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 In this study elastic stresses and displacements of a rotating variable-thickness 
disk made of a radially functionally graded (FG) material are calculated 
numerically in an accurate manner based on the Complementary Functions 
Method (CFM).   The general parabolic function which determines the variation 
of the thickness of the disk includes concave, convex and linear disk profiles. It is 
assumed that the inner surface is to be all-metal and the outer surface is to be 
all-ceramic. Young’s modulus and density vary between inner and outer surface 
by obeying the volume-fraction material grading rule. The disk is fixed to a shaft 
at the inner surface and free expansion exists at the outer surface. For the Ti-6Al-
4V − Si3N4 metal-ceramic pair, the effect of the inhomogeneity constants on the 
stress and displacement is investigated.  Results are presented in both tabular 
and graphical forms. Those presented in tables may form benchmark data for 
purely numerical calculations. 

© 2016 MIM Research Group. All rights reserved. 
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1. Introduction 

There are numerous papers on the stationary/rotating disks on the available literature.  
The research on stress analyses of anisotropic rotating disks were initiated at the 
beginning of 1970 [1, 2]. Analytical [3-10] and numerical [11-18] studies for stress/strain 
analyses of rotating disks made of functionally graded (FG) materials, which comes from 
advanced composites, have been considerably increased since 1990.  

You et al. [4] proposed a closed form solution of rotating circular disks made of FG 
materials subjected to constant angular velocity and to uniform temperature change by 
considering Young’s modulus, thermal expansion coefficient and density to be the 
functions of the radial coordinate. They obtained the governing differential equation in 
terms of the radial stress.  You et al. [5] also developed similar analytical solution technique 
to determine deformations and stresses in circular disks made of FG materials subjected 
to internal and/or external pressure. They have taken material properties to be linear 
variations, and transformed the governing equation into a hyper-geometric equation. 
Durodola and Attia [11,12] studied elastic analysis of disks made of FG orthotropic 
materials by means of finite element analysis using commercial software. They modeled 
the disk as a non-homogeneous orthotropic material such as the one obtained through 
non-uniform reinforcement of metal matrix by long fibers and considered three types of 
gradation distribution of the Young’s modulus, in the hoop direction relative to matrix 
material modulus. Chen et al. [13] performed analytically 3-D static analysis of disks made 
of transversely isotropic FG materials. Lubarda [14] handled a numerical analysis based 
on the finite difference technique for the disks subjected to inner/outer pressures. Peng 
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and Li [15-16] investigated polar orthotropic FG rotating disks [15], a sandwich solid disk 
rotating about its center axis at constant angular velocity [16] by using Fredholm integral 
solutions. Tütüncü and Temel [17] used the complementary functions method to work 
axisymmetric displacements and stresses of a cylinder/sphere/disk subjected to only an 
inner pressure. Eraslan and Arslan [18] obtained analytical and numerical solutions to 
rotating uniform FG solid and annular disks.   

In all the above mentioned studies, the analyses were performed for uniform disks with 
constant thickness [1-18].  

There are only a few studies performed for homogeneous disks with variable thickness in 
the literature [19-23]. Apatay and Eraslan [19] proposed a thickness profile in parabolic 
form containing two geometric parameters for rotating disks and presented analytical 
solutions in terms of hypergeometric functions for rotating both solid and annular disks. 
In the case of annular disks, they treated free, radially constrained and pressurized 
boundary conditions. They showed that the stresses in parabolic disks were lower in 
magnitude than those in uniform thickness disks under the same conditions. They also 
investigated the effect of various parameters on the elastic limit angular velocities using 
the Von-Mises yield criterion. The calculated elastic limit angular velocities were found to 
be affected significantly by the reduction in the edge thickness of the disk. Argeso [20] 
obtained analytical solutions of two different annular rotating disk problems and 
numerically verified the closed form solutions by the nonlinear shooting method. The first 
problem involved a variable profile rotating disk having constant valued material 
properties, whereas in the second problem a constant profile FGM rotating disk was 
considered.   

Unfortunately studies for FG disks with variable thickness are limited. From those by using 
simple power material grading rule, Bayat et. al. [24] presented analytical elastic solutions 
for uniform rotating disks and semi-analytical elastic expressions for rotating disks with 
parabolic/hyperbolic sections. These semi-analytic solutions were obtained by dividing 
the disk having continuously-variable sections into sub-disk modulus with constant 
thickness. Bayat et. al. [25], in another study, used an exponential and Mori-Tanaka 
material grading rules for variable-sectioned disks under fixed-free boundary conditions. 
In this study again governing equation with variable coefficients was changed into a system 
of ordinary differential equations with constant coefficients with a number of virtual sub-
domains. They considered two kinds of FG materials namely metal-ceramic and ceramic-
metal. The results showed that the radial displacement in ceramic-metal FG disks are 
smaller than those in metal-ceramic FG disks, and that a rotating FG disk with concave 
thickness profile can be more efficient than the one with uniform thickness. Recently Boğa 
and Yıldırım [26] presented an exact numerical solution to the FG rotating disk with a 
parabolic thickness profile and Mori-Tanaka grading scheme with the help of the CFM. 
They verified their results with the analytical results for the uniform disk with simple 
power-law grading rule. They also studied the effect of many parameters such as angular 
velocity, metal-ceramic pairs, and material grading index on the stresses and 
displacements. In another work with CFM, Boğa and Yıldırım [27] handled elasto-static 
linear analysis of the rotating FG disks with a divergent/convergent hyperbolic and a 
uniform disc profiles. They considered three different ceramic-metal pairs and an 
exponential type of material grading patterns. Kacar and Yıldırım [28], by using the simple 
power material grading rule, solved analytically the elasticity equations of radially FG 
pressurized thick-walled rotating cylindrical and spherical vessels. They presented all the 
closed-form solutions of both the radial and hoop stresses, and the radial displacements in 
the simplest and most convenient form for scientists, designers, engineers, and the others.   
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In the present work, the continuously variable-sectioned disk problem-without using any 
additional assumptions except the infinitesimal plane-stress elasticity theory and a 
constant Poisson’s ratio assumption for FG material-is handled with the help of the 
complementary functions method [17, 26-27, 29-41] based on the direct solution of the 
differential equations with variable coefficients. By doing so, accomplishment of the exact 
numerical solutions to the real problem becomes possible. Similar to Fredholm integration 
technique, the method under consideration is a general method and independent from the 
function types chosen for both disk profile and material grading rule. 

Since 1990’s, the second author used to this method, the complementary functions method 
(CFM), in the solution of more complex problems such as static/dynamic/buckling 
analyses of curvilinear planar/spatial/helical bars, static analysis of axisymmetric shells, 
and thermo-elastic dynamic analysis of infinite cylinders subjected to both inner and outer 
pressures [32-41]. From the nature of the differential equations derived, this method is 
again preferred as an effective and accurate solution technique in the present study.   

2. Differential Equations 

Under infinitesimal deformations, a state of plane stress and axisymmetric loading 
assumptions, and by using field equations (strain-displacement, equilibrium and stress-
strain) the differential equation governing the elastostatic behavior of a FG disk with 
variable thickness (Fig. 1) is derived in a general compact form as follows [d( )/dr =( )′].  

 

Fig. 1 Disc geometry 

 

𝑢𝑟
′′(𝑟) + 𝑢𝑟

′ (𝑟) (
𝐸′(𝑟)

𝐸(𝑟)
+

1

𝑟
+

ℎ′(𝑟)

ℎ(𝑟)
) + 𝑢𝑟(𝑟) (

𝜈

𝑟

𝐸′(𝑟)

𝐸(𝑟)
−

1

𝑟2 +
𝜈

𝑟

ℎ′(𝑟)

ℎ(𝑟)
) = −

𝜔2𝑟𝜌(𝑟)(1−𝜈2)

𝐸(𝑟)
                 (1) 

 

Where r is the radial coordinate, 𝑢𝑟(𝑟) is the radial displacement, ν is the Poisoon’s ratio 
which is assumed to be constant along the radial direction, ℎ(𝑟) is the disk profile function, 
ω is the angular velocity, E(r) is a function which defines the variation of the Young’s 
modulus along the radial direction,  𝜌(𝑟) is a function describes the variation of the 
material density in the radial coordinate.  

Eq. (1) is a second-degree non-homogeneous differential equation with variable 
coefficients.  If the material grading pattern is chosen as a simple power rule, or as a linear 
function of the radial coordinate, or as an exponential function and additionally if the disk 
thickness is assumed to be constant or varied hyperbolically, then a closed-form solution 
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may be attained [3-10, 28, 42]. For other cases it is evitable to resort to any numerical 
method for the solution process [19-27]. 

The complementary functions method (CFM) whose methodology is given in Appendix is 
an effective and accurate method which is used directly in the solution of the differential 
equations with variable coefficients [17, 26-27, 29-41]. To do this, CFM reduces a 
boundary-value problem (BVP) to an initial-value problem (IVP). In the solution process 
with CFM, first of all, Eq. (1) which is in the form of a second-degree differential equation 
is rewritten in the form of two first-degree differential equations by choosing appropriate 
variables to apply IVP as follows  

𝑢𝑟
′ = −

𝜈

𝑟
 𝑢𝑟 −

𝜈2−1

𝐸(𝑟)
 𝜎𝑟                                                                                                                           (2a) 

𝜎𝑟
′ =

𝐸(𝑟)

𝑟2  𝑢𝑟 + {
𝜈−1

𝑟
−

ℎ′(𝑟)

ℎ(𝑟)
} 𝜎𝑟 − 𝜔2𝑟𝜌(𝑟)                                                                                       (2b) 

Then this first-order equation being a mildly-stiff equation is numerically solved by either 
a fourth-order Runge-Kutta method (RK4) or some other explicit Runge-Kutta 4/5 
methods such as Fehlber 4(5), Dormand-Prince 5(4), or Bogacki-Shampine 5(4) under 
given boundary conditions.  

In this study the following real boundary conditions are used for a rotating disk attached a 
shaft at the inner surface. At the outer surface, the disk may freely expand.   That is there 
is no radial stress at the outer surface.  

𝑢𝑟(𝑎) = 0 ;  𝜎𝑟(𝑏) = 0                                                                                                                          (3) 

Although solution of Eq. (2) gives simultaneously both the radial displacement and radial 
stress, it is necessary to compute the hoop stress by using related elasticity equations 
namely stress-strain and strain-displacement relations or just Hook’s law in terms of 
displacements.  

As is well known, a computer cannot differentiate but it can easily do a difference. That is 
while differentiation is a continuous process, differencing is a discrete process. Therefore, 
the differential equation is solved by replacing differentiation by differencing in numerical 
integral techniques. In general, implicit integration methods are more efficient for stiff 
equations, which usually feature a rapidly decaying solution, while explicit RK methods are 
appropriate for the equations are not stiff. Explicit RK methods, in which Bogacki-
Shampine 5(4) offers the least expensive and the most accurate solution by evaluating 
more slopes with a greater number of step sizes, which are systematically defined, than 
implicit methods to accurately estimate the solution. However, this takes lots of time. So 
they do not render economical solutions.  For this kind of medium-stiff problems, RK4 is 
more efficient and economical (see Table 1). Beyond RK4, as stated above, the explicit RK 
methods become relatively more expensive to compute. 

It is important to mention that Eq. (1) may be written in the form of two first order 
differential equations by selecting simply 𝑢𝑟

′  and 𝑢𝑟
′′ as variables to be used in the solution 

of an initial value problem (IVP) as in Reference [17] (see Appendix). However, in this case 
after obtaining solutions for 𝑢𝑟  and 𝑢𝑟

′  with CFM both the radial and hoop stresses should 
be computed from Hooke’s law in terms of displacements. If one utilizes Eqs. (2), both the 
volume and execution time of the computer code are considerably reduced. Therefore, 

variables 𝑢𝑟
′  and 𝜎𝑟

′  in Eqs. (2) are referred to as appropriate variables which require just 
additional computation of the hoop stress. Briefly, determination of the proper variables 
in IVP strictly affects both the execution time and volume of the computer code. 
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3. Disk Profile and Material Grading Pattern 

In the present study, the variation of the thickness in radial direction is determined by a 
parabolic function given below.  

ℎ(𝑟) = ℎ0 (1 − 𝑞 (
𝑟

𝑏
)

𝑘

)                                                                                                                          (4) 

Where, ℎ0 is the thickness at the center of the disk, q is a constant, b is the radius of the disk 
at the outer surface.  Exponent k is another constant having positive numerical values. Eq. 
(4) gives a convex disk profile for k-values greater than unit (k>1), and a concave disk 
profile for 0<k<1. If k-value is unit then the radial variation of the thickness becomes linear.  

For material grading pattern, volume fraction rule is used. By assuming the inner surface 
is to be all-Material/a and the outer surface is to be all-Material/b, the following functions 
for the variation of both Young’s modulus and material density from the inner surface to 
the outer surface are derived. 

𝐸(𝑟) = (𝐸𝑏 − 𝐸𝑎) (
𝑟−𝑎

𝑏−𝑎
)

𝑛

+ 𝐸𝑎                                                                                                           (5a) 

𝜌(𝑟) = (𝜌𝑏 − 𝜌𝑎) (
𝑟−𝑎

𝑏−𝑎
)

𝑛

+ 𝜌𝑎                                                                                                            (5b) 

Where n is called as an inhomogeneity index/constant/exponent/parameter.  As stated 
above in the present study the Poisson’s ratio is assumed to be constant along the radial 
direction. In the numerical results, to get more realistic solutions, an arithmetical mean of 
these quantities is used as follows. 

𝝂 =
𝝂𝒂+𝝂𝒃

𝟐
                                                                                                                                                     (6) 

In the present study Material/a is chosen as metal and Material/b is chosen as ceramic at 
the inner and outer surfaces, respectively. 

4. Verification of CFM results with the analytical solutions  

Using the linear plane elasticity equations, Kacar et. al. [42] derived exact expressions in 
most possible concise form for all kind of axisymmetric rotating hollow structures made of 
an isotropic and homogeneous material to present a compact source for students, 
engineers, academics and other users.  In this study [42] both the inner and outer pressures 
are taken into account at the same time together with the constant angular velocity.  

For the boundary conditions considered in the present study, the following formulas are 
presented by Kacar et. al. [42] for uniform disks. 
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Using the following geometrical and material properties: 𝑎 =0.5 m; 𝑏 = 1.0 m;   𝜈 = 0.3 ; 
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 𝜌 = 7800 
𝑘𝑔

𝑚3
;  𝐸 = 200 GPa Eq. (7) are calculated numerically and results are illustrated 

in Fig. 2 to get an idea for the static response of a uniform disk rotating at a constant 
angular velocity and made of an isotropic homogeneous material. As seen from this figure 
that the maximum radial stress occurs at the inner surface of the disk while the maximum 
hoop stress is between the inner and mid-plane surfaces. If just rotation effect is 
considered, radial stresses become more significant. 

  

 

Fig. 2 The static response of a uniform isotropic rotating disk 

Table 1 Comparison of analytical and CFM results for a uniform disk made of an isotropic 
and homogeneous material at 𝜔 = 100 rad/s    

 𝒖𝒓 (𝑚) 𝝈𝒓(𝑃𝑎) 𝝈𝜽(𝑃𝑎) 

r Analytical CFM Analytical CFM Analytical CFM 

0.5 
0.6 
0.7 
0.8 
0.9 
1 

0.000000E+00       
1.347617E-05      
2.322490E-05      
2.977889E-05      
3.331582E-05      
3.383581E-05  

0.000000E+00       
1.347617E-05      
2.322489E-05      
2.977889E-05      
3.331581E-05 
3.383580E-05       

3.445551E+07 
2.671008E+07       
1.999114E+07       
1.351880E+07      
6.920497E+06       
0.000000E+00 

3.445551E+07      
2.671008E+07       
1.999114E+07      
1.351880E+07       
6.920497E+06      
0.000000E+00 

1.033665E+07    
1.250508E+07    
1.263303E+07    
1.150036E+07    
9.479664E+06    
6.767161E+06  

1.033665E+07    
1.250508E+07    
1.263302E+07    
1.150036E+07    
9.479663E+06 
6.767160E+06 

 

Comparison of the analytical and CFM results for a uniform disk made of an isotropic and 
homogeneous material at 𝜔 = 100 rad/s is also presented in Table 1. As seen from Table 
1, an excellent harmony between the results is observed. From the table it is also revealed 
that Runge Kutta 4 offers an accurate and economical solutions for this kind of problems. 
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Table 2 Isotropic material properties considered in the present study 

Material E (GPa) ρ (kg/m3) ν 

Metal (Ti-6Al-4V)  122.557 2370 0.29 

Ceramic (Silicon Nitride-Si3N4)  348.43 4429 0.24 

5. Numerical Examples  

In the present study a real problem is studied instead of a hypothetical problem which does 
not coincide with a physical material and with real disk dimensions.   

 
a) Parabolic-convex profile 

 
b) Parabolic-concave profile 

 
c) Linear profile 

Fig. 3 Disc profiles considered in this study 

Geometrical properties of the disk considered in the numerical analysis are chosen as 
follows to obey the plane-stress assumption (Fig. 3): 𝑎 =0.02 m, 𝑏 = 0.2 m , 𝑞 = 0.6 , ℎ𝑜 =
0.02 m, 𝑘 = 2 (for a convex disk profile), 𝑘 = 0.5 (for a concave disk profile), 𝑘 =
1 (for a linear disk profile). To study the effect of the angular velocity on the elastic stress 
and displacements, the following constant values are used in computations for linear 
analysis: ω=100 rad/s and ω=150 rad/s 

In the present study an isotropic metal is taken as Ti-6Al-4V and an isotropic ceramic is 
chosen as Si3N4. Then they are combined according to the Eqs. (5) to get a FG material for 
two different inhomogeneity indices (n=0.5 and n=2).   

Material properties are given in Table 2. Fig. 4 shows the variation of the FG material 
properties along the radial direction of the disk according to the material grading pattern 
defined in Eq. (5) to form benchmark data for numerical calculations. 

After determining the necessary numerical data, the problem is solved numerically with 
the help of a computer program devised by the authors in a Fortran-code.  In the present 
study RK4, being the most popular RK method, is used in the solution of differential 
equation set with the help of the IVP since it offers a good balance between order of 
accuracy and cost of computation (See Table 1). Numerical results for the radial 
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displacement, radial and hoop stresses are presented in tabular (Table 3) and in graphical 
forms (Figs. 5-7). 

Table 3 Numerical results for both n=0.5 and n=2 at different angular velocities 

 convex concave linear convex concave linear 

r/b ur (m) (ω=150 rad/sec, n=0.5) ur (m) (ω=100 rad/sec, n=2) 

0.1 0.00000E+00 0.00000E+00 0.00000E+00 0.00000E+00 0.00000E+00 0.00000E+00 

0.28 1.73865E-07 1.75307E-07 1.68468E-07 9.46241E-08 9.57230E-08 9.18878E-08 

0.46 2.70704E-07 2.83023E-07 2.68859E-07 1.55048E-07 1.62890E-07 1.54540E-07 

0.55 3.08148E-07 3.26123E-07 3.08969E-07 1.76930E-07 1.88095E-07 1.78023E-07 

0.73 3.62585E-07 3.89380E-07 3.68440E-07 2.05373E-07 2.21185E-07 2.09206E-07 

0.82 3.78618E-07 4.07747E-07 3.86147E-07 2.12395E-07 2.29233E-07 2.17027E-07 

1 3.82870E-07 4.12219E-07 3.91168E-07 2.12292E-07 2.29002E-07 2.17206E-07 

r/b σr  (Pa) (ω=150 rad/sec, n=0.5) σr  (Pa) (ω=100 rad/sec, n=2) 

0.1 1.40584E+06 1.33126E+06 1.31551E+06 5.29975E+05 5.01207E+05 4.95672E+05 

0.28 9.67364E+05 1.02915E+06 9.69794E+05 3.48056E+05 3.70634E+05 3.49265E+05 

0.46 8.69677E+05 9.71924E+05 9.08163E+05 3.09142E+05 3.46285E+05 3.23642E+05 

0.55 8.00636E+05 9.04998E+05 8.47466E+05 2.87917E+05 3.25982E+05 3.05532E+05 

0.73 5.92914E+05 6.67467E+05 6.34801E+05 2.23959E+05 2.51701E+05 2.40021E+05 

0.82 4.44194E+05 4.90024E+05 4.72711E+05 1.73574E+05 1.90784E+05 1.84675E+05 

1 0.00000E+00 0.00000E+00 0.00000E+00 0.00000E+00 0.00000E+00 0.00000E+00 

r/b σθ (Pa) (ω=150 rad/sec, n=0.5) σθ (Pa) (ω=100 rad/sec, n=2) 

0.1 3.72547E+05 3.52784E+05 3.48611E+05 1.40443E+05 1.32820E+05 1.31353E+05 

0.28 9.50477E+05 9.72608E+05 9.29576E+05 3.14588E+05 3.23153E+05 3.08478E+05 

0.46 1.01142E+06 1.07405E+06 1.01630E+06 3.49374E+05 3.72744E+05 3.52341E+05 

0.55 1.00291E+06 1.07670E+06 1.01743E+06 3.64252E+05 3.92511E+05 3.70699E+05 

0.73 9.30809E+05 1.00774E+06 9.54401E+05 3.87432E+05 4.20043E+05 3.97812E+05 

0.82 8.67061E+05 9.36858E+05 8.89519E+05 3.91936E+05 4.23921E+05 4.02422E+05 

1 6.67016E+05 7.18148E+05 6.81474E+05 3.69844E+05 3.98955E+05 3.78406E+05 

 
Fig. 5 presents that the radial displacement increases with increasing angular velocity and 
inhomogeneity index towards the outer surface of the disc. The behaviors of convex and 
linear disk profiles are very close to each other. Concave disk profile offers greater radial 
displacement than the others. It is observed from Fig. 6 that maximum radial stress is at 
the inner surface of the disk in all the cases as in homogeneous materials. Increasing 
inhomogeneity index results in a decrease in the radial stress. The radial stress increases 
with increasing angular velocity. The behaviors of convex and linear disk profiles are again 
close to each other. Concave disk profile offers greater radial stresses than the other disk 
profile. Fig. 7 illustrates the location of the maximum hoop stress is shifted from the mid-
surface to the outer surface with increasing inhomogeneity constant. Increasing 
inhomogeneity constants offers smaller hoop stresses.  The hoop stress also increases with 
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increasing angular velocity. The behaviors of convex and linear disk profiles are again very 
close to each other and concave disk profile presents higher radial stresses. 
 

  

Fig. 4 Radially variation of the FG material properties according to Eq. (5) (n=0.5 and 
n=2) 

 

  

Fig.  5 Variations of the radial displacement with respect to the angular velocity and 
disk profiles for two different inhomogeneity indexes 

 

  

Fig.  6 Variations of the radial stresses with respect to the angular velocity and disk 
profiles for two different inhomogeneity indexes 
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Fig.  7 Variations of the hoop stresses with respect to the angular velocity and disk 
profiles for two different inhomogeneity indexes 

6. Conclusions  

It is well known that there is no any specific result which is valid for all FG material types. 
However generally speaking, FGM results are mainly different from isotropic-material 
results according to the material grading pattern together with the type of metal-ceramic 
pair, type of the disk profile and boundary conditions. For any combinations of those 
parameters for a FG disk, it is necessary to solve differential equations to have a consistent 
idea. In this respect, CFM will be an excellent device to get accurate results in a short time. 
In addition, the method proposed in the present study may also be used for other types of 
analyses such as thermal, thermoelastic, dynamic etc. of this type structures. 

 

The general conclusions of the present study may be reached as: 

 The maximum radial stress is at the inner surface of the FG disk similar to a disk 
made of an isotropic and homogeneous material for the boundary condition 
considered (see Fig. 2 and 6). 

 While the maximum hoop stress is closer to the inner surface for homogeneous 
disk, it shifts through the outer surface for inhomogeneous ones.  

 The elastic stresses become lower when the inhomogeneity constant increases. 
However, the radial displacement increases with increasing inhomogeneity 
parameter. 

 Maximum radial displacement is located at the outer surface of the disk. 
 Concave disk profile has higher radial displacement values while convex one 

presents lesser displacements.  
 Concave disk profile also shows the highest radial and hoop stresses.  

 The numerical values of the elastic responses increase with increasing angular 
velocity.  
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Appendix  

Let’s consider the following second-degree differential equation as an example  
 

𝑦′′(𝑥) +
1

𝑥2
𝑦(𝑥) = 𝑥                                                                                                                                 (a)  

with boundary conditions, 𝑦(1) + 𝑦′(1) = 0 and 0)2( y , to explain the general 

methodology of CFM. Here solution interval will be [a, b] = [1, 2]. Physical boundary 
conditions may be written as follows 

at x=a=1 → 𝑦(𝑥) + 𝑦′(𝑥) = 0                                                                                                               (b) 

at x=b=2 → 0)( xy               

or  

𝑦(𝑎) + 𝑦′(𝑎) = 0                           (c) 
𝑦(𝑏) = 0        

or  

𝑦(1) + 𝑦′(1) = 0                           (d) 
𝑦(2) = 0        

In CFM, general solution of Eq. (a) is given by     

𝑦(𝑥) = 𝑦0(𝑥) + 𝑏1𝑦1(𝑥) + 𝑏2𝑦2(𝑥)                                  (e) 

All terms at the right side should be determined by the method. After converting Eq. (a) 
into IVP, this is done in four solution stages. The prescribed boundary conditions are first 
used to find 𝑦0(𝑥), 𝑦1(𝑥) and 𝑦2(𝑥)  in Eq. (e) in the first three stages. At the final stage, the 
physical boundary conditions are used to determine  𝑏1 and 𝑏2. 

Let’s begin by converting BVP in Eq. (a) to IVP with the same solution interval [a,b] = [1,2] 
by simply letting  

𝑧1 = y(𝑥)   
             (f) 

𝑧2 = 𝑦′(𝑥) 

as follows  

𝑧1
′ = 𝑧2                                                                                                                                                         (g) 

 

𝑧2
′ = −

1

𝑥2
𝑧1 + 𝑥 

or 




















































xz
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x
dx

dz
dx

dz
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0
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1

                                                                                                                (h) 

Now, physical boundary conditions may be rewritten in terms of new variables as 

0)1()1( 21  zz → 0)()( 21  azaz                                        

             (i) 
0)2(1 z   → 0)(1 bz                                                         
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In the first stage, homogeneous solution of Eq. (g) or Eq. (h) with prescribed initial 
conditions, 0)1(1 z , 0)1(2 z { 0)(0 ay , 𝑦0

′ (𝑎) = 0}, gives   

{
𝑧1 = 𝑦0

𝑧2 = 𝑦0
′ }                                                                                                                                                      (j) 

In the second stage, again, homogeneous solution of the same equation with prescribed 
initial conditions, 1)1(1 z , 0)1(2 z { 1)(1 ay , 𝑦1

′ (𝑎) = 0}, yields 

{
𝑧1 = 𝑦1

𝑧2 = 𝑦1
′}                                                                                                                                                     (k) 

In the third stage, homogeneous solution of the same equation with prescribed initial 
conditions, 0)1(1 z , 1)1(2 z { 0)(2 ay ,  𝑦2

′ (𝑎) = 1}, offers 

{
𝑧1 = 𝑦2

𝑧2 = 𝑦2
′ }                                                                                                                                                      (l) 

 

After substituting 𝑦0(𝑥), 𝑦1(𝑥) and 𝑦2(𝑥) into the general solution, Eq.  (e), the physical 
boundary conditions of the differential equations, now, are applied to determine the 
unknown coefficients 𝑏1 and 𝑏2 in a straight forward manner.  

To apply the physical boundary conditions given 𝑏𝑦 (𝑦(1) + 𝑦′(1) = 0, 𝑦(2) = 0), the 
first derivative of the general solution, Eq. (e), is required. If those coefficients are constant, 
then the first derivative will be in the form of 

𝑦′(𝑥) = 𝑦0
′ (𝑥) + 𝑏1𝑦1

′ (𝑥) + 𝑏2𝑦2
′ (𝑥)                                                                                                  (m) 

Physical boundary conditions are written in the following form 

𝑦(1) = 𝑦0(1) + 𝑏1𝑦1(1) + 𝑏2𝑦2(1) 
𝑦′(1) = 𝑦0

′ (1) + 𝑏1𝑦1
′ (1) + 𝑏2𝑦2

′ (1)                                                                                                   (n) 
𝑦(2) = 𝑦0(2) + 𝑏1𝑦1(2) + 𝑏2𝑦2(2) 

For 𝑦(1) + 𝑦′(1) = 0 we have 

[𝑦0(1) + 𝑦0
′ (1)] + 𝑏1[𝑦1(1) + 𝑦1

′ (1)] + 𝑏2[𝑦2(1) + 𝑦2
′ (1)] = 0                                                 (o) 

for 0)2( y  we reach 

𝑦0
′ (2) + 𝑏1𝑦1

′ (2) + 𝑏2𝑦2
′ (2) = 0                                                                                                           (p) 

Application of the real boundary conditions, the following equation set is attained by 
combining Eqs. (o) and (p). 
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0

00

2

1

21

2211

y

yy

b

b

yy

yyyy
                                                                      (r) 

It may be written in a compact form as follows 

A B = C                                                                                                                                                        (s) 

Here A is the coefficient matrix, C is the load vector. Solution of this equation gives the 
numerical values of the elements of unknown vector, B.  

The solution process is terminated by substitution of the elements of vector B in the 
general solution, Eq. (e). 

It may be noted that in this solution IVP technique )(1 ryz  and )('2 ryz   are 

simultaneously obtained in each step determined above. 
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