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Tensegrity structures are an innovative class of lightweight structures, which
have gained the interest of researchers in many different fields, including but not
limited to engineering. In particular, such interest is due to their aesthetic value,
their large stiffness-to-mass ratio, the possible deployability, together to their
reliability and controllability. Tensegrity structures, made of struts in
compression and cables necessarily in tension, are innovative structures by
itself: they are similar only in appearance to conventional pin-joint structures
(trusses), and their mechanical behavior is strongly related to initial feasible self-
stress states induced in absence of external loads. In particular, from a
kinematical point of view, these self-stress states avoid the activation of possible

infinitesimal mechanisms. In this paper, we study an innovative class of
tensegrity beam-like grids, obtained by a suitable assembly of three elementary
V-Expander tensegrity cells along a longitudinal axis (named x-axis) in the three-
dimensional space. In particular, by means of a numerical study, we analyze the
feasible self-stress states for seven tensegrity beam-like grids, with increasing
degree of complexity, made by an arrangement of V-Expander elementary cells.
Moreover, we analyze the influence on the feasible self-stress states of the
addition of elements starting from the simplest V-Expander tensegrity
configuration.

© 2017 MIM Research Group. All rights reserved.

1. Introduction

Tensegrity systems are an innovative class of lightweight structures, which have gained
the interest of researchers in many different fields, including but not limited to
engineering. In particular, the interest for tensegrity structures in structural engineering
as well as in architecture is due to their aesthetic value, and to their large stiffness-to-mass
ratio. Thus, the tensegrity concept has found applications such as towers, large dome
structures, stadium roofs, temporarily structures and tents [1, 2]. Furthermore, the folding
and the deployment capabilities of these systems may allow the use of tensegrity systems
for producing deployable structures, with promising future applications [3, 4].

Tensegrity structures are pin-connected free-standing frameworks composed of struts in
compression and cables necessarily in tension [5, 6]. Tensegrity structures can be defined
as a discontinuous set of components in compression within a continuous network of
tensile elements. This definition is synthetized by the well-known expression: “island of
compression in an ocean of tension” [7]. The overall performance of this kind of structures
is strongly dependent on the way the different elementary cell are connected. Usually, the
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structural analysis of these systems preliminarily requires a form-finding process [8-12],
since their shape is strictly related to the self-stress in the elements. In this paper, a
numerical study of the static response in the self-equilibrium state of a class of tensegrity
grids, obtained by a suitable assembly of elementary V-Expander tensegrity cells along a
longitudinal axis in three-dimensional space, is presented [13].

Notice that the analyzed V-Expander longitudinal grids form a sort of beam-like structures;
hence, from now on, we refer to such structures with the term “beam”. In particular, seven
different “beams” made of V-Expander cells are analyzed. The aims of the paper are the
following: 1) to identify the mechanical behavior of V-Expander tensegrity beams; 2) to
evaluate the effects of the addition of elements into the structure on the feasible self-stress
states.

In Section 2, we describe the form-finding problem for tensegrity structures: starting from
some classic basic assumptions, we briefly recall how the self-equilibrium state can be
determined. In Section 3, we define the parametric description of the geometry of the
systems and the topology of the examined seven tensegrity structures. In Section 4, we
discuss the obtained results and we show how the initial force vectors in the self-
equilibrium state change as the geometric parameters vary.

2. Form-Finding for Tensegrity Structures
2.1. Basic assumptions
In the present study, we assume that:
e Elements are rectilinear and connected by pin joints.
e The connection between the struts is possible only at their extremities.

e Topology, i.e, the connectivity between nodes and elements, and the geometrical
configuration in terms of nodal coordinates, are known.

e Self-weight of the elements is neglected, and no external loads are considered.
e Global and local buckling are not considered.
e The structure is free-standing (no supports are needed).

By virtue of these assumptions, only axial forces are carried by the elements, i.e., there are
only two types of elements: struts in compression and cables in tension. A tensegrity
structures is a system which possesses a stable self-equilibrated state. The latter is the
initial mechanical state of the structure before any load, even gravitational, is applied.
Furthermore, if a tensegrity structure possesses any infinitesimal mechanisms, these
mechanisms are stabilized by the self-stress state in the elements; here, for the stability of
the structure we mean the ability of the system to return to the equilibrium configuration
after a small perturbation [14, 15].

2.2. Geometry and topology

In the three-dimensional space, a tensegrity structure has e elements: ¢ cables and s struts
(therefore, c+s=e); these elements are jointed at n nodes. In cable-net structures,
apparently similar to the tensegrity structures, there are some fixed nodes due to the fact
that only tension is carried by the cables [16]. From the above assumptions, tensegrity
structures are free-standing, and therefore there exist only free nodes.
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In order to define the geometrical configuration of a tensegrity structure, let X, y and z
(ER") denote the nodal coordinate vectors of the free nodes in the directions ey, ey, e
(ER3)of an orthogonal reference system O{e, ey, €z}.

The topology of the tensegrity structure can be assigned by using the well-known
connectivity matrix CER®, which can be obtained as follows: suppose that the member k
connects nodes i and j, with i < j; then, in the k-th row of C we have 1 and -1 at the i-th and
Jj-th position, respectively:

1 ifp=i
(€], =91 ifp=j . (1)
0 otherwise

It is helpful to define the vectors u, v and w (€Re¢) of the coordinate differences of the
elements in the x, y, z directions, respectively:

u=_Cx
v=Cy, (2)
w=Cz

which collect the coordinate differences, ux, vk, and wx, of the nodes corresponding to the
ends of the k-th element (k = 1,..., €), connecting nodes i and j.

Furthermore, we define the vector IR which is composed of the lengths of the elements.
Let U, V, Wand L (ERe) be the diagonal form of u, v, w and, I respectively, i.e., the diagonal
matrices whose principal diagonals correspond to the above-mentioned vectors. Clearly,
the diagonal matrix L can be expressed as:

L =U*+VZ+W?2 (3)
This way, the geometrical configuration and the topology of the tensegrity structure are
completely defined.

2.3. Self-equilibrium state

Once defined the geometrical configuration and the topology of a tensegrity structure, the
equilibrium equations in each directions can be set as developed by Scheck [17]. In
particular, the equilibrium equations, nonlinear in the unknown coordinates of the nodes,
can be transformed in a set of linear equations by introducing the so-called force density
gk of the k-th element, that is the internal axial force to the length ratio [18]. Note that qx>
0 for cables and gk < 0 for struts. This condition is related to the unilateral mechanical
behaviour of the elements, i.e., cables are in tension, and struts are in compression.

In absence of external loads, the self-equilibrium equations for a general free-standing pin-
jointed structure can be written as [17]:

c’Qcx=0
c’Qcy=o, 4)
c’Qcz=0

where Q€ERe* is the diagonal matrix collecting the force densities of the elements. By
introducing the force density matrix DER™" as:

D=c’qQc, (5)
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the equilibrium equations (4) can be rewritten as:

Dx=0
Dy =0. (6)
Dz=0

By observing that diag(b)f=diag(f)b, where b and fare generic vectors, and by introducing
the so called equilibrium matrix AER3™*¢, (4) can be given as:

C"diag(Cx)

C'diag(Cy) [q=0, )
C Tdiag(Cz)

where the equilibrium matrix A is defined as:

C"diag(Cx)
A =| C"diag(Cy) |. (8)
C Tdiag(Cz)

From (7), the unknown basis of the vector space of the force densities of the elements lie
in the null space of the equilibrium matrix A.

Let ra and 7a be the rank and the dimension of the null space of the equilibrium matrix A,
respectively. Then, there exist 74 independent self-stress states satisfying (7), that is:

FA:e—rA. (9)

Usually, tensegrity structures are statically indeterminate, and therefore there exist ra (74
> 1) independent self-stress states, and each linear combination §.€R® of these vectors:

(lozllql +...+/1,'qi+...+ﬂ.7AqFA, (10)
where A; (i=1,2,..,, 74) are real coefficients, is an independent self-stress state.

In general, the above vectors cannot be consistent with the unilateral behavior of the
elements (struts in compression and cable in tension). In order to obtain independent self-
stress states consistent with the unilateral behavior of the elements, the following
procedure can be adopted.

If the structure has some symmetry properties, then elements in symmetric positions have
the same force density, and they can be collected in a group. Let h, the number of the groups
of symmetry which can be identified in the tensegrity structure; a vector i€ER® of
independent self-stress states taking into account also the symmetry properties of the
structure can be written as:

q;=€1q1+...+€;q;+...+€,qy, (11)

where the i-th component of the vector e;€Re (i=1,2,..., h) is equal to 1 if the related element
belongs to the i-th group of symmetry, and it is equal to 0 otherwise, and g; (i=1,2,...,, h) is
the force density of the elements of the i-th group of symmetry. The independent self-stress
states (11), consistent with the symmetry of the structure, are called integral self-stress
states. Moreover, a feasible self-stress state §.€R¢ is defined as an integral self-stress state
consistent also with the unilateral behaviour of the elements.
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In [19] it is presented a numerical method for initial self-stress design of tensegrity
structures which leads to feasible self-stress states; here, we briefly recall the main steps
of this algorithm. From (10) and (11), it is possible to write:

My +. A4+ A+ A7 G, — (€191 +..+€,q; +...+eyq, ) =0, (12)

We can introduce the matrix GERe(:+% whose first 74 columns are the vectors q; (i=1,2,...,
74) and the last h columns are the vectors -e; (i=1,2,..., h), and the vector fERG+D whose
first ra components are the real coefficients Ai (i=1,2,..,, 74) in (10) and the last h elements
are the force density g: (i=1,2,..., h) of the elements of each group:

G:[ql,...,q,-,...,qFA ,—el,...,—e,-,...,—eh], (13)

ﬁ:[/ll,...,ﬂ,-,...+/la ,ql,...,q,-,...,qh]. (14)
By (13)-(14), (12) can be rewritten as:

GB=0. (15)

A Singular Value Decomposition (SVD) should be carried out [20] in order to find all the
solutions of (15), which lie in the null space of G. In this vein, it is important to notice that
the dimension of the null space and the rank of G are equal to 7'c and g, respectively. Thus,
we have:

FG:(FA+h)_rG. (16)

If the dimension of the null space of G is equal to 1, the tensegrity structure has only one
integral self-stress mode . If the force densities of the elements are consistent with the
unilateral behaviour of the cables and struts, then this integral self-stress mode also
corresponds to a feasible self-stress mode §a.

If the dimension of the null space of G is equal to zero, (15) has only trivial solutions. In
this case, the tensegrity structure cannot be in an integral self-stress state consistent with
the considered geometric symmetry. However, it is possible to vary r¢ by suitably
increasing the number of the groups of the symmetry until e become equal to 1.

Finally, if ¢ > 1, i.e., (15) has multiple solutions, there exist more than one integral self-
stress modes. Now, in order to have 7 equal to 1, the number of the groups should be
decreased. Alternatively, a linear combination of these 7z vectors is still a solution of (15),
which, generally, is not consistent with the unilateral rigidities of the elements. Anyway,
by solving an optimization problem in multiple variables [21], for example, it is possible to
find feasible self-stress states as a suitable linear combination of the 7 integral self-stress
modes.

After determining a feasible self-stress state, we can find the initial force vector in the self-
equilibrium state, fieRe:

f.=Lq,.
1 q a (1 7)
2.4. Infinitesimal mechanisms

Let €ERe, and deR3" the vectors of the axial strain of the elements and the vector of the
nodal displacements, respectively. By the principle of virtual works:

Ald=¢. (18)
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Infinitesimal mechanisms dm€RS3" are vectors of nodal displacements which correspond to
zero axial strains:

A'd,, =0. (19)
By (19), infinitesimal mechanisms lie in the null space of the transpose of the equilibrium
matrix A. Since we consider free-standing structures, this null space also contains six rigid-
body motions in the three-dimensional space. Thus, the multiplicity of the infinitesimal
mechanisms rar, is:

r,r =3n—r, —6.
4 4 (20)

2.5. Rank deficiency conditions

Let rp the rank of the force density matrix; then, the dimension of the null space of D is
FD =n-—rp. (2 1)

Hence, in order to create a space of solution of (6) having at least four dimensions, the
dimension of the null space of D should be equal or greater than four. Furthermore, we
recall that the dimension of the null space of the equilibrium matrix A should be equal or
greater than one.

3. V-Expander Tensegrity Beam-Like Grids

In this work, we focalize our attention on the elementary tensegrity cell called V-Expander.
The first realization of a tensegrity structure based on this concept is the Tensegrity mast
built by Buckminster Fuller, S. Sadao and E. Price in 1959. In 2002, R. Motro and V.
Raducanu patented this tensegrity cell within the activities of the research project
“Tensarch Project” [22].

A V-Expander tensegrity cell is composed by four struts and nine cables, which are joined
by six nodes (Fig. 1). Two couples of struts form two orthogonal triangles in the three-
dimensional space. The vertical cable represents the intersection of these two triangles,
and it materializes the expander axis of the cell: by reducing its length, it is possible to
introduce a self-stress in all the elements of the structure.

d . d

Fig. 1 Perspective view and top view of V2z2-Expander tensegrity cell

Usually, a V-Expander tensegrity cell is denoted as Vmn, where the subscripts m and n are
the number of the struts connected at the lower node and at the upper node of the
expander axis, respectively. For issues related to the symmetry of the cell, it is better to
have m=n.

20
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Generally, a tensegrity structure that has no contacts between its struts is named class 1
tensegrity system, and tensegrity system with as many as k struts in contact is named class
k tensegrity system [23, 24] (for k tensegrity systems the discontinuous set of components
in compression can be obtained by an arrangement of elements [25-28]). Thus, V-
Expander tensegrity cells belong to class 2 tensegrity systems, i.e., tensegrity structures
with as many as 2 struts in contact at their extremities.

By composing V-Expander tensegrity elementary cells, it is possible to build, with great
simplicity, bi-, and tri-directional tensegrity grids (or towers, arches, etc.). In all those
complex systems, self-stress states can be still introduced only acting on the length of some
vertical cables [29, 30].

In this paper, we analyze a V-Expander Tensegrity beams obtained by assembling three
V2z2-Expander tensegrity cells along a direction called x-axis in the considered orthogonal
reference system Ofex, ey, e;}. In particular, we study seven V-expander tensegrity
structures with increasing complexity:

e (Case 1,43 elements.
e (ase 2,53 elements.
e (Case 3,57 elements.
e (ase4,59 elements.
e (ase 5, 63 elements.
e (ase 6,67 elements.
e (ase 7,71 elements.

In particular, we analyze the feasible self-stress state §a of the above-mentioned seven
structures.

First, we consider a V-Expander beam (Case 1) composed of 16 struts and 27 cables; 22
nodes connect the elements of the grid (nodes and elements are labelled in view of
geometrical symmetry of the structure, see Fig. 2).

®

Fig. 2 Top view of Case 1

In all the above-mentioned seven cases, the grid is enclosed by a parallelepiped, whose
lengths of edges are 6d, 2d and h, in x, y and z direction respectively. For the sake of clarity,
labels on the top-left of the nodes represent the top layer of the grid (z = h), and labels on
bottom-right indicate the lower level of the structure (z = 0).
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Specifically, Case 1, is composed of the following elements (Fig. 3):

27 cables (1,2,5,8,9,10,11,12,13,18,19, 20,21, 22, 23, 30, 31, 32, 33, 34, 35, 36,

37,38,39,40,41) and 16 struts (from 48 to 63).

By (1), for Case 1 we have the following connectivity matrix CER*3*22 (the labels of the

elements are shown in the right-hand list):

(22)

1258901238901230123456789018901234567890123
HrE A A A EFANANNNMNOMNNMMONMMONIFFFIFOLWNDWNWNLLDLLIWLMLWLDILD O O OO
— — - -

- -
— -

- - -
00000000000‘1_.1010000000000000000000001000001
0000000000010000010001_A000000000000000001000
000000000.ﬂlo0100000000000000000000010000010
000000000100000100017.00000000000000000100000
cccocccococ-coccoCccOCOOCO0C00CO0C000CONHO0000000
COOCOC OO THHOODOOD OO OO0 =" rHOODODODODODODOOO
ol cocccocccocc0cc0Cc0C00CONONOHOOOC00000000000
.ﬂo00000000000000000000010101000000000000000
e e

The other cases are obtained, starting form Case 1, by addition of elements (insertion

respects geometrical symmetry of the structure) as follow:

Case 2,10 elements (3,4, 6,7, 24, 25, 26,27, 28, 29) added to Case 1, see Fig. 4.

(23)

24
25
26
27
28

0

0429

Case 3,4 elements (14, 15, 16, 17) added to Case 2, see Fig. 5.
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01 0 0 0 000 -100 0 0000 O 0 0 O
001 0000 0O 0O O0OUOS-120200 020 0 0 o015
00 000 OO O O OO 0 0 1 0 0 0 -1 0 o0fte
00 000 00O O O O0OUO 0 0 O0 1 0 0 0 -1 oJ 17
Case 4, 2 elements (42, 43) added to Case 3, see Fig. 6.

00 01 0 -1 0 000 0O 0 0 0 0 0 0 0 o0f42

Case 5, 4 elements (44, 45, 46, 47) added to Case 4, see Fig. 7.

0 |44

00 00 0 0 0 -1 0 0 0 0 0 0 0 0 O

10 0 0000 0 0 -1 0 0 0 00 0O 0 0O 0 045
00 000 OO 0 0 0O -10 000 0O 0 0 046
1.0 0 0000 0 0 0 0 0 —-1000 0 0 0 0J47
Case 6, 4 elements (64, 65, 66, 67) added to Case 5, see Fig. 8.

00 01 000 0 O0O0OUOT OT OTUOT OU OO0 0 O —1] 64
00 001 00 00 00 0O OO0 O0 0 0 0 —1]65
00 0001 00 O0OO0OUOT OU OTUOT OTU OO0 0 O —1J| 66
00 00001 0000 O0UOTUOT OTUOT OO0 0 -1l67
Case 7,4 elements (68, 69, 70, 71) added to Case 6, see Fig. 9.

00 01 000 0O O0OUOT OTU O-1 000 0 0 0]68
00 001 000000 00 -1 0 00 0 0 069
00 0001 0 0O 0O O0OUO 0 -1 0 0 0 0 0J|70
00 000 01 000000 0 -10 0 0 0 ol71

Fig. 3 Perspective view of Case 1

(24)

(25)

(26)

(27)

(28)
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& Materials

Case 1 in pale-

view of Case 2 (additional elements with respect to

Fig. 4 Perspective

Case 2 in purple)

view of Case 3 (additional elements with respect to

Fig. 5 Perspective

Case 3 in green)

view of Case 4 (additional elements with respect to

Fig. 6 Perspective
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blue)

Fig. 9 Perspective view of Case 7 (additional elements with respect to Case 6 in dark
blue)

4. Results and Discussion

As the number of the elements increases, the rank of the equilibrium matrix A increases
and then the number of the independent self-stress states also increases. Simultaneously,
the number of the infinitesimal mechanisms of the V-Expander tensegrity beams
decreases.
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In particular, Case 1 possesses 18 infinitesimal mechanisms in addition to the 6 rigid-body
motions in three-dimensional space. On the contrary, no infinitesimal mechanisms lie in
the null space of the transpose of the equilibrium matrix A for Case 7 when rigid-body
motions are excluded, that is, Case 7 is a kinematically determinate tensegrity structure.
Fig. 10 shows the number of the independent self-stress states and the number of the
infinitesimal mechanisms for every V-Expander tensegrity beams under investigation.

Independent self—stress states and infinitesimal mechanisms

Case
1 2 3 4 5 6

Fig. 10 Number of independent self-stress states s and number of infinitesimal
mechanisms m of the seven V-Expander tensegrity beams.

In Table 1 are listed the properties of the seven V-Expander beams, i.e., the dimensions of
the connectivity matrix C and the dimensions and the rank of the equilibrium matrix A.

Table 1. Properties of the seven V-Expander beams

Case 1 2 3 4 5 6 7
Properties CERexn  43x22 53x22 57x22 59x22 63x22 67x22 71x22
of V- AeR3me  66x43 66x53 66x57 66x59 66x63 66x67 66%x71
Expander
beams ra 42 52 54 55 57 59 60

For Case 1, as well as for Case 2, we have only one independent self-stress state qi, which
is consistent with the symmetry properties of the structure and the unilateral behavior of
the elements. Thus, this vector represents a feasible self-stress state {a.

For what concerns the other cases, there exist more than one independent self-stress states
q; therefore, feasible self-stress states can be obtained by following the procedure
described in the Section 2.3.

In order to analyze the mechanical behavior of the seven V-Expander tensegrity beams in
their self-equilibrium state, we calculate the initial force vector f; by (17). The parametric
description of the geometry of the structures allow us to express the feasible self-stress
state a as a function of the parameters d and h. In Figures 11-17 we plot for all tensegrity
beams under investigation the initial force vectors, for h=1 and for values of the parameter
d ranging from 0.01h (extremely compact grids) to h (square cell grids); the blue line
represents the internal force in the elements for d=0.5h.
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Initial force in the elements (Case 1)

f
20
1.5
1.0
----- d=0.01h
05 —d=h
— d=0.5h
— element
10 20 30 40
-05
-1.0
-15

Fig. 11 Initial force vector; Case 1 (d<[0.01h,h])

Initial force in the elements (Case 2)
i

2.0

15

1.0

----- d=0.01h
05 — d=h
d=0.5h
= clement
10 20 30 40 50

-0.5
-1.0
-15
Fig. 12 Initial force vector; Case 2 (d€[0.01h,h])
Tnitial force in the elements (Cuse 3)
f
4
3
2
""" d=0.01h
=— d=h
d=0.5h
— clement
10 20 30 40 50
-1
-2
-3

Fig. 13 Initial force vector; Case 3 (d[0.01h,h])
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Tnitial force in the elements (Cuse 4)

f
4
""" d=0.01h
— d=h
— d=0.5h
10 20 30 40 50 60 cloment
=2
-3
Fig. 14 Initial force vector; Case 4 (d<[0.01h,h])
Initial force in the elements (Case 5)
f
4
3
2
----- d=0.01h
1 — d=h
— d=0.5h
. 6'0 = element.
P
3
Fig. 15 Initial force vector; Case 5 (d[0.01h,h])
Tnitial force in the elements (Case 6)
f
----- d=0.01h
—— d=h
— d=0.5h

clement

Fig. 16 Initial force vector; Case 6 (d€[0.01h,h])
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Initial force in the clements (Case 7)

clement

10 20 30 40 50 60 70

Fig. 17 Initial force vector; Case 7 (d<[0.01h,h])

----- d=0.01h
—— d=h
— d=0.5h

Furthermore, we show (see Figures 18-24) how the internal forces in the elements vary
for d=1 and for values of h ranging from 0.01d (extremely flat grids) to d (square cell grids).
In particular, the red line represents the internal force vector f; for h=0.5d.

2.0

1.0

0.5

Inilial [orce in the elements (Case 1)

element

10 20 30 40

Fig. 18 Initial force vector; Case 1 (h[0.01d,d])

Tnitial force in the elements (Case 2)

clement
10 20 30 40 50

Fig. 19 Initial force vector; Case 2 (he[0.01d,d])

----- h=0.01d
h=d

— h=0.5d

----- h=0.01d

= h=d

h=0.5d
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Initial force in the clements (Case 3)

4
3
2
----- h=0.01d
1 h=d
— h=0.5d
= = element
10 20 30 40 50
]
-2
-3
Fig. 20 Initial force vector; Case 3 (h[0.01d,d])
Initial force in the elements (Case 4)
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Fig. 21 Initial force vector; Case 4 (h[0.01d,d])
Tnitial force in the elements (Case 5)
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Fig. 22 Initial force vector; Case 5 (h[0.01d,d])
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Tnitial force in the elements (Case 6)
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Fig. 23 Initial force vector; Case 6 (he[0.01d,d])

Tnitial force in the elements (Case 7)
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Fig. 24 Initial force vector; Case 7 (h€[0.01d,d])

From the above, the following considerations can be pointed out:

the force densities of all the additional elements are equal to zero, thus the
internal force in these elements are zero for all the possible values of the
geometric parameters d and h. Therefore, the additional elements affect the
kinematical determinacy of the structure (i.e., the number of infinitesimal
mechanisms reduces until it reaches zero in Case 7), but not the stress in the
elements;

the greater value of the tensile internal force is always obtained for the vertical
cables;

if d tends to 0.01h, that is for extremely compact grids, the tensile internal force
in the horizontal cables tends to zero; whereas if h tends to 0.01d, that is, for
extremely flat grids, the tensile internal force in vertical cables is almost zero.

5. Conclusions

We study feasible self-stress states for beam-like tensegrity grids made of V-Expander
elementary cells. Our point of view is that of analyzing the influence on the feasible self-
stress states of the complexification of the grid by the addition of elements, starting from
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the simplest arrangement above indicated as Case 1. In particular, by the complexification
of Case 1 we get seven tensegrity beams, differing between them for the topology, for the
number and the position of elements, but sharing the same symmetry properties. Anyway,
we observe that further beams having different topologies and geometries can be
generated by varying the properties of connections of the additional elements.

The main results of the performed analyses can be summarized as follows:

1. The influence of additional elements can be highlighted by the study of the null
space of the equilibrium matrix, and consequently of the kernel of its transpose.
In particular, we see that by adding elements the number of independent self-
stress states increases. For example, we have only one independent self-stress
state for Case 1, and 11 independent self-stress states for Case 7. Therefore, in the
latter case the study of the feasible solution is much more complex, since we need
11 real coefficients for determining a linear combination of independent self-
stress states satisfying not only the unilateral mechanical behavior of the
elements, but also the symmetry properties of the structure in the self-
equilibrium state.

2. Additional elements “stiffen” the V-Expander tensegrity beam: indeed,
disregarding the 6 rigid-body motions, the number of infinitesimal mechanisms
decreases. In particular, the kinematically indeterminate structure Case 1 has 18
infinitesimal mechanisms, whereas Case 7 is a Kkinematically determinate
structure, i.e., r4a7=0, and then only rigid-body motions are allowed.

As a natural extension of the present work, the mechanical behavior of the analyzed V-
Expander tensegrity beams under external loads may be analyzed in forthcoming studies.
Also, V-Expander tensegrity beams characterized by different patterns of elements (struts
and/or cables) may be investigated.
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