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Article Info Abstract

This work studied the nonlinear transverse vibrations of a cantilevered pipe
Article history: conveying pulsatile two-phase flow. Internal flow induced parametric resonance
Received 02 Sep 2019 is expected because of the time varying velocity of the conveyed fluid. This
Revised 09 Dec 2019 unsteady behaviour of the conveyed two-phase flow is considered in the
Accepted 26 Dec 2019 governing equation as time dependent individual velocities with the
harmonically varying components fluctuating about the constant mean

Keywords: velocities. Method of multiple scales analysis is adopted to study the nonlinear

parametric resonance of dynamics of the cantilevered pipe. Contrary to the
Nonlinear dynamics; dynamics of pulsating single-phase flow, the assessment shows that if the
Transverse vibration; frequencies of pulsation of the two phases are close, both can resonate with the
Pulsating two-phase pipe’s transverse or axial frequencies together and both can also independently
flow; Parametric resonate with the pipe’s transverse or axial frequencies distinctively. For the
resonance; planar dynamics when only transverse frequencies are resonated, in the absence

of internal resonance, numerical results show that the system exhibits softening
nonlinear behavior. At post critical flow conditions, the system oscillates
between subcritical and supercritical pitchfork bifurcation to simulate the
nonlinear Mathieu’s equation. However, in the presence of internal resonance, a
nonlinear anti-resonance property is developed. Hence, the overall dynamics is
quasi-periodic.

Cantilevered pipe
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1. Introduction

Regardless of a floater concept for a deepwater field development, there is always a need
of riser system connecting the floater at surface and subsea facility on the seabed as
explained by Ruxin et al [1]. However, these riser systems are known to be of different
variants. One of which is the single hybrid riser (SHR) system, a free-standing riser pipe
decoupled from the floater with the aid of a flexible jumper. Chung et al [2] shows that the
rich dynamics of cantilever pipes can be adopted as a paradigm for demonstrating the
complex dynamic characteristics of this type of riser pipes in deep ocean mining.

As a result of barometric effects, thermal effects and the composition of the hydrocarbon
compounds, these riser pipes sometimes convey fluid that can be a single phase liquid or a
single phase gas or a multiple-phase mixture. It is a known fact that dynamics of
multiphase flow are much more complex when compared to that of single-phase flows. A
very common multiphase flow is the gas and liquid two phase flow. The flow behaviour of
a gas and liquid two phase flow brings about the complex interaction of numerous
variables which complicates the engineering of the conduits that conveys them.
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The fluid elastic instability of pipes conveying fluid is mainly due to the unstable vibration
caused by the fluid flow, when the flow velocity surpasses a critical value and also due to
harmonically perturbed fluid flow (Pulsating Flows). Nevertheless, the effect of the
dynamics of pipes conveying fluids has been widely studied by many authors, with most of
the studies focusing on the linear and nonlinear dynamics of pipes conveying steady flow
as seen in [3-7]. However, it was highlighted by Ibrahim [8] that an obvious effect of
pulsating fluid flow is that it forces the pipeline into sustained vibrations under parametric
resonance conditions. Forlornly, flow conveyed by pipes are rarely steady. Luczko and
Czerwinski. [9] explains that components of hydraulic systems such as pumps, hydraulic
engines, fast valves opening and closing, timely injection of inhibitors, elbows, orifices, flow
through reducers and many other sources of perturbations often generate pulsation of
fluid flow.

All the same, the studies on the linear and nonlinear dynamics of pipes conveying pulsating
flow cannot be seen as new. Earlier works can be dated back to more than four decades for
various end conditions. Ginsberg [10] pioneered the work considering pinned-pinned
pipes, then Paidoussis and Issid [11] for cantilevered pipes and Paidoussis and
Sundararajan [12] for clamped-clamped pipes. Sequel to these early studies, the nonlinear
dynamics of the subject captivated the minds of many curious researchers which resulted
to various publications; notable among these, are the works of Semler and Paidoussis [13]
on the nonlinear analysis of parametric resonance of a planar fluid-conveying cantilevered
pipe using four different methods; Centre manifold theory, perturbation method, finite
difference method and Increment harmonic balance method to resolve the equation and
also comparing the theoretical results with experiments. Namachchivaya and Tien [14] on
the nonlinear behaviour of supported pipes conveying pulsating fluid examined the
problem in the vicinity of subharmonic and combination resonance using the method of
averaging. Pranda and Kar [15] on the nonlinear dynamics of a pipe conveying pulsating
flow with a combination, principal parametric and internal resonance, adopting the
method of multiple scale to resolve the transverse vibrations and stability of a hinged-
hinged pipe, Liangqgiang et al [16] adopted the multiple scale and normal form theory to
determine the expressions for the critical bifurcations leading to incipient and secondary
bifurcations for the transverse vibration of a hinged-hinged pipe, Oz and Boyaci [17] on
the transverse vibrations of tensioned pipes conveying fluid with time-dependent velocity,
adopting the method of multiple scale to analytically determine the stability boundaries on
the system, also considered the cases of fixed-fixed end and fixed-sliding end conditions
with a varnishing flexural stiffness. Oz [18] on the analysis of nonlinear vibrations and
stability analysis of tensioned pipe conveying fluid with variable velocity studied the pipe
with fixed supports and immovable end conditions with the flexural stiffness neglected.
Singh and Mallik [19] used the wave propagation approach to determine the parametric
instability regions of a periodically supported pipe conveying fluid. Yoshizawa et al. [20]
analytically and experimentally studied the lateral vibration of a flexible clamped-hinged
pipe parametrically excited by a fluctuating harmonic internal flow, it was shown that as
the amplitude of the pipe deflection grows, the nonlinearity of the fluid force acting on the
pipe limits the growth, which results in a steady-state vibration.

On the instability behaviour of pipes conveying multiphase flow, Miwa et al. [21] did a
review of the extent of existing work on two-phase flow induced vibrations, stating that
there exist very few researches on the instability behaviour of pipes due to internal two-
phase flow. Some of the few existing publications on this subject are the works of Monette
and Pettigrew [22] which experimentally and theoretically reveals the relationship
between the void fraction and the dynamics of the pipe for a two-phase liquid-gas flow.
Adegoke and Oyediran [23] showed that the attainment of the critical velocities in the axial
and transverse direction are delayed for a cantilever pipe conveying two phase flow
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compared to when the pipe is conveying single phase flow. In addition, the critical velocity
is observed to be increasing as the void fraction of the two-phase flow increases. Adegoke
and Oyediran [24] studied the nonlinear vibrations of top-tensioned cantilevered pipes
conveying pressurized steady two-phase flow under thermal loading. The multiple-scale
assessment reveals that at some frequencies the system is uncoupled, while at other
frequencies a 1:2 coupling exists between the axial and the transverse frequencies of the
pipe. Wang et al. [25] adapted the linear equation of transverse motion for single phase
flow to account for the two phases and resolved the modified equation using finite element
method; experiments were also performed to measure the characteristic parameters of the
hydrodynamic slugs and the dynamics response of the pipe. Ortiz-Vidal et al [26] on the
theoretical study of the dynamic behaviour of pipes conveying Gas-Liquid flow, also
adapted the linear equation of transverse motion for single phase flow to account for the
two phases and resolved the modified equation using Galerkin’s method for a pipe clamped
at both ends.

As seen in the review of literature, most of the existing publications focused on pipes
conveying pulsating single phase flow while most of the analytical works on the nonlinear
problem did not consider the internal coupling between the axial and the transverse
vibrations.Also, some of the publications neglected the flexural stiffness and modelled the
pipe as a string with internal fluid flow. On the other hand, recent publications on two
phase flow worked on establishing the governing equations and the resolution of the linear
dynamics. While the publication on the nonlinear dynamics of pipes conveying two phase
flow considered the flow to be steady, neglecting the unsteady velocity term while
assuming that the flow exhibits a constant flow mixture velocity. However, to the best of
our knowledge, there seems to be some gaps on the study of the nonlinear dynamics of
cantilever pipes conveying pulsating two phase fluids. This present study investigates the
coupled axial and transverse vibrations of a cantilever pipe conveying pulsating two phase
flow. Approximate analytical approach will be used to resolve the governing equations by
imposing the method of multiple scales perturbation technique directly to the systems
equations (direct-perturbation method).

1. Problem formulation and modeling

In this work, we considered and assumed a system of cantilevered cylindrical pipe of length
(L), with cross-sectional area (A), mass per unit length (m), flexural rigidity (EI), and
conveying multiphase flow. 1. Plug flow velocity profile. 2. The pipe is modelled as Euler-
Bernoulli beam. 3. The motion is planar. 4. Pipe deflections are large, but strains are small.
5. Pipe centerline is extensible.

Vm inture

Jr
0
0
t

. |

annure

Fig. 1 System’s Schematic
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1.1. Equation of motion

Adopting the equations of motion of an extensible pipe conveying multi-phase flow as
obtained by [24]

m+ ) M, u+ZMU+ZZMUu +ZM U u ”+ZMUu — EAu"
=1

- El(v””v’ + v”v”’) + (T0 -P- EA(aAT) EAv'v" (1)

—(TO—P—EA(aAT))’+ m+ZMj g=0,

j=1

n
m+ Z i v+ZZMUv +ZM Uitv ”—ZaM Utv ”+ZM,U,U'
j=1

+E1v”” (To—P— EA(aAT))v”
—EI(Bu”’ "4y 42U 4+ v'u mr_l_zv/z iz (2)
+ sv'v'" v + 2,‘7”3)

3
+ (T, — P — EA(aAT) — EA) (u’v” Fou 4 v’zv”) ~0

The associated boundary conditions are:

v(0) =v'(0),v"(L)=v""(L) =0 and u(0) =u'(L) =0 3)
Where x is the longitudinal axis, v is the transverse deflection, u is the axial deflection, n is
the number of phases which is 2 in this study. In the fluid, M; is the mass of the jt" phase
and U; is its corresponding speed. m is the mass of the pipe, T, is tension, P is the pressure,
a is the thermal expansivity term, AT relates to the temperature difference and a relates to
the Poisson ration (r) as a=1-2r.

Using these dimensionless quantities and notations:

1
_u v 7 /Zt U—[ UL ZM+mL3
YCLVTL T EMAm) 2 T E V=g Y9
v M o TLZH_EALZH_PLZ M
TTYM Y T BT OEL Z_El'ﬁj_ZMj+m'
Notations:

C11 =[P, \JB,, C12 = J¥,\[B,, C21 =2.[¥,\[B,, C22 =2.[¥,\[B,, C31=¥,,
C32=W,, C5=1I,, C6= (Il,— I, — II,(aAT) — I1,), C7 = Il, — II, — IT, (aAT).

The equation is reduced to that of a two-phase flow as:

i + U;C11+ U,C12 + U, €21 + U,C2211' + €310, u" + €320, 0" @
U, C11% + U, C124' — C5a" — (#""'%' + 0" %") + C60'%" —C7' +y = 0
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b+ U,C21%5" + U,C22% + €310, 9" + C3272217” —aC310, 9" — aC32U, " +
U_1 Cll—/ + U—Z 61217, _ 6817” + ,‘7//// (3—//! " —m H + 2—! e + ﬁ’u”” + (5)
2—/2 —r1rr + 817'17”17”, + 2—//3) +C6 (u’v” + v’u” 42 er H) =0

For the purpose of this analysis, two novel driving functions U; and U, are introduced to

pulsate the two phases such that their velocities fluctuate harmonically at frequencies
(€, and Q,) about constant mean values (U, and Uy,). This differs from the steady

velocities considered in [24]. Precisely, the driving functions are expressed as;
Uy = Uy, (1+ yy5in(QTy)) and U, = Uy, (1 + p,sin(Q,Ty)) (6)

For the two-phase flow, the empirical relationship is obtained by expressing the
component’s velocities in terms of the superficial velocities as:

Vy = Ugvy, Vi=U,(1-vy) 7

Where U, and U, are the superficial flow velocities.
Adopting the Chisholm empirical relations as presented in [27],

Void fraction:

-1
o1\ (1-x\ (Pg Volume of gas
v =1 /1—x 1-2)(=) ()| = 8
f [ + ( Pg X p1 Volume of gas+Volume of Liquid ( )

Slip Ratio: § =2 = [1 ( )]1/2 9)

The vapour quality: (x)
The densities of the liquid and gas phases respectively: (p, and p,)

Mixture Velocity: Vy = Uy + Uy (1 — vy) (10)
Individual Velocities:

VL=V_TVg=Sﬂ (11)

s+1’ S+1

For various void fractions (0.1, 0.3, and 0.5) and a series of mixture velocities, the
corresponding slip ratio and individual velocities are estimated and used for calculations.

2. Method of Solution
We seek an approximate solution for & and v in the form:
U =1y (Ty, Ty) + €tty (To, Ty) + €%, (T, Ty) + 0(e) (12)
U =0y(Ty, Ty) + €0, (T, T1) + €20,(Ty, Ty) + 0(€) (13)

For this purpose, two time scales are needed T, =t and T; = €t. Where ¢ is used as a
bookkeeping parameter. Perturbing the non-dimensional form of the governing equations
and the pulsation of the phases, equations (14, 15 and 16) are realized;

i + U,C11+ U,C12 + U,C2111' + U,C224' + €310, " + €320, 0"

14
U16'1117’+U2 C12u' — C5u" + e(—(@""v' +v"v"") + Co6v'v" C7’+ y)=0 (14)

211



Adegoke et al. / Research on Engineering Structures & Materials 6(3) (2020) 207-227

b+ 0,021 + U,C22% + €310, ¢ + €320, 7" — aC31T, 7" —
aC320, 7" + U, C119' + U, C12%' — C79" + """ + ( (3u"' 7" + 497" +

Zulvllll+,'7/ullll+2—12 IIII+8vlvllvlll+2—!!3)+c6 (u!v!!_l_v!u!!_l_ (15)

3 17/2 —//)) =0

2 —_ —

U, =U; (1+ gy sin(Q,T,)) and U, = U, (1 + ey, sin(Q,Ty)) (16)
Sorting the perturbed equations in orders of (¢), we have:

U-equation:

0(£%): Dy iy + C21Dyti,' Uy + C22D411y" U, + C3111," U~ + €32, U," — (17)
C54," =0

0(eY): Dy’ + C21D,11,'U, + C22Dyt,' U, + 2Dy D, iy + 631121”(712

€328,"U," + C21D,%,' Uy + C22D,%' U, — €58, — 7,5y’ = C7' +y —
170” v, + C6vOI“70” + C2101u0 U1 + C22D1u0 U2 + Cllﬂlﬂl COS(.QlTO)Ul
C120,u, cos(.QzTO)Uz +2C31p, sin(2,T0)T,” @, (18)

2C32u, sm(.QzTO)Uz i, + C21yu, sm(.QITO)DOUl iy +
C22u, sm(QZTO)DOIL2 u0 + €410, p, cos(Q,TOYU i1, +
C420,u, cos(2,TO)U,u," =0

V-equation:

0(£%): D" By — CT," + " + C21Dy 9, Uy + C22D,,' U, + C317,"' T, + 17
€329,"U," — aC319,"T," — aC32%,"TU," = 0 (17)
0(eY): Dozvl - C70," 5" — "y = 2By — 41y "By —

30, D" — 20,3 — 20, D% + 2DoDyy + C31%,"T,” + €32%,"T," —

890Dy’ By + C6T'By" + C6Ty" By +2C6Dy% By + czwovo U, +

C22D,%,' U, + 02101170 U, +C22D,%,'U, — acswl”u1 —aC329,"0," + (18)
2C31u, sm(.QlTO)U1 Uy + 2C32u, sm(.(ZZTO)U2 Uy

C21u, sin(2,T0)D,U, 170 + €22, sin(,T0)D,U, 170 -

2aC31p, sin(2,T0)T," B, — 2aC32u, sin(Q,T0)T,” 5,"

C410,u, cos(2,TOYU, 7, + C420,u, cos(2,TO)U, 7, = 0

The planar natural frequencies and mode shapes can be obtained by solving the leading

order equations. The homogeneous solution of the leading order equations (17) and (19)
can be expressed as:

u(x, To, T1)o = (X exp(iw,To) + CC (19)
v(x,To, T1)o = N(x)n exp(id,Ty) + CC (20)
Where (CC) is the complex conjugate, ¢(x),, and n(x),, are the complex modal functions

for the axial and transverse vibrations for each mode (n) and, w, and A,, are the
eigenvalues for the axial and transverse vibrations for each mode (n).
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3.1 Principal parametric resonance

Substituting the homogeneous solution of the leading order equations into the equations
(18) and (20) gives;

D%, — C5%," + 21Dy, U, + C22Dyu,'U, + €311, TU,” + €32u,"'T,” =

(c21"”;(TTf)""”S‘)U1 + 222N ND [, 4 52T )exp(ino)+

Y(T1)? (a"—maaz(f) + BZ’C(:) a;,c(:) - C6 ag(;) 9 "(x)) exp(2iAT,) +

[632/12 20 oxp(i02,Ty) U, %1 — 2 (c21, 2D exp(—i, Ty ) +
(CZl/,t1 a¢(x) exp(i, TU, ) — % (C22y2 a¢>(x) exp(—if,THU, w) +
(CZZ/.L2 a¢(x) exp(i,THU, a)) —-= (C41!21;11 6¢>(x) exp(— l.QlTo)Ul)
(C4-1.(21/,11 () exp(L.QlTO)Ul) - —(C42!22y2 fied exp(— l!)zTO)UZ)

> (C42{22/,¢2 d;f:‘) exp(LQZTO)UZ) C32u, o ‘Z(x) exp(—i,T,) Uy, i —

€31, T2 exp (i, T) U1 + €310 “22 exp(i0, 7o) T 1] X (TDexp(ieoTy) +

|c3201, 252 exp(i0,T0) U, i + 2 (€210 22 exp (0, 7o) T ) +

! (c22p, 20 oxp(i0,To) U, ©)-1(carop i) exp (i, To)T; ) -

! (c420,p, "’? exp(i,T,)T;) +

€31, ZE2 exp(i0,Ty) U, i KT Dexp(—iwTy) + NST + CC = 0

(23)

D%, — C79," + &,"" + C21D,#,'U, + C22Dy5,'U, + C31%,"T," +
€320,"0," — aC31%,"T," — aC32%,"T," = ( T (21227, +

222227, + Zn(x)/h) +6Y(TD?Y(T1) (""(")) "’;(;) +

ZY(Tl)ZY(Tl) (a"(;‘)) 9% n(x) n 4Y(T1)2Y(T1) a71(96) Bgix)a‘;vl(jc) n

8Y(T1)2Y(T1) 611(;)6 n(x)a n(x) + 8Y(T1)2Y(T1) Bn(x)a n(x)63n(x)

0x? dx  0x%Z  9x3

3C6.Y(T1)*Y(T1) 6n(X) x) n(x) +8Y(T12Y(T1) anr)azz(;)azri(;c)
Db (x) 0% ‘r](x)
ox

ox4

+

2¢6.Y(TD?Y(TT) ("”’(;‘)) 9 a"(z")) exp(ilTy) + (2X(T1)Y(T1)

2%0() 0G0
4X(T)Y(TD D2
3X(TDY(T1) =2 2 "(x)a :(x)) exp(iwTy) exp(—iAT,) —
(C6X(T1)Y(T1) "‘I’i") e
C6X(TDY(T1) "”i")" ‘1’(")) exp(iwT,) exp(—iAT,) + [G(CZZ#Z 2D 7,1) -
2 (c420,p, 2T, ) + aC32, o 0, -
632,12a DT, ) exp(— 102T0)+( (c21, 227, 2) -
%(641!21;11 200,) +aC31p o 190, -
C31u16 10 )Ul i) exp(—iyTo) — ( (621/11 8n(x) Ul;t)—
(6‘41.(2 an(x)U ) c31 % () 77 i 92 n(x) _
1M1 1) tal3ly axz 1 - C31p, U1 i) exp(iTo)

an(x) on(x) () 57 2,
(5(622y2 19 7,2) — 2 (C420,41, 20 U2)+aC32,u2 90, —

+
(24)
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€320, 127,71 exp(i,Ty) | Y(TDexp(iaTy) + [(3(c21 20 7,2) -

] ] %n(x) = 2. i
;(C41!21M1£f) U,) - ac31p, ali’”ﬂ i+ 031, 2200, %) exp(iyTy) +
(%(czz , ) UZA) —1(64202;12 fn(x) UZ) aC32,uza [ 2y
c32u, % ”(") A L) exp(LQZTO)] Y(TDexp(—ilT,) + NST +CC=0

Here NST denotes non-secular terms. Examining the equations for expressions that will
lead to secular terms, it can be observed that various scenarios exist. However, unlike
pulsating single-phase flow, three fundamental parametric resonance problems that are
solely associated with the planar dynamics of pipes with pulsating two-phase flow are
identified:

—  Parametric resonance case with Q1 and Q2 close to 2A but far from 2w
— Parametric resonance case with Q1 and Q2 close to 2w but far from 2\
— Parametric resonance case with Q1 close to 2w and Q2 close to 2A

w and A are the axial and transverse natural frequencies. As reported in [4], there is 1:2
internal resonance relationships between the axial and transverse frequencies. However,
this study only considers the transverse vibrations with parametric resonance case where
Q1 and Q2 are equal and close to 24 but far from 2w for both the internal resonance
condition and (w = 24) away from the internal resonance condition (w # 24).

The proximity of nearness is expressed as: 01 = 21 + €0, and Q2 = 21 + €0,, (Where o,
is the detuning parameter between the forcing frequency and transverse natural
frequency).

3.1.1 When w is far from 22 (Away from Internal resonance condition)
The inner product defined for complex functions on {0, 1} as: {f, g) = fol fgdx.

Solvability criterion demands that the coefficient of exp(iwT,) and exp(iAT,) should
vanish [5]. This implies that, X(T,) and Y(T;) should satisfy the following relation:

0X(Ty)
= 21
T, (21)
oY (1) o s
T + NY(T,)?Y(T,) + MY(T,) exp(io,T;) =0 (22)
1
1 — 1 _—
Where: v = BBy, _ fiossssiiie
- Jy B1In(x)dx = Jo B1ln(o)dx
B1, B2, B4 and B5 are defined in the appendix.
Expressing the solutions of equations (18) and (19) in polar form as:
1 . — 1 .
V(1) = 5 ay(T)e™ ™ and Y(T,) = 5 ay(T)e ™ (23)
X(T) = %ax(Tl)eiﬁ"(Tl) and X(T,) = %ax(Tl)e‘iﬁ"(Tl) (24)

Solving equation (25) for X(T;), gives a constant amplitude solution up to the 1st order
approximation:
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X(T,) = ax, (25)

Adopting the assumed solutions in equation (28), the modulation equations are formed.
With ‘R’ the real parts and ‘I’ the imaginary parts of M and N. The stationary solutions are
obtained as:

Nlay(Ty)? + 20, MI
— -1 _ -1(_""
¥ = tan (—N (AL tan ( = R) (26)
(NI + NR?)ay(T,)* + 4Nlo,ay(T,)? — 16MR? — 16MI? + 40,% = 0 27)

With A = NI? + NR?, B = 4Nlo,, C = 40,> — 16MR? — 16MI?

The solution of equation (24) will produce four roots of ay(T;):

2(B+\/B2—4AC) Z(B—\/B2—4AC)
A A (32)
ay(T)) =+ > or >

However, the acceptable solution of ay(T;) is the root of the quartic equation (31) that is
real and positive. Considering: Ty = t, ay(T;),, = ay,, By (T, = @,Ql =02=Q.

With the stability condition fulfilled, the particular solution of equation (24) away from
internal resonance condition is obtained as:

_ Glay(ry?

vl 4

cos(3(By(Ty) + ToA)) + G2ay(T,) cos(By(Ty) + To(2 + 1)) (33)

The first order approximate solution of ¥(x, t) without internal resonance is expressed as:

_ - Q-
B(x,£) = By @yaln()al cos (22 + 9y, ) + 0(e) (34)
Im{n(x)n}

Re{n()n}’

The phase angles (¢y,,) are given by: tan(¢y,) =

The stability of the solutions is determined by examining the eigenvalues of the Jacobian
of the modulation equations. The Jacobian is expressed as:

_ w MI cos(y) + MR sin(y)

J = NRay(T )2 (35)
- Tl MIsin(y) MIsin(y) — MR cos(y)

The characteristics equation is obtained by solving for the eigenvalues of the Jacobian,

[J = 9I| = 0, where 9 are the eigenvalues.
However, to assess the stability of the nonlinear solution (nontrivial solution), we
substitute the solutions of ay(T,) as obtained from equation (32) into the characteristic

equation:

92 +Cl9+C2=0 (36)
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. NRay(T:)

C1 = MR cos(yp) — MIsin(yp) + —
- MINIay(T,) cos(y) N MRNRay(T;) cos(yy) MINRay(T,)sin(y) N MRNIay(T,) sin(y)
- 2 2 B 2 2 ’

Adopting the Routh-Hurwitz criteria, the nonlinear fixed point solution of ay(T,) is stable
only if:

C1>0and C2> 0.

1.1.1 When w is close to 2 (Internal resonance condition)

When w = 24, another detuning parameter o, is introduced: w = 21 + €0, therefore;
2ATy = wTy — 0, Ty and (w — )Ty = ATy + 0, T, with Ty =T, .

In this case, solvability condition demands that, X(T;) and Y(T;) satisfy the following
relation:

X (T, ,
r -~ 2V (1) exp(=0,Tyi) = 0 (37)
1
Y (Ty) R — , — )
aT + K2Y(T,)*Y(T,) + K3Y(T,) exp(io,T,) + K4Y(T,) exp(io,T;) =0 (38)
1
Where: J2 = Iy 1421 ydx _ JyB2InGyax _ JoB3InGax _ Jy [B4+BSInG)dx
' - [y [A1]gGax | -y B1Gyax ' - JyB1I7Gydx ’ - Jy[B1nGdx

A1, A2, B1, B2, B3, B4 and B5 are defined in the appendix.

To derive the corresponding modulation equations, the assumed solutions in equations
(27) and (28) are adopted. From the stationary solutions of the modulation equations, the
linear solutions are obtained as; ax(T;) = ay(T;) = 0. Representing ‘R’ as the real parts
and T as the imaginary parts of ]2, K2, K3 and K4, the stationary solutions are obtained for
the coupled system as:

2R
Pl =—tan! (]]7> (39)
2 — tan-! K2lay(T,)? + 20, + 2K3lax(T;)cos(p1) + 2K3Rax(T,)sin(yp1)
Y2 =tan ( K2Ray(T,)? + 2K3Rax(T,)cos(P1) + 2K3lax(T,)sin(P1) ) (40)
(K5I
-t ()

Where CS = cos (1), SS = sin(y1), and other notations in appendix, a quartic equation
is obtained in terms of ay(T;) as:

Aay(T)*+ B.ay(T))*+C =0 (41)
Where:

A= J2I°K3I% + J2I*K3R? + J2R?K3I% + J2R*K3R? + K21%0,% + K21%0,% +
K2R?0,% + K2R%0,? — 2K21%0,0, — 2K2R%0,0, + 2K2IK3106,CS\[J2I2 + J2R? —
2K21K310,CS\[J21% + J2R? + 2K2RK3R0,CS+/J2I% + J2R% —
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2K2RK3Ra,CS+\[J2I2 + J2R? + 2K2IK3R0,SS+/J2I% + J2R? —

2K3IK2R0,SS+\/J2I% + J2R% — 2K21K3R0,SS+\/J2I% + J2R% +

2K3IK2R0,SS\[J2I% + J2R2.

B = 4K2I0,® — 8K2l0,0,2 — 4K210,%0, — 4K310,2CS\[J21% + J2R? —
4K3R0,2S5S\[J212 + J2R? + 4K310,06,CS+\/]2I% + J2R? + 4K3R0,0,5S[J2I2 + J2RZ,

C = 40,* — 80,0, — 16K41%0,%> — 16K41%0,%> — 16K4R?0,? + 40,%0,% + 32K41%0,0, +
32K4R%0,0,.

The solution of equation (41) will produce four roots of ay(T;):

’ 2(B+\/B2—4AC) / Z(B—\/B2—4AC)
T A A (42)
2 or £ 2

However, the acceptable solution of ay(T}) is the root of the quartic equation (41) that is
real and positive. The expression for estimating ax(T;) is obtained as a function of ay(T;)
as:

ay(T)) =+

() \/ay(le);ZZZf;)]ZRZ) )

Considering: Ty =t , ax(Ty),, = ax,, ay(T), = ay,,and Q1 =Q2 =Q.

With the solvability condition fulfilled, the particular solution of equation (17) is obtained
as:

3
v, = wc05(3(ﬁy(7&) + TOA)) + G2ay(T,) cos([)’y(Tl) + To(2 + /1))

4 G3ax(T)ay(T,

) (44)
> cos(Bx(Ty) + By(Ty) + To(w + 1))

The first order approximate solution of 7(x, t) with internal resonance is expressed as:

o

o(x, t) = Z aynn(x),| cos (? - ¢22n

+ <pyn) +0(¢) (45)
n=1
The phase angles ¢x,, and @y, are given by:

Im{p(x)n}
Re{p(x)n}’

Im{n()n}
Re{n(x)n}

tan(¢x,) = tan(gy,) =

The stability of the solutions is determined by examining the eigenvalues of the Jacobian
of the modulation equations. The Jacobian is expressed as:

K3P2 K2Q1? 3K2P1? K302 o, K2P1Q1 K3P1  K3Q1
2 4 K 4 2 2 2 2 2
= o,  K3Q2 K2P1Q1 K4 3K2Q1° K2P1> K3P2  K3Q1l K3P1
| 2 2 2 4 4 2 2 2| (46)
-J2P1 J2Q1 0 01— 0y
l -J2Q1 -J2P1 0, — 0y 0 J
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The characteristics equation is obtained by solving for the eigenvalues of the Jacobian,
|[J —9I| = 0, where 9 are the eigenvalues.

To assess the stability of the linear solution (trivial solution), we substitute Pn = Qn = 0 in
the characteristic equation:

2 2
9* + (0% — K42 + 20,0, + 222) 9% + 2K420,0, — K4%0; — K420, + 2172 —
N, 14 + 47)
2172 42—
2 4

The trivial solution of ax(T, ) and ay(T,), is unstable if at least one eigenvalue has a positive
real part, otherwise it is stable. However, to analyze the stability of the nonlinear solution
(nontrivial solution), we substitute the solutions of ay and ax as obtained from equations

(42) and (43) into the characteristic equation:

9* + C193 + €297+ C39+C4=0 (48)

C1 = K2ay(T,)?,

K22ay(Ty)*
4

C2 = + 0,2 — 20,0, + 0,2 — J2K3ay(T,)?,

_ K2ay(T1)(2012-2J2K3ay(T1)%—40,0,+20,2)
- 2

C3

]

c4 = J223K2ay(T1)*  J2K3ay(T1)?010, + J2K3ay(T1)?0,% | K2%ay(T)*o?  K2%ay(Ty)'oy0, + K2%ay(T1)*o,?
4 2 2 4 2 4 ’

Adopting the Routh-Hurwitz criteria, the nonlinear fixed point solution of ax and ay is stable only if:

C1>0,03>0,04>0and C1C2C3 > (C3% + C1%C4)

3. Results and Discussion

The numerical simulation considered a cantilever pipe with external diameter of 11.38mm,
internal diameter of 9.25mm and length of 146.7mm. Its density is 7800 kg/m3. The pipe
conveys air/water two-phase flow with void fractions of 0.1, 0.3, and 0.5. Critical mixture
flow velocities of 11.5, 12.5 and 14.6 for the respective void fractions are obtained from
Argand diagram. Pre-critical velocity of 2, and a post-critical velocity of 16 are simulated
to assess the pre-buckling and post-buckling behaviour of the pipe as it responds to
parametric forced vibrations of the pulsating flow.

4.1 Results for w far from 2A (Away from internal resonance condition)

In the absence of internal resonance, the near resonant frequency response of the system
is identical to a Duffing system with parametric excitation or the nonlinear Mathieu’s
equation. Figure 2 shows that in all cases, the peak of the response tilts to the left; this
indicates the presence of nonlinear restoring forces of the softening type in the dynamics.
In addition, at post-critical flow condition, higher void fractions of 0.3 and 0.5 resulted to
a transition between subcritical and supercritical pitchfork bifurcation compared with
lower void fraction and the pre-critical flow condition results. The transverse response
when the pulsation frequency is perfectly tuned to the transverse natural frequency for all
the void fractions as depicted in Figure 5 of Appendix 1 are observed to be with beating
time series and dense phase plane orbits which fills up the phase plane. The spectra density
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plots exhibited two concentrated peak which is confirms a quasiperiodic motion with two
dominating frequencies.

Pre-critical mixture velocity Post-critical mixture velocity
Void Fraction of 0.1 Void Fraction of 0.1
ay ay
ay-Stable 0.15
= = ay-Unstable = ay-Stable
= = ay-Unstable
0.1 0.2 1 3 5
(a) (b)
Void Fraction of 0.3 Void Fraction of 0.3

ay
e ay-Stable

= == ay-Unstable

= ay-Stable

= =ay-Unstable

0.12 -7 -5 3 -1 1 3 5
62
(c) (d)
Void Fraction of 0.5 Void Fraction of 0.5
ay
0.015 o 3y-Stable
— —ay-Unstable ay-Stable
= =ay-Unstable
\ \
\ < 6 2 4 6
-0.26 -0.16 -0.06 a2 0.04 0.14
(e) ®

Fig. 2 Frequency response plots of the transverse parametric resonance of the second

4.2 Results for w close to 2A (Internal resonance condition)

Figure 3 show that when the pulsation frequency is coincident with the transverse natural
frequency, the axial response peaks at infinity with no vibrations in the transverse plane.
Apparently due to the nonlinear internal coupling between the axes, the absence of the
transverse oscillations when the axial peaks to infinity will aid in neutralizing the axial
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resonance peaks. The time traces of the tip motions for a perfectly tuned internal
resonance with the pulsation frequency slightly detuned by 0.5 for all the void fractions as
depicted in Figure 6 of Appendix 1 are observed to be with beating time series and dense
phase plane orbits which fills up the phase plane. The spectra density plots exhibited four
concentrated peak which is confirms a quasiperiodic motion with four dominating
frequencies.

Pre-critical mixture velocity

Post-critical mixture velocity

Void Fraction of 0.1 Void Fraction of 0.1
ax,ay 04 axay 06
035 05
g 03
ax-Stable 04
= ay-Stable 0.25
= = ax-Unstable 0.2 = ax-Stable 03
- = ~ay-Unstable 0.15 = ay-Stable
0.1
0.05
v v
-1.5 -1 -0.5 0 0.5 1 15 6 4 2 0 2 4 6
02 02
(a) (b)
Void Fraction of 0.3 Void Fraction of 0.3
0.8
ax,ay 04 ax,ay
e ax-Stable 038 = ax-Stable
0.3 = ay-Stable 0.6
e ay-Stable
0.25
= =—ax-Unstable
0.2
= ==ay-Unstable

6 4 2 0, 2 4 6
02
() (d)
Void Fraction of 0.5 Void Fraction of 0.5
0.4 0.8
ax,ay 0.35 ax,ay
0.3 ——ax-Stable 0.6
= ay-Stabl
= ax-Stable 0.25 aystabe
= ay-Stable 02 0.4
03
6 4 2 0 2 4 6
o2
(e) ®

Fig. 2 Frequency response plots of the perfectly tuned (¢, = 0) internal resonance of

4. Conclusion

This work advanced the knowledge of nonlinear dynamics of parametric forced vibrations
of cantilever pipe with pulsating two-phase flow. Contrary to the dynamics of pulsating
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single-phase flow, the pulsating two-phase flow system presents three principal
parametric resonance regimes. Obviously, these are exclusive characteristics of the planar
dynamics of pulsating two-phase flow in pipes. With respect to practical applications, low
void fractions would be enough for the analysis of two-phase flow systems. However, the
2:1 oscillatory pattern of the resonance response in the neighbourhood of the critical
points motivated the extension of this analysis to flow conditions with high void fractions.
In the absence of internal resonance, the frequency response exhibits softening nonlinear
behaviour for the void fractions considered in this analysis. This is valid for pre- and post-
critical flow conditions. At higher void fraction, the post-critical flow dynamics indicated
continuous interchange between subcritical and supercritical pitchfork bifurcations.
Meanwhile, in the presence of internal resonance, the system exhibits nonlinear anti-
resonance properties.

Nomenclature

€ Dimensionless book-keeping parameter
u Displacement in pipe’s axial direction (m)
v Displacement in pipe’s transverse direction (m)

Q,,Q, Pulsation frequencies for the phases
(TPRToN Pulsation amplitudes for the phases

U; Flow velocity of individual phases (m/s)
M; Flow mass of individual phases (Kg)
my, Mass of pipe (Kg)

\4 Poisson ratio

E Modulus of Elasticity (N/m?)

[ Mass moment of Inertia (kgm?)

L Length of pipe (m)

Vo Mixture velocity (m/s)

Ug, U Superficial velocities (m/s)

S Slip ratio

Vg Void ratio

lod Pipe linear expansivity (°C1)

AT Temperature difference (°C)

Pg PI Densities (Kg/m3)

t Time (s)
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Appendix I: Time trace, Phase plot and spectral density plots of the pipe’s tip transverse
motions.
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Fig. 4 Uncoupled time history, phase plots and spectral density plots of the pipe’s tip
transverse vibrations at pre-critical mixture velocity
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Fig. 5 Coupled time history, phase plots and spectral density plots of the pipe’s tip

transverse vibrations at pre-critical mixture velocity
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Appendix I1: Abbreviations

(cz1 209 7, + 22229, + 2¢(x)a)l)

4 2 3
A2 = (Bn(X)B n(x) + 9%n(x) 8°n(x) C66n(X)6 n(X)) €0,

ox  ox* 0x2  9x3 dx  0x2

1= (021"”;—(;"171 + 22297, + zn(x)/u)

B2 = 6 (Bn(;c)) n@® 5 (an(x))za‘*m M) M) 0* ) | o @) 92() 330 (x)

_0x ) : ax ox* ax zax ax* zax (33& 9x3
2 9n(x) 9°n(x) 9°n(x) an(x) an(x) 3n(x) Inx) 9°n(x) 8°n(x)

8Y(T1) Y(Y;l) dx 0x%2  9x3 —3C6 dx dx  Ox2 dx 9x2  9x3
3 an(X)) 971 (x)
2 C6 ( ox 0x2

_ b (x) 04n(x) , In(x) 9%d(x) 2@ (x) 03n(x) a2n(x) 63d>(x) ad(x) 8%n(x) nx)
B3 __(22 ox* + ax  dx* ax2  9x3 9x2 —Co ax  dx2

an(x) o <D(x))
C6 ox  9x2

1 &) = 1 mkx) = 2n(x) = 2.
B4 = (—(czz 1y 2 Uzl)—E(C42802u2%U2)+aC32u2 07, -
32,2 ”(")Uz )

1 ) = 1 ) = 2n(x) = 2.
B5 = (2(c21 2220,2) - 2 (c41e0,0, 220, ) + aC31y, 220, i -
31, 2 "(X)Ul )
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