 . 𝑧2𝑛 

(𝑧2𝑛 − 𝑧4𝑛). (𝑧3𝑛 − 𝑧4𝑛) . [𝑒
 𝑧2𝑛 .𝑖 . (𝑧2𝑛)

2 − 𝑒  𝑧3𝑛 .𝑖  . (𝑧3𝑛)
2]

 
 

𝐵 = 
𝑒𝑥 .𝑧4𝑛 .𝑖 .  [𝑒 𝑧1𝑛 .𝑖 . 𝑧4𝑛 . (𝑧1𝑛)

2. 𝑧3𝑛 −  𝑒
 𝑧2𝑛 .𝑖 . 𝑧1𝑛 . (𝑧2𝑛)

3 +  𝑒 𝑧2𝑛 .𝑖  .  𝑧4𝑛.  𝑧1𝑛 . (𝑧2𝑛)
2  

(𝑧2𝑛 − 𝑧4𝑛). (𝑧3𝑛 − 𝑧4𝑛) . [𝑒
 𝑧2𝑛 .𝑖. (𝑧2𝑛)

2 − 𝑒  𝑧3𝑛 .𝑖  . (𝑧3𝑛)
2]

 

 

 

𝐶 = 
𝑒𝑥 .𝑧4𝑛 .𝑖 .  [𝑒 𝑧3 .𝑖 . 𝑧1𝑛 . (𝑧3𝑛)

3 −  𝑒 𝑧3 .𝑖 . 𝑧4𝑛 . 𝑧1𝑛 . (𝑧3𝑛)
2 +  𝑒  𝑧2𝑛 .𝑖  . (𝑧2𝑛)

3. 𝑧3𝑛  

(𝑧2𝑛 − 𝑧4𝑛). (𝑧3𝑛 − 𝑧4𝑛) . [𝑒
 𝑧2𝑛 .𝑖 . (𝑧2𝑛)

2 − 𝑒  𝑧3𝑛 .𝑖  . (𝑧3𝑛)
2]

 
 

  𝐷 = 
𝑒𝑥 .𝑧4𝑛 .𝑖.  [−𝑒  𝑧2𝑛 .𝑖.𝑧4𝑛 .(𝑧2𝑛)

2.𝑧3𝑛−  𝑒
 𝑧3 .𝑖.𝑧2𝑛.(𝑧3𝑛)

3+  𝑒 𝑧3 .𝑖 .𝑧4𝑛.𝑧2𝑛.(𝑧3𝑛)
2   

(𝑧2𝑛− 𝑧4𝑛).(𝑧3𝑛− 𝑧4𝑛) .[𝑒 𝑧2𝑛 .𝑖.(𝑧2𝑛)2− 𝑒 𝑧3𝑛 .𝑖 .(𝑧3𝑛)2]
  

𝐸 = 
𝑒𝑥 .𝑧2𝑛 .𝑖 . (𝑧1𝑛 − 𝑧4𝑛). [𝑒

 𝑧1 .𝑖 .  (𝑧1𝑛)
2 −  𝑒 𝑧3 .𝑖 . (𝑧3𝑛)

2]   

(𝑧2𝑛 − 𝑧4𝑛).  [𝑒
 𝑧2 .𝑖 . (𝑧2𝑛)

2 − 𝑒  𝑧3 .𝑖  . (𝑧3𝑛)
2]

+ 
𝑒𝑥 .𝑧3 .𝑖 . (𝑧1𝑛 − 𝑧4𝑛). [𝑒

 𝑧1𝑛 .𝑖 .  (𝑧1𝑛)
2 −  𝑒𝑧2𝑖. (𝑧2𝑛)

2]   

(𝑧3𝑛 − 𝑧4𝑛).  [𝑒
 𝑧2 .𝑖 . (𝑧2𝑛)

2 − 𝑒 𝑧3 .𝑖  . (𝑧3𝑛)
2]

 

 

Substituting Eq. (65) into Eq. (61) yields: 
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v̅(𝑥, 𝑇0)0 =∑𝐻𝑗𝑛 𝑒𝑥𝑝(𝑖𝑧𝑗𝑛𝑥) 𝑒𝑥𝑝(𝑖𝜆𝑛𝑇0) 

4

𝑗=1

=∑𝐻𝑗𝑛 𝑒𝑥𝑝(−𝐼𝑚(𝑧𝑗𝑛𝑥)

4

𝑗=1

− 𝐼𝑚(𝜆𝑛𝑇0)) 𝑒𝑥𝑝(𝑖(𝑅𝑒(𝑧𝑗𝑛𝑥) + 𝑅𝑒(𝜆𝑛𝑇0)))  

(81) 

It can be observed from Eq. (81) that the real part is the natural frequency and the 
imaginary part is the amplitude. However, a marginally negative value of the imaginary 
part of any of the eigenvalue (λn) will cause the transverse displacement (v̅) to grow 
exponentially in time and this signifies the onset of the system’s flutter instability. 

4. Numerical Solution  

This section presents the numerical solutions of the governing equations for a cantilever 
pipe conveying steady pressurized air/water two-phase flow under thermal loading. The 
air density and water density are considered as 1.225 kgm-3 and 1000 kgm-3 respectively.  

4.1. Axial Natural Frequency 

Equation (66) relates the flow parameters, pipe properties and the linear axial natural 
frequency. It can be seen from the equation that the linear axial natural frequency is 
independent of the effect of thermal loading, pressurization and top tension. However, 
variations in the flow velocities and the flexibility of the pipe will alter the linear axial 
natural frequencies. From equation (74), analytical solutions of the axial complex 
frequencies are solved for varying velocity and plotting the Argand diagram of the 
imaginary against the real for the various velocities, Figure 2 and 3 are obtained.   

Individual velocity is considered for single phase flow while mixture velocity is considered 
for two phase flows. Adopting the Chisholm empirical relations as presented in equations 
(45) to (49), the slip ratio is estimated for the selected void fraction of 0.3 and the mixture 
velocity is disintegrated into the component velocities in the motion equation (66). 

 

 

Fig. 2 First four modes axial dimensionless complex frequency as a function of 
dimensionless single phase flow velocity for β=0.2 and Π1=100 
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Fig. 3 First four modes axial dimensionless complex frequency as a function of 
dimensionless two phase flow mixture velocity for β (liquid) =0.19998, ψ (liquid) 

=0.9995, β (gas) =0.000105, ψ (gas) =0.0005, void fraction =0.3 and Π1=100. 

 

For both the single phase and two phase flow, the flow velocity is used as a parametric 
variant gradually increasing from zero. At zero velocity, the natural frequency is that of a 
cantilever beam with the fluid mass as added mass. The path of the Argand diagram has a 
similar trend. As the fluid velocity tends towards the critical velocity; all the paths move 
towards the origin of the Argand diagram, which is similar to the observation by Kuiper 
[19]. 

From equation (66), the two phase flow critical velocity can be expressed as: 

𝑉𝑐 = √
𝐶5(𝑆 + 1)

𝐶32. 𝑆2 + 𝐶31
 

(83) 

Single phase 𝑉𝑐 can be recovered by setting S=0, which is seen to have a lesser value as 
compared with the two phase critical velocity. 

As explained earlier, the system will be linearly unstable if the imaginary part of any of the 
Eigen-frequencies is less than zero. The results show that all paths possess a positive 
imaginary part. This signifies a stable system for flow velocities lesser than the critical 
velocity for a pipe discharging fluid. Comparing the Argand diagrams, it can be observed in 
Figure 3 that for a two phase flow the plot points cumulates to a denser plot path which 
signifies that more plot points are required for the convergence of the paths of the plots to 
the origin as compared to single phase flow in Figure 2 with sparse plot points. This 
observation indicates that for cantilevered pipe conveying two phase flow, the critical 
velocity which signifies the onset of instability is delayed and occurs at higher velocities as 
compared to when the pipe is conveying single phase flow.  

4.2. Transverse Natural Frequency 

The transverse natural frequency of the cantilever pipe as seen in equation (77) is a 
function of the flow parameters, pipe properties, thermal loading, pressurization and top 
tension. Solving the dispersive quartic equation (77) with the condition for a non-trivial 
solution in equation (79) simultaneously using nonlinear numerical routine written in 
Matlab, the complex eigenvalues are obtained. 
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4.2.1. The Effect of Flow Parameters 

Although not the focal topic of this study, results were obtained for a simplest system with 
β=0.2 and Π0=Π1=Π2=0, a=αΔT=0 for a single phase flow through the pipe and compared 
to previous results published by Paidoussis [20] in order to demonstrate the validity of the 
present study. 

 

 

Fig. 4 First four modes transverse dimensionless complex frequency as a function of 
dimensionless single phase flow velocity for β=0.2 and Π0=Π1=Π2=0, a=αΔT=0 

The Argand diagram presented in Figure 4 is similar to the Figure 5 obtained by Gregory 
& Paidoussis in 1966 as published by Paidoussis [20].  

 

Fig 5. The dimensionless complex frequency of the four lowest modes of the 
cantilevered as a function of the dimensionless flow velocity, u, for β = 0.2: ——, exact 

analysis; – – –, four-mode Galerkin approximation [20] 

 

Similar to the study on the axial natural frequency, the flow velocity is used as a parametric 
variant gradually increasing from zero. At zero velocity, the natural frequency is that of a 
cantilever beam with the fluid mass as added mass. However, as the velocity attains higher 
values, the 𝐼𝑚(𝜔) in the second mode of the system starts to diminish and in time becomes 
negative; Therefore, a Hopf bifurcation occurs at an approximate dimensionless velocity of 
5.65 which is the critical velocity at which the systems becomes transversely unstable. 
Also, a fourth-mode oscillatory instability is observed through Hopf bifurcation at an 
approximate dimensionless velocity of 13.58 as obtained by Paidoussis [20]. 
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In this present study, various void fractions (0.1, 0.3, 0.5, 0.7 and 0.9) are considered  with 
the corresponding slip ratios estimated from the Chisholm empirical relations presented 
in equations (44) and (49) the linear dynamic behavior of the two phase air and water flow 
is studied as follow with Π0=Π1= Π2=0, a=αΔT=0: 

 

Fig. 6 First four modes transverse dimensionless complex frequency as a function of 
dimensionless two phase flow mixture velocity for β (liquid) =0.19999, ψ (liquid) 

=0.99986, β (gas) =0.0000272, ψ (gas) =0.00014, void fraction =0.1 

 

Fig. 7 First four modes transverse dimensionless complex frequency as a function of 
dimensionless two phase flow mixture velocity for β (liquid) =0.19998, ψ (liquid) 

=0.99948, β (gas) =0.000105, ψ (gas) =0.00052, void fraction =0.3 

 

Fig 8 First four modes transverse dimensionless complex frequency as a function of 
dimensionless two phase flow mixture velocity for β (liquid) =0.19995, ψ (liquid) 

=0.99878, β (gas) =0.000245, ψ (gas) =0.00122, void fraction =0.5 
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Fig. 9 First four modes transverse dimensionless complex frequency as a function of 
dimensionless two phase flow mixture velocity for β (liquid) =0.19989, ψ (liquid) 

=0.99715, β (gas) =0.0005713, ψ (gas) =0.00285, void fraction =0.7 

 

Fig. 10 First four modes transverse dimensionless complex frequency as a function of 
dimensionless two phase flow mixture velocity for β (liquid) =0.19956, ψ (liquid) 

=0.98910, β (gas) =0.0022, ψ (gas) =0.0109, void fraction =0.9. 

Similar to the trend observed in Figure 4 for a single phase flow, Figure 6 to Figure 10 
reveals that for the various void fractions considered, Hopf bifurcation occurred at the 
second mode which signifies the onset of instability transversely, the velocities at which 
this occurred is the critical velocity for the various void fractions. In addition, oscillatory 
instability is observed through Hopf bifurcation for the fourth-modes for void fractions 0.1, 
0.3, 0.5 and 0.7 as revealed in Figure 6 to Figure 9, the implication of this is that for these 
void fractions, the fourth mode, the pipe loses stability and regains it and loses it again at 
some velocities. However, this did not occur in when the void fraction is 0.9 as shown in 
Figure 10, at the forth mode the pipe loses stability and did not regain it again. 
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Table 1: Summary of the dimensionless critical velocities for various void fractions 
Void 

Fraction 
Slip 

ratio 
Dimensionless 

Mode 2 Hopf 
bifurcation 

velocity (Critical 
Velocity) 

Dimensionless 
Mode 4 Hopf 
bifurcation 

velocity  

Dimensionless 
Superficial critical 

velocity 

Dimensionless 
critical velocity 

Liquid Gas Liquid Gas 

0.1 1.057 11.502 27.392 6.213 59.104 5.592 5.910 

0.3 1.237 12.505 29.782 7.988 23.046 5.591 6.914 

0.5 1.616 14.613 34.804 11.173 18.053 5.587 9.026 

0.7 2.685 20.382 48.524 18.436 21.216 5.531 14.851 

0.9 8.351 35.338 86.671 37.791 35.065 3.779 31.559 

 

 

Fig. 11 Dimensionless superficial critical velocities for various void fraction 

 

Fig. 12 Dimensionless critical velocities for various void fractions 

Figure 11 and Figure 12 show that the attainment of the critical mixture velocity is delayed 
as the void fraction increases. Comparing the obtained critical velocity of the pipe 
conveying single phase flow as obtained in Figure 4 to that obtained for the various void 
fractions, it can be seen that the presence of the two phase flow delays the attainment of 
the critical velocity. This can be attributed to the fact that all the velocity dependent terms 
increases for a two phase flow as compared to a single phase flow (Centrifugal term and 
the Coriolis term). However the Coriolis term is a damping term Paidoussis [20], the 
additional Coriolis damping imposed by the two phase flow damps the system and makes 
the critical velocity of the two phase flow higher than that of a single phase flow. Also, this 
term increases as the void fraction increase and accounts for the increase in the value of 
the critical velocity as the void fraction increases.  
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4.2.2. The Effect of Pressurization 

The effect of the pressure term is seen to make the second mode Hopf bifurcation to occur 
at a lower dimensionless mixture velocity of 8.238 as seen in Figure 13 as compared to the 
dimensionless critical mixture velocity of 12.505 obtained in Figure 7. As seen in equation 
(78) it is obvious that the pressure term acts similarly to the centrifugal term (MU2) and 
contributes to the buckling force which hastens the onset of instability of the pipe.  This 
observation is in line with Paidoussis [20], which highlighted that given sufficient 
pressurization, divergence may be induced by pressure alone. 

 

Fig. 13 First four modes transverse dimensionless complex frequency as a function of 
dimensionless two phase flow mixture velocity for β (liquid) =0.19998, ψ (liquid) 

=0.99948, β (gas) =0.000105, ψ (gas) =0.00052, void fraction =0.3, Π2 =10, 
Π1=Π0=a=αΔT=0 

4.2.3. The Effect of Top Tension 

The effect of tension term can be in two ways, depending on if it is positive or negative. A 
tension value less than zero indicates a compressing effect which will contributing to the 
buckling force in the same manner as pressurization, However, for values of tensions 
higher than zero as depicted in Figure 14, the observed trend is opposite to that of the 
pressurization effect. The positive tensioning effect is observed to have delayed the 
attainment of the onset of instability to a higher dimensionless mixture critical velocity of 
15.637 as compared to the dimensionless critical mixture velocity of 12.505 obtained in 
Figure 7.  

 

Fig. 14 First four modes transverse dimensionless complex frequency as a function of 
dimensionless two phase flow mixture velocity for β (liquid) =0.19998, ψ (liquid) 
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=0.99948, β (gas) =0.000105, ψ (gas) =0.00052, void fraction =0.3,  Π0 =10, 
Π1=Π2=a=αΔT=0 

4.2.4. The Effect of Thermal Loading 

Linearly, the effect of thermal loading is akin to that of pressurisation, it can be observed 
from equation (78) that thermal loading term will also contribute to the buckling force and 
this will aid the divergence of the pipe. Figure 15 shows that the onset of instability 
occurred at a lower dimensionless critical velocity of 7.071 as compared to the 
dimensionless critical mixture velocity of 12.505 obtained in Figure 7. This corroborates 
the softening effect highlighted by Marakala et al [9]. 

 

Fig. 15 First four modes transverse dimensionless complex frequency as a function of 
dimensionless two phase flow mixture velocity for β (liquid) =0.19998, ψ (liquid) 

=0.99948, β (gas) =0.000105, ψ (gas) =0.00052, void fraction =0.3, α=0.002, ΔT=60, 
Π1 =100, Π0=Π2=a=0 

4.2.5. The Effect of Poisson Ratio 

Figure 16 show that the modelling the effect of Poisson ratio delays the instability of the 
pipe. The dimensionless critical velocity is obtained to be 14.576 which is a higher velocity 
as compared to the dimensionless critical mixture velocity of 12.505 obtained in Figure 7. 
Also, the 4th mode Hopf bifurcation disappears with inclusion of the Poisson ratio. 

 

Fig. 16. First four modes transverse dimensionless complex frequency as a function of 
dimensionless two phase flow mixture velocity for β (liquid) =0.19998, ψ (liquid) 

=0.99948, β (gas) =0.000105, ψ (gas) =0.00052, void fraction =0.3, α=0, ΔT=0, Π1 = 
Π0=Π2=0, a=0.3. 
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Table 2: Summary of the effect of various parameters on critical flow velocity 

 

5. Conclusion 

The uniqueness and contribution of this work is the derivation of the governing equations 
and the study of the fluid elastic instability behaviour of extensible cantilever pipes 
conveying multiple phase flow as compared to previous works on pipes conveying single 
phase flows.  This study examines the instability of a top tensioned cantilever pipe 
conveying pressurized two phase flow. Taking into consideration the extensible theory, 
nonlinear equations of motion and boundary conditions were obtained for a cantilever 
pipe conveying multiple phase flow using Hamilton’s principle. The equations were made 
to be non-dimensional so as to remove the dependence on geometric and dimensional 
parameters. Using the method multiple scale perturbation technique, approximate 
solutions were obtained for a case study of a cantilever pipe conveying two phase flow of 
gas and liquid mixture. The leading order equation is a linear equation with the form of an 
undamped and unforced flow induced vibration problem. Resolution of the leading order 
equation resulted to the development of analytical scheme for estimating the axial and 
transverse natural frequencies. Numerical calculations were done to find the first four axial 
and transverse natural frequencies; Argand diagrams were generated for varying flow 
velocities. In order to assess the validity of the study, single phase results were compared 
with results in literature and the comparison was good. The two phase flow was modelled 
using the Chisholm empirical relations for various void fractions; the flow velocity was 
modelled as a mixture velocity accounting for the slip ratio of the phases.  The axial natural 
frequency plot for both the single phase and two phase flow exhibits similar trends, with 
all the paths moving towards the origin of the Argand diagram. The velocity at which the 
curve intersects with the abscissa is the critical velocity of the axial vibration, which was 
observed to have a higher value for two phase flow as compared with the single phase flow. 
For the transverse natural frequencies, the Argand diagrams reveals that as the increase 
in flow velocity progresses gradually, a value was attained when Hopf bifurcation 
occurred, which is considered as the transverse vibration’s critical flow velocity. The 
attainment of this critical flow velocity was examined for various void fractions and it was 
observed that the attainment of the critical velocity is delayed as the void fraction 
increases. A study of the effect of top tension, pressurization, thermal loading and Poisson 
ratio reveals that the critical velocity is attained earlier when pressurization is considered, 
while the effect of tension is in two ways either compressing or tensioning, a value of force 
less than zero will create a compression effect and acts in the same way as pressurization 
which aids divergence while a tensioning effect will delay the attainment of the critical 
velocity, the linear effect of thermal loading is akin to that of pressurisation, it hastens the 
attainment of the critical velocity and inclusion of the Poisson ratio in the model delays the 
attainment of the critical velocity of the pipe similar to the tensioning effect.  
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