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This work studied the nonlinear transverse vibrations of a cantilevered pipe 
conveying pulsatile two-phase flow. Internal flow induced parametric resonance 
is expected because of the time varying velocity of the conveyed fluid.  This 
unsteady behaviour of the conveyed two-phase flow is considered in the 
governing equation as time dependent individual velocities with the 
harmonically varying components fluctuating about the constant mean 
velocities. Method of multiple scales analysis is adopted to study the nonlinear 
parametric resonance of dynamics of the cantilevered pipe. Contrary to the 
dynamics of pulsating single-phase flow, the assessment shows that if the 
frequencies of pulsation of the two phases are close, both can resonate with the 
pipe’s transverse or axial frequencies together and both can also independently 
resonate with the pipe’s transverse or axial frequencies distinctively.  For the 
planar dynamics when only transverse frequencies are resonated, in the absence 
of internal resonance, numerical results show that the system exhibits softening 
nonlinear behavior. At post critical flow conditions, the system oscillates 
between subcritical and supercritical pitchfork bifurcation to simulate the 
nonlinear Mathieu’s equation. However, in the presence of internal resonance, a 
nonlinear anti-resonance property is developed. Hence, the overall dynamics is 
quasi-periodic. 

© 2020 MIM Research Group. All rights reserved. 
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1. Introduction 

Regardless of a floater concept for a deepwater field development, there is always a need 
of riser system connecting the floater at surface and subsea facility on the seabed as 
explained by Ruxin et al [1]. However, these riser systems are known to be of different 
variants. One of which is the single hybrid riser (SHR) system, a free-standing riser pipe 
decoupled from the floater with the aid of a flexible jumper. Chung et al [2] shows that the 
rich dynamics of cantilever pipes can be adopted as a paradigm for demonstrating the 
complex dynamic characteristics of this type of riser pipes in deep ocean mining. 

As a result of barometric effects, thermal effects and the composition of the hydrocarbon 
compounds, these riser pipes sometimes convey fluid that can be a single phase liquid or a 
single phase gas or a multiple–phase mixture. It is a known fact that dynamics of 
multiphase flow are much more complex when compared to that of single-phase flows. A 
very common multiphase flow is the gas and liquid two phase flow. The flow behaviour of 
a gas and liquid two phase flow brings about the complex interaction of numerous 
variables which complicates the engineering of the conduits that conveys them. 

http://dx.doi.org/10.17515/resm2019.145me0902
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The fluid elastic instability of pipes conveying fluid is mainly due to the unstable vibration 
caused by the fluid flow, when the flow velocity surpasses a critical value and also due to 
harmonically perturbed fluid flow (Pulsating Flows). Nevertheless, the effect of the 
dynamics of pipes conveying fluids has been widely studied by many authors, with most of 
the studies focusing on the linear and nonlinear dynamics of pipes conveying steady flow 
as seen in [3-7]. However, it was highlighted by Ibrahim [8] that an obvious effect of 
pulsating fluid flow is that it forces the pipeline into sustained vibrations under parametric 
resonance conditions. Forlornly, flow conveyed by pipes are rarely steady. Luczko and 
Czerwinski. [9] explains that components of hydraulic systems such as pumps, hydraulic 
engines, fast valves opening and closing, timely injection of inhibitors, elbows, orifices, flow 
through reducers and many other sources of perturbations often generate pulsation of 
fluid flow.  

All the same, the studies on the linear and nonlinear dynamics of pipes conveying pulsating 
flow cannot be seen as new. Earlier works can be dated back to more than four decades for 
various end conditions. Ginsberg [10] pioneered the work considering pinned-pinned 
pipes, then Paidoussis and Issid [11] for cantilevered pipes and Paidoussis and 
Sundararajan [12] for clamped-clamped pipes. Sequel to these early studies, the nonlinear 
dynamics of the subject captivated the minds of many curious researchers which resulted 
to various publications; notable among these, are the works of Semler and Paidoussis [13] 
on the nonlinear analysis of parametric resonance of a planar fluid-conveying cantilevered 
pipe using four different methods; Centre manifold theory, perturbation method, finite 
difference method and Increment harmonic balance method to resolve the equation and 
also comparing the theoretical results with experiments. Namachchivaya and Tien [14] on 
the nonlinear behaviour of supported pipes conveying pulsating fluid examined the 
problem in the vicinity of subharmonic and combination resonance using the method of 
averaging. Pranda and Kar [15] on the nonlinear dynamics of a pipe conveying pulsating 
flow with a combination, principal parametric and internal resonance, adopting the 
method of multiple scale to resolve the transverse vibrations and stability of a hinged-
hinged pipe, Liangqiang et al [16] adopted the multiple scale and normal form theory to 
determine the expressions for the critical bifurcations leading to incipient and secondary 
bifurcations for the transverse vibration of a hinged-hinged pipe, Oz and Boyaci [17] on 
the transverse vibrations of tensioned pipes conveying fluid with time-dependent velocity, 
adopting the method of multiple scale to analytically determine the stability boundaries on 
the system, also considered the cases of fixed-fixed end and fixed-sliding end conditions 
with a varnishing flexural stiffness. Oz [18] on the analysis of nonlinear vibrations and 
stability analysis of tensioned pipe conveying fluid with variable velocity studied the pipe 
with fixed supports and immovable end conditions with the flexural stiffness neglected. 
Singh and Mallik [19] used the wave propagation approach to determine the parametric 
instability regions of a periodically supported pipe conveying fluid. Yoshizawa et al. [20] 
analytically and experimentally studied the lateral vibration of a flexible clamped-hinged 
pipe parametrically excited by a fluctuating harmonic internal flow, it was shown that as 
the amplitude of the pipe deflection grows, the nonlinearity of the fluid force acting on the 
pipe limits the growth, which results in a steady-state vibration. 

On the instability behaviour of pipes conveying multiphase flow, Miwa et al. [21] did a 
review of the extent of existing work on two-phase flow induced vibrations, stating that 
there exist very few researches on the instability behaviour of pipes due to internal two-
phase flow. Some of the few existing publications on this subject are the works of Monette 
and Pettigrew [22] which experimentally and theoretically reveals the relationship 
between the void fraction and the dynamics of the pipe for a two-phase liquid-gas flow. 
Adegoke and Oyediran [23] showed that the attainment of the critical velocities in the axial 
and transverse direction are delayed for a cantilever pipe conveying two phase flow 
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compared to when the pipe is conveying single phase flow. In addition, the critical velocity 
is observed to be increasing as the void fraction of the two-phase flow increases. Adegoke 
and Oyediran [24] studied the nonlinear vibrations of top-tensioned cantilevered pipes 
conveying pressurized steady two-phase flow under thermal loading. The multiple-scale 
assessment reveals that at some frequencies the system is uncoupled, while at other 
frequencies a 1:2 coupling exists between the axial and the transverse frequencies of the 
pipe. Wang et al. [25] adapted the linear equation of transverse motion for single phase 
flow to account for the two phases and resolved the modified equation using finite element 
method; experiments were also performed to measure the characteristic parameters of the 
hydrodynamic slugs and the dynamics response of the pipe. Ortiz-Vidal et al [26] on the 
theoretical study of the dynamic behaviour of pipes conveying Gas-Liquid flow, also 
adapted the linear equation of transverse motion for single phase flow to account for the 
two phases and resolved the modified equation using Galerkin’s method for a pipe clamped 
at both ends.  

As seen in the review of literature, most of the existing publications focused on pipes 
conveying pulsating single phase flow while most of the analytical works on the nonlinear 
problem did not consider the internal coupling between the axial and the transverse 
vibrations.Also, some of the publications neglected the flexural stiffness and modelled the 
pipe as a string with internal fluid flow. On the other hand, recent publications on two 
phase flow worked on establishing the governing equations and the resolution of the linear 
dynamics. While the publication on the nonlinear dynamics of pipes conveying two phase 
flow considered the flow to be steady, neglecting the unsteady velocity term while 
assuming that the flow exhibits a constant flow mixture velocity. However, to the best of 
our knowledge, there seems to be some gaps on the study of the nonlinear dynamics of 
cantilever pipes conveying pulsating two phase fluids. This present study investigates the 
coupled axial and transverse vibrations of a cantilever pipe conveying pulsating two phase 
flow. Approximate analytical approach will be used to resolve the governing equations by 
imposing the method of multiple scales perturbation technique directly to the systems 
equations (direct-perturbation method). 

1. Problem formulation and modeling  

In this work, we considered and assumed a system of cantilevered cylindrical pipe of length 
(L), with cross-sectional area (A), mass per unit length (m), flexural rigidity (EI), and 
conveying multiphase flow. 1. Plug flow velocity profile. 2. The pipe is modelled as Euler-
Bernoulli beam. 3. The motion is planar. 4. Pipe deflections are large, but strains are small. 
5. Pipe centerline is extensible.  

 

Fig. 1 System’s Schematic 
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1.1. Equation of motion 

Adopting the equations of motion of an extensible pipe conveying multi-phase flow as 
obtained by [24] 

(𝑚 + ∑𝑀𝑗

𝑛

𝑗=1

)𝑢̈ + ∑M𝑗𝑈𝑗̇

𝑛

𝑗=1

+ ∑2𝑀𝑗𝑈𝑗𝑢̇
′

𝑛

𝑗=1

+ ∑𝑀𝑗

𝑛

𝑗=1

𝑈𝑗
2𝑢′′ + ∑𝑀𝑗𝑈𝑗̇𝑢

′

𝑛

𝑗=1

− 𝐸𝐴𝑢′′

− 𝐸𝐼(𝑣′′′′𝑣′ + 𝑣′′𝑣′′′) + (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇) − 𝐸𝐴)𝑣′𝑣′′

− (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇))
′
+ (𝑚 + ∑𝑀𝑗

𝑛

𝑗=1

)𝑔 = 0, 

(1) 

(𝑚 + ∑𝑀𝑗

𝑛

𝑗=1

)𝑣̈ + ∑2𝑀𝑗𝑈𝑗 𝑣̇
′

𝑛

𝑗=1

+ ∑𝑀𝑗

𝑛

𝑗=1

𝑈𝑗
2𝑣′′ − ∑𝑎𝑀𝑗

𝑛

𝑗=1

𝑈𝑗
2𝑣′′ + ∑𝑀𝑗𝑈𝑗̇𝑣

′

𝑛

𝑗=1

+ 𝐸𝐼𝑣′′′′ − (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇))𝑣′′

− 𝐸𝐼(3𝑢′′′𝑣′′ + 4𝑣′′′𝑢′′ + 2𝑢′𝑣′′′′ + 𝑣′𝑢′′′′ + 2𝑣′2𝑣′′′′

+ 8𝑣′𝑣′′𝑣′′′ + 2𝑣′′3)

+ (𝑇0 − 𝑃 − 𝐸𝐴(𝛼∆𝑇) − 𝐸𝐴) (𝑢′𝑣′′ + 𝑣′𝑢′′ +
3

2
𝑣′2𝑣′′) = 0 

            

(2) 

 The associated boundary conditions are: 

𝑣(0) = 𝑣′(0), 𝑣′′(𝐿) = 𝑣′′′(𝐿) = 0  𝑎𝑛𝑑 𝑢(0) = 𝑢′(𝐿) = 0 (3) 

Where x is the longitudinal axis, v is the transverse deflection, u is the axial deflection, n is 
the number of phases which is 2 in this study. In the fluid, Mj is the mass of the jth phase 
and Uj is its corresponding speed. m is the mass of the pipe, To is tension, P is the pressure, 
α is the thermal expansivity term, ∆T relates to the temperature difference and a relates to 
the Poisson ration (r) as a=1-2r. 

Using these dimensionless quantities and notations: 

 

 

𝑢̅ =
𝑢

𝐿
  ,   𝑣̅ =

𝑣

𝐿
  ,   𝑡̅ = [

𝐸𝐼

∑𝑀𝑗 + 𝑚
]

1
2⁄ 𝑡

𝐿2
  ,   𝑈𝑗 = [

𝑀𝑗

𝐸𝐼
]

1
2⁄

𝑈𝐿 , 𝛾 =  
∑𝑀𝑗 + 𝑚

𝐸𝐼
𝐿3𝑔, 

  𝛹𝑗 =
𝑀𝑗

∑𝑀𝑗

, 𝛱0 =
𝑇𝑜𝐿

2

𝐸𝐼
 ,  𝛱1 =

𝐸𝐴𝐿2

𝐸𝐼
, 𝛱2 =

𝑃𝐿2

𝐸𝐼
. 𝛽𝑗 =

𝑀𝑗

∑𝑀𝑗 + 𝑚
,    

Notations:  

𝐶11 = √𝛹1√𝛽1 , 𝐶12 = √𝛹2√𝛽2 , 𝐶21 = 2√𝛹1√𝛽1 , 𝐶22 = 2√𝛹2√𝛽2 , 𝐶31 = 𝛹1 , 
𝐶32 = 𝛹2, 𝐶5 = 𝛱1, 𝐶6 = (𝛱0 − 𝛱2 − 𝛱1(𝛼∆𝑇) − 𝛱1), 𝐶7 = 𝛱0 − 𝛱2 − 𝛱1(𝛼∆𝑇).    

The equation is reduced to that of a two-phase flow as: 

𝑢̈̅ + 𝑈1
̅̅ ̅̇𝐶11+ 𝑈2

̅̅ ̅̇𝐶12+ 𝑈1𝐶21𝑢̇̅′ + 𝑈2𝐶22𝑢̇̅′ + 𝐶31𝑈1
̅̅ ̅2

𝑢̅′′ + 𝐶32𝑈2
̅̅ ̅2

𝑢̅′′ +

𝑈1
̅̅ ̅̇ 𝐶11𝑢̅′ + 𝑈2

̅̅ ̅̇ 𝐶12𝑢̅′ − 𝐶5𝑢̅′′ − (𝑣̅′′′′𝑣̅′ + 𝑣̅′′𝑣̅′′′) + 𝐶6𝑣̅′𝑣̅′′ − C7′ + 𝛾 = 0                                           
(4)                                                                                                                            
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𝑣̈̅ + 𝑈1𝐶21𝑣̇̅′ + 𝑈2𝐶22𝑣̇̅′ + 𝐶31𝑈1
̅̅ ̅2

𝑣̅′′ + 𝐶32𝑈2
̅̅ ̅2

𝑣̅′′ − 𝑎𝐶31𝑈1
̅̅ ̅2

𝑣̅′′ − 𝑎𝐶32𝑈2
̅̅ ̅2

𝑣̅′′ +

𝑈1
̅̅ ̅̇ 𝐶11𝑣̅′ + 𝑈2

̅̅ ̅̇ 𝐶12𝑣̅′ − 𝐶8𝑣̅′′ + 𝑣̅′′′′ − (3𝑢̅′′′𝑣̅′′ + 4𝑣̅′′′𝑢̅′′ + 2𝑢̅′𝑣̅′′′′ + 𝑣̅′𝑢̅′′′′ +

2𝑣̅′2𝑣̅′′′′ + 8𝑣̅′𝑣̅′′𝑣̅′′′ + 2𝑣̅′′3) + 𝐶6(𝑢̅′𝑣̅′′ + 𝑣̅′𝑢̅′′ +
3

2
𝑣̅′2𝑣̅′′) = 0                                                           

(5)                                                                                                                                                                                       

For the purpose of this analysis, two novel driving functions 𝑈1  and 𝑈2  are introduced to 
pulsate the two phases such that their velocities fluctuate harmonically at frequencies 
(Ω1 and Ω2) about constant mean values (𝑈01

 and 𝑈02
). This differs from the steady 

velocities considered in [24]. Precisely, the driving functions are expressed as; 

𝑈1 = 𝑈01
 (1+ μ1 sin(Ω1T0)) 𝑎𝑛𝑑 𝑈2 = 𝑈02

 (1 + μ2 sin(Ω2T0))                                            (6) 

For the two-phase flow, the empirical relationship is obtained by expressing the 
component’s velocities in terms of the superficial velocities as: 

𝑉𝑔 = 𝑈𝑔𝑣𝑓,    𝑉𝑙 = 𝑈𝑙(1 − 𝑣𝑓)                                                      
(7)                       

Where 𝑈𝑔 and 𝑈𝑙 are the superficial flow velocities. 

Adopting the Chisholm empirical relations as presented in [27], 

Void fraction:  

𝑣𝑓 = [1 + √1 − x (1 −
𝜌𝑙

𝜌𝑔
)(

1−x

x
)(

𝜌𝑔

𝜌𝑙
)]

−1

 =  
Volume of gas

Volume of gas+Volume of  Liquid
                             (8)                                              

Slip Ratio:    𝑆 =
𝑉𝑔

𝑉𝑙
= [1 − x (1 −

𝜌𝑙

𝜌𝑔
)]

1/2

    (9) 

The vapour quality: (x) 

The densities of the liquid and gas phases respectively: (𝜌𝑙  and 𝜌𝑔)   

Mixture Velocity: 𝑉𝑇 = 𝑈𝑔𝑣𝑓 + 𝑈𝑙(1 − 𝑣𝑓)                                                                                     (10)                                                                                                                          

Individual Velocities:  

𝑉𝑙 =
𝑉𝑇

𝑆+1
, 𝑉𝑔 =

S𝑉𝑇

𝑆+1
                                                                                                                                     (11) 

For various void fractions (0.1, 0.3, and 0.5) and a series of mixture velocities, the 
corresponding slip ratio and individual velocities are estimated and used for calculations. 

2. Method of Solution 

We seek an approximate solution for 𝑢̅ 𝑎𝑛𝑑 𝑣̅  in the form: 

𝑢̅ = 𝑢̅0(𝑇0, 𝑇1) + 𝜀𝑢̅1(𝑇0, 𝑇1) + 𝜀2𝑢̅2(𝑇0,𝑇1) + 𝑂(𝜀) (12) 
𝑣̅ = 𝑣̅0(𝑇0, 𝑇1) + 𝜀𝑣̅1(𝑇0 ,𝑇1) + 𝜀2𝑣̅2(𝑇0, 𝑇1) + 𝑂(𝜀) (13) 

For this purpose, two time scales are needed 𝑇0 = 𝑡  and 𝑇1 = 𝜀𝑡. Where 𝜀 is used as a 
bookkeeping parameter. Perturbing the non-dimensional form of the governing equations 
and the pulsation of the phases, equations (14, 15 and 16) are realized; 

𝑢̈̅ + 𝑈1
̅̅ ̅̇𝐶11+ 𝑈2

̅̅ ̅̇𝐶12+ 𝑈1𝐶21𝑢̇̅′ + 𝑈2𝐶22𝑢̇̅′ + 𝐶31𝑈1
̅̅ ̅2

𝑢̅′′ + 𝐶32𝑈2
̅̅ ̅2

𝑢̅′′ +

𝑈1
̅̅ ̅̇ 𝐶11𝑢̅′ + 𝑈2

̅̅ ̅̇ 𝐶12𝑢̅′ − 𝐶5𝑢̅′′ + ε(−(𝑣̅′′′′𝑣̅′ + 𝑣̅′′𝑣̅′′′) + 𝐶6𝑣̅′𝑣̅′′ − C7′ + 𝛾) = 0                              
(14)                                         
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𝑣̈̅ + 𝑈1𝐶21𝑣̇̅′ + 𝑈2𝐶22𝑣̇̅′ + 𝐶31𝑈1
̅̅ ̅2

𝑣̅′′ + 𝐶32𝑈2
̅̅ ̅2

𝑣̅′′ − 𝑎𝐶31𝑈1
̅̅ ̅2

𝑣̅′′ −

𝑎𝐶32𝑈2
̅̅ ̅2

𝑣̅′′ + 𝑈1
̅̅ ̅̇ 𝐶11𝑣̅′ + 𝑈2

̅̅ ̅̇ 𝐶12𝑣̅′ − 𝐶7𝑣̅′′ + 𝑣̅′′′′ + 𝜀 (−(3𝑢̅′′′𝑣̅′′ + 4𝑣̅′′′𝑢̅′′ +

2𝑢̅′𝑣̅′′′′ + 𝑣̅′𝑢̅′′′′ + 2𝑣̅′2𝑣̅′′′′ + 8𝑣̅′𝑣̅′′𝑣̅′′′ + 2𝑣̅′′3) + 𝐶6(𝑢̅′𝑣̅′′ + 𝑣̅′𝑢̅′′ +

3

2
𝑣̅′2𝑣̅′′)) = 0                                    

(15) 

𝑼𝟏 
̅̅ ̅̅ = 𝑈1

̅̅ ̅ (1+ εμ1 sin(Ω1T0)) and 𝑼𝟐
̅̅ ̅̅ = 𝑈2

̅̅ ̅ (1 + εμ2 sin(Ω2T0)) (16) 

Sorting the perturbed equations in orders of (𝜀), we have: 

U-equation: 

𝑂(ε0): 𝐷0
2
𝑢̅0 + 𝐶21𝐷0𝑢̅0

′𝑈̅1 + 𝐶22𝐷0𝑢̅0
′′𝑈2 + 𝐶31𝑢̅0

′′𝑈̅1
2
+ 𝐶32𝑢̅0

′′𝑈2
2
−

𝐶5𝑢̅0
′′ = 0  

(17) 

𝑂(ε1): 𝐷0
2
𝑢̅1 + 𝐶21𝐷0𝑢̅1

′𝑈1 + 𝐶22𝐷0𝑢̅1
′𝑈2 + 2𝐷0𝐷1𝑢̅0 + 𝐶31𝑢̅1

′′𝑈1
2
+

𝐶32𝑢̅1
′′𝑈̅2

2
+ C21𝐷0𝑢̅1

′𝑈1 + 𝐶22𝐷0𝑢̅1
′𝑈2 − 𝐶5𝑢̅1

′′ − 𝑣̅0
′′′′𝑣̅0

′ − C7′ + 𝛾 −
𝑣̅0

′′𝑣̅0
′′′ + 𝐶6𝑣̅0

′𝑣̅0
′′ + C21𝐷1𝑢̅0

′𝑈1 + 𝐶22𝐷1𝑢̅0
′𝑈2 + 𝐶11𝛺1𝜇1 𝑐𝑜𝑠(𝛺1𝑇0)𝑈1 +

𝐶12𝛺2𝜇2 𝑐𝑜𝑠(𝛺2𝑇0)𝑈2 + 2𝐶31𝜇1 𝑠𝑖𝑛(𝛺1𝑇0)𝑈̅1
2
𝑢̅0

′′ +

2𝐶32𝜇2 𝑠𝑖𝑛(𝛺2𝑇0)𝑈2
2
𝑢̅0

′′ + 𝐶21𝜇1 𝑠𝑖𝑛(𝛺1𝑇0)𝐷0𝑈1 𝑢̅0
′ +

𝐶22𝜇2 𝑠𝑖𝑛(𝛺2𝑇0)𝐷0𝑈̅2 𝑢̅0
′ + 𝐶41𝛺1𝜇1 𝑐𝑜𝑠(𝛺1𝑇0)𝑈1𝑢̅0

′ +
𝐶42𝛺2𝜇2 𝑐𝑜𝑠(𝛺2𝑇0)𝑈2𝑢̅0

′ = 0  

(18) 

 

V-equation: 

𝑂(ε0): 𝐷0
2
𝑣̅0 − 𝐶7𝑣̅0′

′ + 𝑣̅0
′′′′ + 𝐶21𝐷0𝑣̅0

′𝑈1 + 𝐶22𝐷0𝑣̅0
′𝑈2 + 𝐶31𝑣̅0

′′𝑈1
2
+

𝐶32𝑣̅0
′′𝑈2

2
− 𝑎𝐶31𝑣̅0

′′𝑈1
2
− 𝑎𝐶32𝑣̅0

′′𝑈2
2

= 0  
(17)                                                                                                                                                                                                   

𝑂(ε1):       𝐷0
2
𝑣̅1 − 𝐶7𝑣̅1

′′ + 𝑣̅1
′′′′ − 𝑢̅0

′′′′𝑣̅0
′ − 2𝑢̅0

′𝑣̅0
′′′′ − 4𝑢̅0

′′𝑣̅0
′′′ −

3𝑣̅0
′′𝑣̅0

′′′ − 2𝑣̅0
3′′

− 2𝑣̅0
′′′′𝑣̅0

2′
+ 2𝐷0𝐷1𝑣̅0 + 𝐶31𝑣̅1

′′𝑈̅1
2
+ 𝐶32𝑣̅1

′′𝑈2
2
−

8𝑣̅0
′𝑣̅0

′′𝑣̅0
′′′ + 𝐶6𝑢̅0

′𝑣̅0
′′ + 𝐶6𝑢̅0

′′𝑣̅0
′ +

3

2
𝐶6𝑣̅0

2′
𝑣̅0

′′ + 𝐶21𝐷0𝑣̅0
′𝑈1 +

𝐶22𝐷0𝑣̅0
′𝑈̅2 + 𝐶21𝐷1𝑣̅0

′𝑈̅1 + 𝐶22𝐷1𝑣̅0
′𝑈2 − 𝑎𝐶31𝑣̅1

′′𝑈1
2
− 𝑎𝐶32𝑣̅1

′′𝑈2
2
+

2𝐶31𝜇1 𝑠𝑖𝑛(𝛺1𝑇0)𝑈1
2
𝑣̅0

′′ + 2𝐶32𝜇2 𝑠𝑖𝑛(𝛺2𝑇0)𝑈2
2
𝑣̅0

′′ +
𝐶21𝜇1 𝑠𝑖𝑛(𝛺1𝑇0)𝐷0𝑈1 𝑣̅0

′ + 𝐶22𝜇2 𝑠𝑖𝑛(𝛺2𝑇0)𝐷0𝑈2 𝑣̅0
′ −

2𝑎𝐶31𝜇1 𝑠𝑖𝑛(𝛺1𝑇0)𝑈1
2
𝑣̅0

′′ − 2𝑎𝐶32𝜇2 𝑠𝑖𝑛(𝛺2𝑇0)𝑈2
2
𝑣̅0

′′ +
𝐶41𝛺1𝜇1 𝑐𝑜𝑠(𝛺1𝑇0)𝑈1𝑣̅0

′ + 𝐶42𝛺2𝜇2 𝑐𝑜𝑠(𝛺2𝑇0)𝑈2𝑣̅0
′ = 0                                                                                                                                                              

(18) 

The planar natural frequencies and mode shapes can be obtained by solving the leading 
order equations. The homogeneous solution of the leading order equations (17) and (19) 
can be expressed as: 

𝑢̅(𝑥, 𝑇0,𝑇1)0 = 𝜙(𝑥)𝑛 𝑒𝑥𝑝(𝑖𝜔𝑛𝑇0) + 𝐶𝐶                                                                                          (19) 

𝑣̅(𝑥, 𝑇0,𝑇1)0 = 𝜂(𝑥)𝑛 𝑒𝑥𝑝(𝑖𝜆𝑛𝑇0) + 𝐶𝐶                                                                                         (20) 

Where (𝐶𝐶) is the complex conjugate, 𝜙(𝑥)𝑛 𝑎𝑛𝑑 𝜂(𝑥)𝑛 are the complex modal functions 
for the axial and transverse vibrations for each mode (n) and, 𝜔𝑛 𝑎𝑛𝑑 𝜆𝑛 are the 
eigenvalues for the axial and transverse vibrations for each mode (n). 
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3.1 Principal parametric resonance 

Substituting the homogeneous solution of the leading order equations into the equations 
(18) and (20) gives; 

𝐷0
2𝑢̅1 − 𝐶5𝑢̅1

′′ + 𝐶21𝐷0𝑢̅1
′𝑈1 + 𝐶22𝐷0𝑢̅1

′𝑈2 + 𝐶31𝑢̅1
′′𝑈1

2
+ 𝐶32𝑢̅1

′′𝑈2
2

=

−(𝐶21
𝜕𝑋(𝑇1)

𝜕𝑇1

𝜕𝜙(𝑥)

𝜕𝑥
𝑈1 + 𝐶22

𝜕𝑋(𝑇1)

𝜕𝑇1

𝜕𝜙(𝑥)

𝜕𝑥
𝑈2 + 2𝑖

𝜕𝑋(𝑇1)

𝜕𝑇1
𝜔)𝑒𝑥𝑝(𝑖𝜔𝑇0) +

𝑌(𝑇1)2 (
𝜕𝜂(𝑥)

𝜕𝑥

𝜕4𝜂(𝑥)

𝜕𝑥4
+

𝜕2𝜂(𝑥)

𝜕𝑥2

𝜕3𝜂(𝑥)

𝜕𝑥3
− 𝐶6

𝜕𝜂(𝑥)

𝜕𝑥

𝜕2𝜂(𝑥)

𝜕𝑥2
) 𝑒𝑥𝑝(2𝑖𝜆𝑇0) +

[𝐶32𝜇2
𝜕2𝜙(𝑥)

𝜕𝑥2
𝑒𝑥𝑝(𝑖𝛺2𝑇0)𝑈2

2
𝑖 −

1

2
(𝐶21𝜇1

𝜕𝜙(𝑥)

𝜕𝑥
𝑒𝑥𝑝(−𝑖𝛺1𝑇0)𝑈1 𝜔) +

1

2
(𝐶21𝜇1

𝜕𝜙(𝑥)

𝜕𝑥
𝑒𝑥𝑝(𝑖𝛺1𝑇0)𝑈1 𝜔) −

1

2
(𝐶22𝜇2

𝜕𝜙(𝑥)

𝜕𝑥
𝑒𝑥𝑝(−𝑖𝛺2𝑇0)𝑈2 𝜔) +

1

2
(𝐶22𝜇2

𝜕𝜙(𝑥)

𝜕𝑥
𝑒𝑥𝑝(𝑖𝛺2𝑇0)𝑈̅2 𝜔) −

1

2
(𝐶41𝛺1𝜇1

𝜕𝜙(𝑥)

𝜕𝑥
𝑒𝑥𝑝(−𝑖𝛺1𝑇0)𝑈1) −

1

2
(𝐶41𝛺1𝜇1

𝜕𝜙(𝑥)

𝜕𝑥
𝑒𝑥𝑝(𝑖𝛺1𝑇0)𝑈̅1) −

1

2
(𝐶42𝛺2𝜇2

𝜕𝜙(𝑥)

𝜕𝑥
𝑒𝑥𝑝(−𝑖𝛺2𝑇0)𝑈2) −

1

2
(𝐶42𝛺2𝜇2

𝜕𝜙(𝑥)

𝜕𝑥
𝑒𝑥𝑝(𝑖𝛺2𝑇0)𝑈2) − 𝐶32𝜇2

𝜕2𝜙(𝑥)

𝜕𝑥2
𝑒𝑥𝑝(−𝑖𝛺2𝑇0)𝑈2

2
𝑖 −

𝐶31𝜇1
𝜕2𝜙(𝑥)

𝜕𝑥2
𝑒𝑥𝑝(−𝑖𝛺1𝑇0)𝑈1

2
𝑖 + 𝐶31𝜇1

𝜕2𝜙(𝑥)

𝜕𝑥2
𝑒𝑥𝑝(𝑖𝛺1𝑇0)𝑈1

2
𝑖]𝑋(𝑇1)𝑒𝑥𝑝(𝑖𝜔𝑇0) +

[𝐶32𝜇2
𝜕2𝜙(𝑥)̅̅ ̅̅ ̅̅ ̅

𝜕𝑥2
𝑒𝑥𝑝(𝑖𝛺2𝑇0)𝑈2

2
𝑖 +

1

2
(𝐶21𝜇1

𝜕𝜙(𝑥)̅̅ ̅̅ ̅̅ ̅

𝜕𝑥
𝑒𝑥𝑝(𝑖𝛺1𝑇0)𝑈̅1 𝜔) +

1

2
(𝐶22𝜇2

𝜕𝜙(𝑥)̅̅ ̅̅ ̅̅ ̅

𝜕𝑥
𝑒𝑥𝑝(𝑖𝛺2𝑇0)𝑈2 𝜔) −

1

2
(𝐶41𝛺1𝜇1

𝜕𝜙(𝑥)̅̅ ̅̅ ̅̅ ̅

𝜕𝑥
𝑒𝑥𝑝(𝑖𝛺1𝑇0)𝑈̅1) −

1

2
(𝐶42𝛺2𝜇2

𝜕𝜙(𝑥)̅̅ ̅̅ ̅̅ ̅

𝜕𝑥
𝑒𝑥𝑝(𝑖𝛺2𝑇0)𝑈2) +

𝐶31𝜇1
𝜕2𝜙(𝑥)̅̅ ̅̅ ̅̅ ̅

𝜕𝑥2
𝑒𝑥𝑝(𝑖𝛺1𝑇0)𝑈1

2
𝑖] 𝑋(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝑒𝑥𝑝(−𝑖𝜔𝑇0) + 𝑁𝑆𝑇 + 𝐶𝐶 = 0  

(23)  

𝐷0
2𝑣̅1 − 𝐶7𝑣̅1′

′ + 𝑣̅1
′′′′ + 𝐶21𝐷0𝑣̅1

′𝑈1 + 𝐶22𝐷0𝑣̅1
′𝑈2 + 𝐶31𝑣̅1

′′𝑈̅1
2
+

𝐶32𝑣̅1
′′𝑈2

2
− 𝑎𝐶31𝑣̅1

′′𝑈̅1
2
− 𝑎𝐶32𝑣̅1

′′𝑈̅2
2
= (−

𝜕𝑌(𝑇1)    

𝜕𝑇1
(𝐶21

𝜕𝜂(𝑥)

𝜕𝑥
𝑈1 +

𝐶22
𝜕𝜂(𝑥)

𝜕𝑥
𝑈2 + 2𝜂(𝑥)𝜆𝑖) + 6𝑌(𝑇1)2𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ (

𝜕𝜂(𝑥)

𝜕𝑥
)

2 𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥
+

2𝑌(𝑇1)2𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ (
𝜕𝜂(𝑥)

𝜕𝑥
)

2 𝜕4𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥4
+ 4𝑌(𝑇1)2𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝜕𝜂(𝑥)

𝜕𝑥

𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥

𝜕4𝜂(𝑥)

𝜕𝑥4
+

8𝑌(𝑇1)2𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝜕𝜂(𝑥)

𝜕𝑥

𝜕2𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥2

𝜕3𝜂(𝑥)

𝜕𝑥3
+ 8𝑌(𝑇1)2𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥

𝜕2𝜂(𝑥)

𝜕𝑥2

𝜕3𝜂(𝑥)

𝜕𝑥3
−

3𝐶6.𝑌(𝑇1)2𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝜕𝜂(𝑥)

𝜕𝑥

𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥

𝜕2𝜂(𝑥)

𝜕𝑥2
+ 8𝑌(𝑇1)2𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝜕𝜂(𝑥)

𝜕𝑥

𝜕2𝜂(𝑥)

𝜕𝑥2

𝜕3𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥3
−

3

2
𝐶6. 𝑌(𝑇1)2𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ (

𝜕𝜂(𝑥)

𝜕𝑥
)

2 𝜕2𝜂(𝑥)

𝜕𝑥2 )𝑒𝑥𝑝(𝑖𝜆𝑇0) + (2𝑋(𝑇1)𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝜕Φ(𝑥)

𝜕𝑥

𝜕4𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥4
+

4𝑋(𝑇1)𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝜕2Φ(𝑥)

𝜕𝑥2

𝜕3𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕3
+

3𝑋(𝑇1)𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝜕2𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕2

𝜕3Φ(𝑥)

𝜕3
)𝑒𝑥𝑝(𝑖𝜔𝑇0)𝑒𝑥𝑝(−𝑖𝜆𝑇0) −

(𝐶6𝑋(𝑇1)𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝜕Φ(𝑥)

𝜕𝑥

𝜕2𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥2
+

𝐶6𝑋(𝑇1)𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥

𝜕2Φ(𝑥)

𝜕𝑥2
) 𝑒𝑥𝑝(𝑖𝜔𝑇0)𝑒𝑥𝑝(−𝑖𝜆𝑇0) + [(

1

2
(𝐶22𝜇2

𝜕𝜂(𝑥)

𝜕𝑥
𝑈2𝜆) −

1

2
(𝐶42𝛺2𝜇2

𝜕𝜂(𝑥)

𝜕𝑥
𝑈2) + 𝑎𝐶32𝜇2

𝜕2𝜂(𝑥)

𝜕𝑥2
𝑈2

2
𝑖 −

𝐶32𝜇2
𝜕2𝜂(𝑥)

𝜕𝑥2
𝑈2

2
𝑖) 𝑒𝑥𝑝(−𝑖𝛺2𝑇0) + (

1

2
(𝐶21𝜇1

𝜕𝜂(𝑥)

𝜕𝑥
𝑈1𝜆) −

1

2
(𝐶41𝛺1𝜇1

𝜕𝜂(𝑥)

𝜕𝑥
𝑈1) + 𝑎𝐶31𝜇1

𝜕2𝜂(𝑥)

𝜕𝑥2
𝑈1

2
𝑖 −

𝐶31𝜇1
𝜕2𝜂(𝑥)

𝜕𝑥2
𝑈1

2
𝑖) 𝑒𝑥𝑝(−𝑖𝛺1𝑇0) − (

1

2
(𝐶21𝜇1

𝜕𝜂(𝑥)

𝜕𝑥
𝑈1𝜆) −

1

2
(𝐶41𝛺1𝜇1

𝜕𝜂(𝑥)

𝜕𝑥
𝑈1) + 𝑎𝐶31𝜇1

𝜕2𝜂(𝑥)

𝜕𝑥2
𝑈1

2
𝑖 − 𝐶31𝜇1

𝜕2𝜂(𝑥)

𝜕𝑥2
𝑈1

2
𝑖) 𝑒𝑥𝑝(𝑖𝛺1𝑇0) −

(
1

2
(𝐶22𝜇2

𝜕𝜂(𝑥)

𝜕𝑥
𝑈2𝜆) −

1

2
(𝐶42𝛺2𝜇2

𝜕𝜂(𝑥)

𝜕𝑥
𝑈2) + 𝑎𝐶32𝜇2

𝜕2𝜂(𝑥)

𝜕𝑥2
𝑈2

2
𝑖 −

(24) 
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𝐶32𝜇2
𝜕2𝜂(𝑥)

𝜕𝑥2
𝑈2

2
𝑖) 𝑒𝑥𝑝(𝑖𝛺2𝑇0)]𝑌(𝑇1)𝑒𝑥𝑝(𝑖𝜆𝑇0) + [(

1

2
(𝐶21𝜇1

𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥
𝑈1𝜆) −

1

2
(𝐶41𝛺1𝜇1

𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥
𝑈1) − 𝑎𝐶31𝜇1

𝜕2𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥2
𝑈1

2
𝑖 + 𝐶31𝜇1

𝜕2𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥2
𝑈1

2
𝑖) 𝑒𝑥𝑝(𝑖𝛺1𝑇0) +

(
1

2
(𝐶22𝜇2

𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥
𝑈2𝜆) −

1

2
(𝐶42𝛺2𝜇2

𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥
𝑈2) − 𝑎𝐶32𝜇2

𝜕2𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥2
𝑈2

2
𝑖 +

𝐶32𝜇2
𝜕2𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥2
𝑈2

2
𝑖) 𝑒𝑥𝑝(𝑖𝛺2𝑇0)]𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅̅ 𝑒𝑥𝑝(−𝑖𝜆𝑇0) + 𝑁𝑆𝑇 + 𝐶𝐶 = 0  

Here NST denotes non-secular terms. Examining the equations for expressions that will 
lead to secular terms, it can be observed that various scenarios exist. However, unlike 
pulsating single-phase flow, three fundamental parametric resonance problems that are 
solely associated with the planar dynamics of pipes with pulsating two-phase flow are 
identified: 

 Parametric resonance case with Ω1 and Ω2 close to 2λ but far from 2ω 

 Parametric resonance case with Ω1 and Ω2 close to 2ω but far from 2λ 

 Parametric resonance case with Ω1 close to 2ω and Ω2 close to 2λ 

𝜔 and 𝜆 are the axial and transverse natural frequencies. As reported in [4], there is 1:2 
internal resonance relationships between the axial and transverse frequencies. However, 
this study only considers the transverse vibrations with parametric resonance case where 
Ω1 and Ω2 are equal and close to 2𝜆 but far from 2𝜔 for both the internal resonance 
condition and (𝜔 = 2𝜆) away from the internal resonance condition (𝜔 ≠ 2𝜆).  

The proximity of nearness is expressed as: Ω1 = 2𝜆 + 𝜀𝜎2 𝑎𝑛𝑑 Ω2 = 2𝜆 + 𝜀𝜎2, (Where 𝜎2 
is the detuning parameter between the forcing frequency and transverse natural 
frequency). 

3.1.1 When 𝝎 is far from 𝟐𝝀 (Away from Internal resonance condition) 

The inner product defined for complex functions on {0, 1} as: 〈𝑓, 𝑔〉 = ∫ 𝑓𝑔̅
1

0
𝑑𝑥.  

Solvability criterion demands that the coefficient of 𝑒𝑥𝑝(𝑖𝜔𝑇0)  𝑎𝑛𝑑 𝑒𝑥𝑝(𝑖𝜆𝑇0) should 
vanish [5]. This implies that, X(T1) and Y(T1) should satisfy the following relation: 

𝜕𝑋(𝑇1)

𝜕𝑇1

= 0 (21) 

𝜕𝑌(𝑇1)

𝜕𝑇1

+ 𝑁𝑌(𝑇1)
2𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅ + 𝑀𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅ 𝑒𝑥𝑝(𝑖𝜎2𝑇1) = 0 (22) 

Where: 𝑁 =
∫ [B2]𝜂(𝑥)̅̅ ̅̅ ̅̅1
0 𝑑𝑥

−∫ [B1]𝜂(𝑥)̅̅ ̅̅ ̅̅1
0 𝑑𝑥

 , 𝑀 =
∫ [B4+B5]𝜂(𝑥)̅̅ ̅̅ ̅̅1
0 𝑑𝑥

−∫ [B1]𝜂(𝑥)̅̅ ̅̅ ̅̅1
0 𝑑𝑥

.        

B1, B2, B4 and B5 are defined in the appendix.    

Expressing the solutions of equations (18) and (19) in polar form as:      

𝑌(𝑇1) =
1

2
𝛼𝑦(𝑇1)𝑒

𝑖𝛽𝑦(𝑇1)  𝑎𝑛𝑑  𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅ =
1

2
𝛼𝑦(𝑇1)𝑒

−𝑖𝛽𝑦(𝑇1) (23) 

𝑋(𝑇1) =
1

2
𝛼𝑥(𝑇1)𝑒

𝑖𝛽𝑥(𝑇1)  𝑎𝑛𝑑  𝑋(𝑇1)̅̅ ̅̅ ̅̅ ̅ =
1

2
𝛼𝑥(𝑇1)𝑒

−𝑖𝛽𝑥(𝑇1)                                              (24) 

Solving equation (25) for X(𝑇1), gives a constant amplitude solution up to the 1st order  
approximation: 
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  𝑋(𝑇1) = 𝛼𝑥0                      (25) 

Adopting the assumed solutions in equation (28), the modulation equations are formed. 
With ‘R’ the real parts and ‘I’ the imaginary parts of M and N. The stationary solutions are 
obtained as:  

𝜓 = tan−1 (
𝑁𝐼𝛼𝑦(𝑇1)

2 + 2𝜎2

𝑁𝑅𝛼𝑦(𝑇1)2
) − tan−1 (

𝑀𝐼

𝑀𝑅
) (26) 

(𝑁𝐼2 + 𝑁𝑅2)𝛼𝑦(𝑇1)
4 + 4𝑁𝐼𝜎2𝛼𝑦(𝑇1)

2 − 16𝑀𝑅2 − 16𝑀𝐼2 + 4𝜎2
2 = 0 (27) 

With A = 𝑁𝐼2 + 𝑁𝑅2, B = 4𝑁𝐼𝜎2, C = 4𝜎2
2 − 16𝑀𝑅2 − 16𝑀𝐼2 

The solution of equation (24) will produce four roots of 𝛼𝑦(𝑇1): 

𝛼𝑦(𝑇1) = ±
√−

2(B+√B2−4AC)

A

2
 or ±

√−
2(B−√B2−4AC)

A

2
 

(32) 

However, the acceptable solution of  αy(𝑇1) is the root of the quartic equation (31) that is 

real and positive. Considering: 𝑇0 = 𝑡 ,  𝛼𝑦(𝑇1)𝑛 = 𝛼𝑦𝑛 , 𝛽𝑦(𝑇1)𝑛 =
𝜎2𝑛𝑇1−𝜓𝑛

2
, Ω1 = Ω2 = Ω.  

With the stability condition fulfilled, the particular solution of equation (24) away from 
internal resonance condition is obtained as: 

𝑣1 =
𝐺1𝛼𝑦(𝑇1)

3

4
𝑐𝑜𝑠(3(𝛽𝑦(𝑇1) + 𝑇0𝜆)) + 𝐺2𝛼𝑦(𝑇1) 𝑐𝑜𝑠(𝛽𝑦(𝑇1) + 𝑇0(𝛺 + 𝜆))   (33) 

The first order approximate solution of 𝑣̅(𝑥, 𝑡) without internal resonance is expressed as:  

𝑣̅(𝑥, 𝑡) = ∑ 𝛼𝑦𝑛|𝜂(𝑥)𝑛| 𝑐𝑜𝑠 (
(𝑡Ω−𝜓)

2
+ 𝜑𝑦𝑛) + 𝑂(𝜀)∞

n=1                                                            (34) 

The phase angles  (𝜑𝑦𝑛) are given by: tan(𝜑𝑦𝑛) =
𝐼𝑚{𝜂(𝑥)𝑛}

𝑅𝑒{𝜂(𝑥)𝑛}
. 

The stability of the solutions is determined by examining the eigenvalues of the Jacobian 
of the modulation equations. The Jacobian is expressed as: 

𝐽 = [
−

𝑁𝑅𝛼𝑦(𝑇1)

2
𝑀𝐼 cos(𝜓) + 𝑀𝑅 sin(𝜓)

−
𝑁𝑅𝛼𝑦(𝑇1)

2
𝑀𝐼 sin(𝜓) 𝑀𝐼 sin(𝜓) − 𝑀𝑅 cos(𝜓)

] (35) 

The characteristics equation is obtained by solving for the eigenvalues of the Jacobian, 

|𝐽 − 𝜗𝐼| = 0, where ϑ are the eigenvalues.  

However, to assess the stability of the nonlinear solution (nontrivial solution), we 
substitute the solutions of 𝛼𝑦(𝑇1) as obtained from equation (32) into the characteristic 
equation: 

𝜗2 + 𝐶1𝜗 + 𝐶2 = 0                                                           (36) 
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𝐶1 = 𝑀𝑅 cos(𝜓) − 𝑀𝐼 sin(𝜓) +
𝑁𝑅𝛼𝑦(𝑇1)

2
, 

𝐶2 =
𝑀𝐼𝑁𝐼𝛼𝑦(𝑇1) cos(𝜓)

2
+

𝑀𝑅𝑁𝑅𝛼𝑦(𝑇1) cos(𝜓)

2
−

𝑀𝐼𝑁𝑅𝛼𝑦(𝑇1) sin(𝜓)

2
+

𝑀𝑅𝑁𝐼𝛼𝑦(𝑇1) sin(𝜓)

2
, 

Adopting the Routh-Hurwitz criteria, the nonlinear fixed point solution of 𝛼𝑦(𝑇1) is stable 
only if: 

𝐶1 > 0 𝑎𝑛𝑑 𝐶2 > 0.  

1.1.1 When 𝛚 is close to 𝟐𝛌 (Internal resonance condition) 

When  𝜔 = 2𝜆, another detuning parameter 𝜎1, is introduced: 𝜔 = 2𝜆 + 𝜀𝜎1,  therefore; 
2𝜆𝑇0 = 𝜔𝑇0 − 𝜎1𝑇1 𝑎𝑛𝑑 (𝜔 − 𝜆)𝑇0 = 𝜆𝑇0 + 𝜎1𝑇1, with 𝜀𝑇0 = 𝑇1 . 

In this case, solvability condition demands that, X(T1) and Y(T1) satisfy the following 
relation: 

𝜕𝑋(𝑇1)

𝜕𝑇1

− 𝐽2𝑌(𝑇1)
2 𝑒𝑥𝑝(−𝜎1𝑇1𝑖) = 0  (37) 

𝜕𝑌(𝑇1)

𝜕𝑇1

+ 𝐾2𝑌(𝑇1)
2𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅ + 𝐾3𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅ 𝑒𝑥𝑝(𝑖𝜎2𝑇1) + 𝐾4𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅ 𝑒𝑥𝑝(𝑖𝜎2𝑇1) = 0 (38) 

Where: 𝐽2 =
∫ [𝐴2]𝜙(𝑥)̅̅ ̅̅ ̅̅ ̅1
0 𝑑𝑥

−∫ [𝐴1]𝜙(𝑥)̅̅ ̅̅ ̅̅ ̅1
0 𝑑𝑥

 , 𝐾2 =
∫ [B2]𝜂(𝑥)̅̅ ̅̅ ̅̅1
0 𝑑𝑥

−∫ [B1]𝜂(𝑥)̅̅ ̅̅ ̅̅1
0 𝑑𝑥

 , 𝐾3 =
∫ [B3]𝜂(𝑥)̅̅ ̅̅ ̅̅1
0 𝑑𝑥

−∫ [B1]𝜂(𝑥)̅̅ ̅̅ ̅̅1
0 𝑑𝑥

 , 𝐾4 =
∫ [B4+B5]𝜂(𝑥)̅̅ ̅̅ ̅̅1
0 𝑑𝑥

−∫ [B1]𝜂(𝑥)̅̅ ̅̅ ̅̅1
0 𝑑𝑥

.                 

A1, A2, B1, B2, B3, B4 and B5 are defined in the appendix. 

To derive the corresponding modulation equations, the assumed solutions in equations 
(27) and (28) are adopted. From the stationary solutions of the modulation equations, the 
linear solutions are obtained as; 𝛼𝑥(𝑇1) = 𝛼𝑦(𝑇1) = 0. Representing ‘R’ as the real parts 
and ‘I’ as the imaginary parts of J2, K2, K3 and K4, the stationary solutions are obtained for 
the coupled system as:  

𝜓1 = − tan−1 (
𝐽2𝑅

𝐽2𝐼
) (39) 

𝜓2 = tan−1 (
𝐾2𝐼𝛼𝑦(𝑇1)

2 + 2𝜎2 + 2𝐾3𝐼𝛼𝑥(𝑇1)𝑐𝑜𝑠(𝜓1) + 2𝐾3𝑅𝛼𝑥(𝑇1)𝑠𝑖𝑛(𝜓1)

𝐾2𝑅𝛼𝑦(𝑇1)
2 + 2𝐾3𝑅𝛼𝑥(𝑇1)𝑐𝑜𝑠(𝜓1) + 2𝐾3𝐼𝛼𝑥(𝑇1)𝑠𝑖𝑛(𝜓1)

)

− tan−1 (
𝐾5𝐼

𝐾5𝑅
) 

(40) 

Where 𝐶𝑆 = 𝑐𝑜𝑠  (𝜓1) , 𝑆𝑆 = 𝑠𝑖𝑛(𝜓1), and other notations in appendix, a quartic equation 
is obtained in terms of 𝛼𝑦(𝑇1) as: 

𝐴. 𝛼𝑦(𝑇1)
4 + 𝐵. 𝛼𝑦(𝑇1)

2 + 𝐶 = 0  (41) 

Where: 

𝐴 =   𝐽2𝐼2𝐾3𝐼2 +  𝐽2𝐼2𝐾3𝑅2 +  𝐽2𝑅2𝐾3𝐼2 +  𝐽2𝑅2𝐾3𝑅2 + 𝐾2𝐼2𝜎1
2 + 𝐾2𝐼2𝜎2

2 +

𝐾2𝑅2𝜎1
2 + 𝐾2𝑅2𝜎2

2 − 2𝐾2𝐼2𝜎1𝜎2 − 2𝐾2𝑅2𝜎1𝜎2 + 2𝐾2𝐼𝐾3𝐼𝜎1𝐶𝑆√𝐽2𝐼2 + 𝐽2𝑅2 −

2𝐾2𝐼𝐾3𝐼𝜎2𝐶𝑆√𝐽2𝐼2 + 𝐽2𝑅2 + 2𝐾2𝑅𝐾3𝑅𝜎1𝐶𝑆√𝐽2𝐼2 + 𝐽2𝑅2 −
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2𝐾2𝑅𝐾3𝑅𝜎2𝐶𝑆√𝐽2𝐼2 + 𝐽2𝑅2 + 2𝐾2𝐼𝐾3𝑅𝜎1𝑆𝑆√𝐽2𝐼2 + 𝐽2𝑅2 −

2𝐾3𝐼𝐾2𝑅𝜎1𝑆𝑆√𝐽2𝐼2 + 𝐽2𝑅2 − 2𝐾2𝐼𝐾3𝑅𝜎2𝑆𝑆√𝐽2𝐼2 + 𝐽2𝑅2 +

2𝐾3𝐼𝐾2𝑅𝜎2𝑆𝑆√𝐽2𝐼2 + 𝐽2𝑅2.  

𝐵 = 4𝐾2𝐼𝜎2
3 − 8𝐾2𝐼𝜎1𝜎2

2 − 4𝐾2𝐼𝜎1
2𝜎2 − 4𝐾3𝐼𝜎2

2𝐶𝑆√𝐽2𝐼2 + 𝐽2𝑅2 −

4𝐾3𝑅𝜎2
2𝑆𝑆√𝐽2𝐼2 + 𝐽2𝑅2 + 4𝐾3𝐼𝜎1𝜎2𝐶𝑆√𝐽2𝐼2 + 𝐽2𝑅2 + 4𝐾3𝑅𝜎1𝜎2𝑆𝑆√𝐽2𝐼2 + 𝐽2𝑅2,  

𝐶 = 4𝜎2
4 − 8𝜎1𝜎2

3 − 16𝐾4𝐼2𝜎1
2 − 16𝐾4𝐼2𝜎1

2 − 16𝐾4𝑅2𝜎2
2 + 4𝜎1

2𝜎2
2 + 32𝐾4𝐼2𝜎1𝜎2 +

32𝐾4𝑅2𝜎1𝜎2.  

The solution of equation (41) will produce four roots of 𝛼𝑦(𝑇1): 

𝛼𝑦(𝑇1) = ±
√−

2(B+√B2−4AC)

A

2
 or ±

√−
2(B−√B2−4AC)

A

2
       

(42) 

However, the acceptable solution of  αy(𝑇1) is the root of the quartic equation (41) that is 
real and positive. The expression for estimating αx(𝑇1)  is obtained as a function of αy(𝑇1) 
as: 

𝛼𝑥(𝑇1) = √
𝛼𝑦(𝑇1)

4(𝐽2𝐼2 + 𝐽2𝑅2)

4(𝜎2 − 𝜎1)
      (43) 

Considering: T0 = 𝑡 , 𝛼𝑥(T1)𝑛 = 𝛼𝑥𝑛 ,  𝛼𝑦(T1)𝑛 = 𝛼𝑦𝑛 , 𝑎𝑛𝑑 Ω1 = Ω2 = Ω .   

With the solvability condition fulfilled, the particular solution of equation (17) is obtained 
as: 

𝑣1 =
𝐺1𝛼𝑦(𝑇1)

3

4
𝑐𝑜𝑠(3(𝛽𝑦(𝑇1) + 𝑇0𝜆)) + 𝐺2𝛼𝑦(𝑇1) 𝑐𝑜𝑠(𝛽𝑦(𝑇1) + 𝑇0(𝛺 + 𝜆))

+
𝐺3𝛼𝑥(𝑇1)𝛼𝑦(𝑇1)

2
𝑐𝑜𝑠(𝛽𝑥(𝑇1) + 𝛽𝑦(𝑇1) + 𝑇0(𝜔 + 𝜆))  

(44) 

The first order approximate solution of 𝑣̅(𝑥, 𝑡) with internal resonance is expressed as:  

𝑣̅(𝑥, 𝑡) = ∑𝛼𝑦𝑛|𝜂(𝑥)𝑛| 𝑐𝑜𝑠 (
𝑡Ω

2
−

𝜓2𝑛

2
+ 𝜑𝑦𝑛) + 𝑂(𝜀)

∞

n=1

   (45) 

The phase angles 𝜑𝑥𝑛 𝑎𝑛𝑑 𝜑𝑦𝑛 are given by: 

tan(𝜑𝑥𝑛) =
𝐼𝑚{𝜙(𝑥)𝑛}

𝑅𝑒{𝜙(𝑥)𝑛}
,  tan(𝜑𝑦𝑛) =

𝐼𝑚{𝜂(𝑥)𝑛}

𝑅𝑒{𝜂(𝑥)𝑛}
 .    

The stability of the solutions is determined by examining the eigenvalues of the Jacobian 
of the modulation equations. The Jacobian is expressed as: 

𝐽 =

[
 
 
 
 
 
𝐾3𝑃2

2
−

𝐾2𝑄12

4
− 𝐾4 −

3𝐾2𝑃12

4

𝐾3𝑄2

2
−

𝜎2

2
−

𝐾2𝑃1𝑄1

2

𝐾3𝑃1

2

𝐾3𝑄1

2
𝜎2

2
+

𝐾3𝑄2

2
−

𝐾2𝑃1𝑄1

2
𝐾4 −

3𝐾2𝑄12

4
−

𝐾2𝑃12

4
−

𝐾3𝑃2

2
−

𝐾3𝑄1

2

𝐾3𝑃1

2
−𝐽2𝑃1 𝐽2𝑄1 0 𝜎1 − 𝜎2

−𝐽2𝑄1 −𝐽2𝑃1 𝜎2 − 𝜎1 0 ]
 
 
 
 
 

 

 

(46) 
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The characteristics equation is obtained by solving for the eigenvalues of the Jacobian, 

|𝐽 − 𝜗𝐼| = 0, where ϑ are the eigenvalues. 

To assess the stability of the linear solution (trivial solution), we substitute Pn = Qn = 0 in 
the characteristic equation: 

𝜗4 + (𝜎1
2 − 𝐾42 + 2𝜎1𝜎2 +

5𝜎2
2

14
)𝜗2 + 2𝐾42𝜎1𝜎2 − 𝐾42𝜎1 − 𝐾42𝜎2 +

(𝜎1𝜎2)2

4
−

𝜎1𝜎2
3

2
+

𝜎2
4

4
= 0                                                                                                                                                        

(47) 

The trivial solution of 𝛼𝑥(T1) and 𝛼𝑦(T1), is unstable if at least one eigenvalue has a positive 
real part, otherwise it is stable. However, to analyze the stability of the nonlinear solution 
(nontrivial solution), we substitute the solutions of ay and ax as obtained from equations 
(42) and (43) into the characteristic equation: 

𝜗4 + 𝐶1𝜗3 + 𝐶2𝜗2 + 𝐶3𝜗 + 𝐶4 = 0                                                                                                                                             (48) 

𝐶1 = 𝐾2𝛼𝑦(T1)
2,  

𝐶2 =
𝐾22𝛼𝑦(T1)4

4
+ 𝜎1

2 − 2𝜎1𝜎2 + 𝜎2
2 − 𝐽2𝐾3𝛼𝑦(T1)

2,  

𝐶3 =
𝐾2𝛼𝑦(T1)(2𝜎1

2−2𝐽2𝐾3𝛼𝑦(T1)2−4𝜎1𝜎2+2𝜎2
2)

2
,  

𝐶4 =
𝐽22𝐽3𝐾2𝛼𝑦(T1)4

4
−

𝐽2𝐾3𝛼𝑦(T1)2𝜎1𝜎2

2
+

𝐽2𝐾3𝛼𝑦(T1)2𝜎2
2

2
+

𝐾22𝛼𝑦(T1)4𝜎1
2

4
−

𝐾22𝛼𝑦(T1)4𝜎1𝜎2

2
+

𝐾22𝛼𝑦(T1)4𝜎2
2

4
.  

Adopting the Routh-Hurwitz criteria, the nonlinear fixed point solution of ax and ay is stable only if: 

𝐶1 > 0, 𝐶3 > 0, 𝐶4 > 0 𝑎𝑛𝑑 𝐶1𝐶2𝐶3 > (𝐶32 + 𝐶12𝐶4) 

3. Results and Discussion 

The numerical simulation considered a cantilever pipe with external diameter of 11.38mm, 
internal diameter of 9.25mm and length of 146.7mm. Its density is 7800 kg/m3. The pipe 
conveys air/water two-phase flow with void fractions of 0.1, 0.3, and 0.5. Critical mixture 
flow velocities of 11.5, 12.5 and 14.6 for the respective void fractions are obtained from 
Argand diagram. Pre-critical velocity of 2, and a post-critical velocity of 16 are simulated 
to assess the pre-buckling and post-buckling behaviour of the pipe as it responds to 
parametric forced vibrations of the pulsating flow. 

4.1 Results for 𝛚  far from 𝟐𝛌  (Away from internal resonance condition)  

In the absence of internal resonance, the near resonant frequency response of the system 
is identical to a Duffing system with parametric excitation or the nonlinear Mathieu’s 
equation. Figure 2 shows that in all cases, the peak of the response tilts to the left; this 
indicates the presence of nonlinear restoring forces of the softening type in the dynamics. 
In addition, at post-critical flow condition, higher void fractions of 0.3 and 0.5 resulted to 
a transition between subcritical and supercritical pitchfork bifurcation compared with 
lower void fraction and the pre-critical flow condition results. The transverse response 
when the pulsation frequency is perfectly tuned to the transverse natural frequency for all 
the void fractions as depicted in Figure 5 of Appendix 1 are observed to be with beating 
time series and dense phase plane orbits which fills up the phase plane. The spectra density 
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plots exhibited two concentrated peak which is confirms a quasiperiodic motion with two 
dominating frequencies.  

Pre-critical mixture velocity Post-critical mixture velocity 

  

(a) (b) 
  

(c) (d) 

  

(e) (f) 

Fig. 2 Frequency response plots of the transverse parametric resonance of the second 
mode for varying void fractions 

 
4.2 Results for 𝛚 close to 𝟐𝛌 (Internal resonance condition) 

Figure 3 show that when the pulsation frequency is coincident with the transverse natural 
frequency, the axial response peaks at infinity with no vibrations in the transverse plane. 
Apparently due to the nonlinear internal coupling between the axes, the absence of the 
transverse oscillations when the axial peaks to infinity will aid in neutralizing the axial 
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resonance peaks. The time traces of the tip motions for a perfectly tuned internal 
resonance with the pulsation frequency slightly detuned by 0.5 for all the void fractions as 
depicted in Figure 6 of Appendix 1 are observed to be with beating time series and dense 
phase plane orbits which fills up the phase plane. The spectra density plots exhibited four 
concentrated peak which is confirms a quasiperiodic motion with four dominating 
frequencies. 

Pre-critical mixture velocity Post-critical mixture velocity 

  

(a) (b) 
  

(c) (d) 

  

(e) (f) 

Fig. 2 Frequency response plots of the perfectly tuned (𝝈𝟏 = 𝟎) internal resonance of 
the second mode for varying void fractions 

 4. Conclusion 

This work advanced the knowledge of nonlinear dynamics of parametric forced vibrations 
of cantilever pipe with pulsating two-phase flow. Contrary to the dynamics of pulsating 
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single-phase flow, the pulsating two-phase flow system presents three principal 
parametric resonance regimes. Obviously, these are exclusive characteristics of the planar 
dynamics of pulsating two-phase flow in pipes. With respect to practical applications, low 
void fractions would be enough for the analysis of two-phase flow systems. However, the 
2:1 oscillatory pattern of the resonance response in the neighbourhood of the critical 
points motivated the extension of this analysis to flow conditions with high void fractions. 
In the absence of internal resonance, the frequency response exhibits softening nonlinear 
behaviour for the void fractions considered in this analysis. This is valid for pre- and post-
critical flow conditions.  At higher void fraction, the post-critical flow dynamics indicated 
continuous interchange between subcritical and supercritical pitchfork bifurcations. 
Meanwhile, in the presence of internal resonance, the system exhibits nonlinear anti-
resonance properties. 

Nomenclature 

 

ε Dimensionless book-keeping parameter 

u Displacement in pipe’s axial direction (m) 

v Displacement in pipe’s transverse direction (m) 

Ω1 , Ω2 Pulsation frequencies for the phases 
μ1 , μ2 Pulsation amplitudes for the phases 
Uj Flow velocity of individual phases (m/s) 
Mj Flow mass of individual phases (Kg) 

mp Mass of pipe (Kg) 

v Poisson ratio 
E Modulus of Elasticity (N/m2) 
I Mass moment of Inertia (kgm2) 
L Length of pipe (m) 
VT Mixture velocity (m/s) 
Ug , Ul Superficial velocities (m/s) 
S Slip ratio 
𝑣𝑓 Void ratio 
α Pipe linear expansivity (0C-1) 
∆T Temperature difference (0C) 
ρg, ρl Densities (Kg/m3) 
t Time (s) 
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Appendix I: Time trace, Phase plot and spectral density plots of the pipe’s tip transverse 
motions. 

 
 

Fig. 4 Uncoupled time history, phase plots and spectral density plots of the pipe’s tip 
transverse vibrations at pre-critical mixture velocity 
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Fig. 5 Coupled time history, phase plots and spectral density plots of the pipe’s tip 
transverse vibrations at pre-critical mixture velocity 
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Appendix II: Abbreviations 

 

𝐴1 = (𝐶21
𝜕𝜙(𝑥)

𝜕𝑥
𝑈1 + 𝐶22

𝜕𝜙(𝑥)

𝜕𝑥
𝑈2 + 2𝜙(𝑥)𝜔𝑖)  

𝐴2 = (
𝜕𝜂(𝑥)

𝜕𝑥

𝜕4𝜂(𝑥)

𝜕𝑥4
+

𝜕2𝜂(𝑥)

𝜕𝑥2

𝜕3𝜂(𝑥)

𝜕𝑥3
− 𝐶6

𝜕𝜂(𝑥)

𝜕𝑥

𝜕2𝜂(𝑥)

𝜕𝑥2
) 𝜀𝜎2 

B1 = (𝐶21
𝜕𝜂(𝑥)

𝜕𝑥
𝑈1 + 𝐶22

𝜕𝜂(𝑥)

𝜕𝑥
𝑈2 + 2𝜂(𝑥)𝜆𝑖)  

B2 = 6(
𝜕𝜂(𝑥)

𝜕𝑥
)

2 𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥
+ 2(

𝜕𝜂(𝑥)

𝜕𝑥
)

2 𝜕4𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥4
+ 4

𝜕𝜂(𝑥)

𝜕𝑥

𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥

𝜕4𝜂(𝑥)

𝜕𝑥4
+ 8

𝜕𝜂(𝑥)

𝜕𝑥

𝜕2𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥2

𝜕3𝜂(𝑥)

𝜕𝑥3
+

8𝑌(𝑇1)
2𝑌(𝑇1)̅̅ ̅̅ ̅̅ ̅ 𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥

𝜕2𝜂(𝑥)

𝜕𝑥2

𝜕3𝜂(𝑥)

𝜕𝑥3
− 3𝐶6

𝜕𝜂(𝑥)

𝜕𝑥

𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥

𝜕2𝜂(𝑥)

𝜕𝑥2
+ 8

𝜕𝜂(𝑥)

𝜕𝑥

𝜕2𝜂(𝑥)

𝜕𝑥2

𝜕3𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥3
−

3

2
𝐶6(

𝜕𝜂(𝑥)

𝜕𝑥
)

2 𝜕2𝜂(𝑥)

𝜕𝑥2
  

B3 = (2
𝜕Φ(𝑥)

𝜕𝑥

𝜕4𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥4
+

𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥

𝜕4Φ(𝑥)

𝜕𝑥4
+ 4

𝜕2Φ(𝑥)

𝜕𝑥2

𝜕3𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥3
+ 3

𝜕2𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥2

𝜕3Φ(𝑥)

𝜕𝑥3
− 𝐶6

𝜕Φ(𝑥)

𝜕𝑥

𝜕2𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥2
−

𝐶6
𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥

𝜕2Φ(𝑥)

𝜕𝑥2
)  

B4 = (
1

2
(𝐶22𝜇2

𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥
𝑈2𝜆) −

1

2
(𝐶42𝜀𝜎2𝜇2

𝜕𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥
𝑈2) + 𝑎𝐶32𝜇2

𝜕2𝜂(𝑥)̅̅ ̅̅ ̅̅

𝜕𝑥2
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𝐶32𝜇2
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1
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𝜕𝑥
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1

2
(𝐶41𝜀𝜎2𝜇1
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