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 In the present study, one-dimensional steady-state temperature variation with 
variable heat generation was considered and thermo-mechanical stress and 
deformation analysis on a hollow functionally graded cylinder were then 
performed. A governing differential equation with a variable coefficient is 
solved using Navier’s equation by applying thermal and mechanical boundary 
conditions. The effect of internal pressure and temperature, rotation, gravity, 
and heat generation, and their combined effect such as rotation and heat 
generation, gravity and heat generation, rotation, gravity, and heat generation 
were studied in a cylindrical body. The gradation properties varied radially as 
per power-law variation. The grading parameter ranging between -2 to 3, 
changes the material properties in the radial direction. A critical grading index 
was identified that lowers the induced stresses and hence an improvement in 
the performance of functionally graded cylinders can be obtained under the 
influence of a combination of loads. The validation of the results was carried 
out with published literature. 

 
© 2022 MIM Research Group. All rights reserved. 
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1. Introduction 

In functionally graded materials (FGM) the properties change with distance because of 
changes in composition, microstructure, or porosity gradient [1]. The change in 
composition can be stepped-wise or continuously varying depending on the fabrication 
route selected, for ex., a layer-wise FGM is obtained in the case of powder metallurgy and 
continuously varying type in centrifugal casting [2]. Mainly the choice of functionally 
graded material selected is a combination of a metal-ceramic type wherein the metal 
provides the toughness and ceramic the wear resistance, therefore, the structure then 
obtained has potential applications in areas like nuclear energy, defense, biomedical, 
aerospace, energy-based, semiconductor, and cutting tools to name a few [3]. Various 
methods are available for the fabrication of FGMs such as solid-based, liquid-based, and 
gas-based, but for the fabrication of axisymmetric structures, a centrifugal casting 
method was found to be an effective fabrication technique [4–6]. To ascertain the 
performance of such structures, a prior analysis would be advantageous, as it saves costs, 
time, and other resources. Hence, modeling and analysis of structures (Plate, shell, disk, 
and cylinder) are of interest to researchers [7–9]. There are two approaches to model the 
properties of functionally graded materials; in the first approach, the material properties 
are varied based on the volume fraction variation of metal and ceramic. The variation of 
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volume fraction variation can be as per laws like power-law, exponential law, and 
sigmoid law [10] or by assuming a variation of properties like exponentially, power-law, 
and others. The effective estimation of the mechanical property of the material in which 
the volume fraction changes can be carried out using methods such as rule of mixture, 
modified rule of mixture, Mori-Tanaka, and others [11].  

Cylindrical structures are employed in a wide range of engineering applications, 
including marine, reactor, rocket components, and automotive, to name a few [12]. When 
compared to isotropic material, a functionally graded cylinder has a larger energy 
absorption capacity [13, 14]. A nonlinear finite element approach was employed to study 
buckling in a cylindrical panel for several lamination arrangements and boundary 
conditions [15]. The pressure-bearing capability of shells under blast loading was solved 
using Lame's approach [16]. Elastic-plastic stress analysis of an FG solid cylinder 
subjected to homogenous heat generation was performed based on Tresca's yield criteria 
[17]. Under uniform internal pressure, the complementary functions approach was used 
to investigate stress distribution in hollow cylinders, disks, and spheres [18]. Finite 
element analysis has been employed to investigate the temperature distribution in a wet 
cylinder liner and bonded T-joints [19, 20]. Free vibration and buckling analysis of 
functionally graded beams were performed using the finite element approach [21]. 
Analytical and experimental analysis of an isotropic material was carried out to 
investigate the yield criteria of plasticity models [22].  

The power series method was used to calculate displacements and stresses in an 
exponentially graded thick cylinder under internal pressure [23]. For variable thickness, 
a cylindrical shell under internal pressure was considered to perform stress analysis 
using first-order shear deformation theory (FSDT) [24]. The Bessel function was used to 
develop a closed-form solution of an FG hollow cylinder exposed to thermo-mechanical 
loading assuming steady-state temperature distribution along the radial and longitudinal 
directions [25]. The energy method was used in an FG piezoelectric rotating cylinder 
under the influence of electrical, thermal, and mechanical loads [26]. For the FG pressure 
vessel, an analytical solution for non-uniform pressure loading was solved using FSDT 
[27]. The FG rotating thick cylinder shell problem was addressed using a multi-layered 
approach under arbitrary non-uniform internal pressure [28]. In [29], investigated the 
hollow cylinder problem in two different ways: Firstly, the hollow cylinder is made of a 
multi-layered material with variable material properties on each layer; the material 
properties in the second case were continually changing. A closed-form solution to the 
exponentially graded hollow cylinder problem was used to investigate stress distribution 
under thermo-mechanical loads [30]. By employing Fredholm's integral equation thermal 
stresses and displacement of a functionally graded cylindrical vessel were studied [31]. 
An elasto-plastic thermo-mechanical analysis of a thick-walled cylinder when subjected 
to internal pressure and the temperature has been performed using the Successive 
Approximation Method, and they found that the effect of boundary temperature on radial 
and tangential stress is insignificant [32]. Thermo-mechanical fatigue analysis and failure 
location in the cylinder head were investigated [33]. A fast Fourier transform and finite 
element method were combinely employed in the thermo-mechanical analysis of a thick 
cylinder [34]. Elastic analysis of a thick cylinder and spherical pressure vessel made up of 
functionally graded material (FGM) was studied and found a significant reduction in 
stresses when compared with homogeneous material [35]. Finite element analysis has 
been employed to analyze the thermo-elastic analysis of a rotating FGM circular disk [36]. 
A lot of research in the fabrication and analysis of functionally graded structures is going 
on. Studies on static and dynamic analysis on FGM plates have been performed by 
authors using methods such as higher-order shear deformation theory [37–39], and 
sinusoidal shear deformation [40] to name a few. 
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In this paper, using Navier’s equation a thermal and mechanical analysis of a rotating FG 
hollow cylinder was performed. Considering one-dimensional steady-state thermal heat 
conduction, stress and deformation analysis were performed when a cylinder is 
subjected to combined thermal and rotational effects. For property variation in a radial 
direction, the individual and combined effects of rotation, gravity, and heat generation on 
stresses: radial, tangential, and von Mises were investigated. To the best of the author’s 
knowledge, there is no study in which the effect of variable heat generation on stresses is 
considered, such situations are practical in the case of functionally graded materials. The 
material properties of FGMs such as Young’s modulus, density, coefficient of thermal 
expansion, conductivity, and heat generation was considered as per power law variation. 
The proposed method is simple and validated with benchmark solutions. The study will 
benefit researchers and industries in understanding the effects of individual loadings and 
the combination of them such as gravity, rotation, and variable heat generation. Thus, the 
research will help industry personnel in selecting suitable grading parameters for 
different cases before the fabrication of such structures. 

 

Fig. 1 Hollow cylinder 

2. Mathematical Formulation  

A rotating hollow cylinder is considered whose inner and outer radius are ‘a’ and ‘b’. 
Variation of material properties of rotating hollow cylinder is a function of radial 
direction ‘r’. Let displacement component ‘u’ is the function of radial direction. The 
displacement relation for combined thermal and mechanical strain is given by; 

 
1

r r r r

r

du
T

dr E
   = = − +  and  

1
r r r

r

u
T

r E
    = = − +  (1) 

The stress-strain relations are given by, 

( )( )
( ) ( )1 1

1 1 2

r
r r r r

E
T     

 
=  − + − +  + −

 

(2) 

( )( )
( ) ( )1 1

1 1 2

r
r r r

E
T      

 
=  + − − +  + −

 

Concerning the body force and inertia term the equation thus becomes, 

( ) 2 2 0r r r

d g
r r

dr a
    

 
+ − + − = 

 
 (3) 



Sahu et al. / Research on Engineering Structures & Materials 9(2) (2023) 597-616 

 

600 

By employing the power law in the material properties, we get;  

( ) 1n

r aE E r=
,

( ) 2n

r a r =
, 

( ) 3n

r ak k r=
, 

( ) 4n

r a r =
,  

( ) 5n

r aq q r=
                          

 (4) 

Solving Eq. (1-4), the displacement formulation thus becomes  

( ) ( ) ( ) ( )

( ) ( ) 2 2

λ 1 1 λ 1 1

λ 1 1 ( ) 0

r r r r r r

r r r r

d du u du u
r E T E T

dr dr r dr r

du u g
E T r

dr r a

       

     

    
− + − + + − + − +    

    

 
− + − − + + − = 

 

 (5) 

where,  

( )( )

1
λ

1 1 2 
=

+ −
 (6) 

Above eq. (5) can also be written as here we required the values for temperature and its 
derivative. The formulation for the temperature profile is separately calculated in section 
2.1 

52 32 4 2 4 131 1 32 '' V W Sn n nn P n n nAr u Bru Cu Ur r r r− + ++ + + − ++ + + = + +
 

(7) 

where, 

( )A λ 1aE = − , ( ) ( )1B λ 1 λ 1a an E E = − + − , 1C λ λ λa a aE n E E = + −   

   
( )

 4 4 4 1 4 2

1
U

1 2
a a a a a aE Q P E Q n E Q n  


= + +

−
,

( )
 1

5 3 1 2V 2
1 2

a aE
n n n n

 


= − + + +

−
   

( )
 3

1 2W
1 2

a aQ E
n n




= +

−
  ,

2

a

g
S

a
 

  
= − −   

  
  

(8) 

     2.1 Temperature Formulation 

A one-dimensional steady-state heat conduction equation includes variable conductivity 
and temperature variation. 

1
r ( ) 0

r
r r r

d d
k T q

dr dr

 
+ = 

 
 (9) 

And boundary conditions for thermal are given by, 

r aT T=  at r = a and 
r bT T= at r = b (10) 

Differentiating the above eq.(9) of the heat conduction equation to obtain the Navier 
equation for temperature,  

5 3 22 ''
r1 1 1 1' T

n n
r rAr T BrT C r − +
+ + =

 (11) 

where 

1 aA k= , ( )1 3 1aB k n= + , 
1 0C = , 

1 aq = −  
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After solving eq.(11), 

5 34 2

3 4 1

n nP
rT Q Q r r − +
= + +  , 5 34 11

4 4 1 5 3( 2) n nPdT
Q P r n n r

dr
 − +−= + − +                               (12) 

3 0P = , 1 1
4 3

1

A B
P n

A

−
= = −  

Using the boundary condition find-out the value of Q3 and Q4 yields, 

( )5 3 5 3

4 4 4 4

2 2

1

4

n n n n

a b

P P P P

a bT T
Q

a b a b

 − + − +
−−

= −
− −

    and 5 3 42

3 1 4

n n P

aQ T a Q a − +
= − −                  (13) 

2.2 Solution of Displacement Equation 

The displacement formulation has a general solution and a particular solution. Now 
general part of the solution, 𝑢𝑔 is obtained by assuming, 

P

gu Qr=  (14) 

Substitute the above eq.(14) in the homogeneous form of eq.(7) to get, 

( )2A 0P B A P C+ − + =      (15) 

The above eq. (15) has 2 real roots P1 and P2 as, 

( ) ( )
2

1,2

4

2

A B B A AC
P

A

−  − −
=  (16) 

Thus, the general solution is, 

1 2

1 2

P P

gu Q r Q r= +  (17) 

Now particular part of the solution up is assumed to have the form 

2 3 52 4 2 4 131 1 3J L Mn n nn P n n n

pu Ir r r r− + ++ + + − += + + +  (18) 

Solving, we get, 

( )( ) ( )

( )( ) ( )

( ) ( ) ( )( ) ( )

2 4

52 3

2 4 1

52 32 4 2 4 1

4 1 4 1

1
2 4 2 4 2 4

3
5 5 52 3 2 3 2 3

1 3
4 12 2 2

31 1 3

3 2

1 1

3 2 3 J

31 B 1 C L M

V W S

+ +

− + +

+ − +

− + ++ + + − +

 
 

 
 

  − + − +


 + + + 

+ + + + + + + +

+ − + + − + + + − + +

− ++ + + + +

= + + +

n P

n n n

n n n

n n nn P n n n

A B CA n n n n

A n P n P B n P C Ir

A n n n n n n B n n n C r

n nn n n r r

Ur r r r

 
(19) 

On solving the above equation, the following form is obtained. 
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   2 4 2 4 2 4

U
I 

A ( 1)( ) B 1 C
=

+ + + + + + +n P n P n P

 

   2 5 3 2 5 3 2 3 5

V
J 

A ( 3)( 2) B ( 3) C
=

+ − + + − + + − + + +n n n n n n n n n

  

   2 2 2

W
L 

A ( 1)( ) B ( 1) C
=

+ + + +n n n
  

   4 1 4 1 4 1

S
M 

A ( 3)( 2) B ( 3) C
=

− + − + + − + +n n n n n n

              

(20) 

Now the complete solution   is the sum of the general part of the solution and the 

particular part of the solution as, 

g pu u u= +  (21) 

Thus, 

2 3 51 2 2 4 2 4 131 1 3

1 2 J L M
n n nP P n P n n nu Qr Q r Ir r r r− + ++ + + − += + + + + +     (22) 

Substituting eq.(22) in eq.(1) and (2), the stress and strain distributions can be written 
as, 

( ) ( )

( ) ( )

2 3 51 2 2 4

2 4 1

21 1

1 1 2 2 2 4 2 3 5

2

2 4 1

1 J 3

L 1 M 3

n n nP P n P

r

n n n

Q p r Q p r I n P r n n n r

n r n n r

 − + +− − +

− +

= + + + + + − + +

+ + + − +
  (23) 

2 3 51 2 2 4 2 4 121 1 2

1 2 J L M
n n nP P n P n n nQr Q r Ir r r r
− + +− − + − += + + + + +  (24) 

( )  ( )  ( )( ) 

( )( )  ( )( ) 

( )( )  ( )  

1 1 1 2 1 2 4

1 2 5 3 1 2

4 1 2 5 31 2 1 2 4

1 1

1 1 2 2 2 4

2

2 5 3 2

2 2
4 1 3 4 1

1 1 1

J 3 L 11 1

M 1 α31

1

λ

n P n P n n P

n n n n n n

a

n n n n nn n n n P
a

r

Q P r Q P r Ir n P

r n n n r n

r n n Q r Q r r

E

    

  

 



+ − + − + +

+ + − + +

+ + + − ++ + +

 − + + − + + + +
 
 + − + + + +++− −
 

− ++− + + +

++



−

−

=  (25)               

The boundary condition of stresses is used to determine the constant Q1 and Q2. 
Considering the mechanical boundary condition on the inner side and outer side surface 
of the cylinder as 

r aP = −  at r = a and r bP = −   at r = b  (26) 

Substituting the stress boundary condition in eq.(25), the constants become, 

22 12
1

11 22 12 21

X Y
Q

 

   

−
=

−
   and 11 21

2

11 22 12 21

Y X
Q

 

   

−
=

−
              (27) 

( ) 1 1 1

11 1λ 1 n P

aE P a   + −=  − +      , 
( ) 1 2 1

12 2λ 1 n P

aE P a   + −=  − +    ,

( ) 1 1 1

21 1λ 1 n P

aE P b   + −=  − +   ,   
( ) 1 2 1

22 2λ 1 n P

aE P b   + −=  − +                     
 

(28) 

( ) aX Z a P= − −
, 

( ) bY Z b P= − −
                             

 (29)
 

' 'u
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( )

( )( )  ( )( ) 

( )( )  ( )( ) 

( )  

1 2 5 31 2 4

1 2 4

1 2 5 31 2 1 2 4

2

2 5 32 4

2

2 4 1

2

3 4 1

J 31 1

λ L M1 31 1

1 α

1  

  

 

+ + − ++ +

+ +

+ + − ++ + +

 + − + ++ + −
 
 = + ++ ++ − +− −
 
−
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+ + + 

+−
n n n nn n P

n n n

a
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a
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Z a E a an n n

Q a Q a a

 
(30) 

( )

( )( )  ( )( ) 

( )( )  ( )( ) 

( )  

1 2 5 31 2 4

1 2 4

1 2 5 31 2 1 2 4

2

2 5 32 4

2

2 4 1

2

3 4 1

J 31 1

λ L M1 31 1

1 α

1  

  

 

+ + − ++ +

+ +

+ + − ++ + +

 + − + + ++ + −
 
 = ++ ++ − +− −
 
− + + +

+



−



+
n n n nn n P

n n n

a

n n n nn n n n P
a

Ib b n n nn P

Z b E b bn n n

Q b Q b b

 (31) 

3. Result and Discussion 

3.1 Functionally Graded Properties 

The variation in material parameters such as Young's modulus of elasticity, thermal 
expansion coefficient, density, and thermal conductivity along the cylinder radius is 
shown in Fig. 2 to Fig. 5. When the grading parameter (n) is zero it represents isotropic 
material behaviour. When the grading parameter (n) is positive the material properties 
increase as the radius increases, whereas when the parameter (n) is negative the 
material properties decrease as the radius increases. 

  

Fig. 2 Young’s modulus variation Fig. 3 Thermal expansion coefficient 

  

Fig. 4 Density variation Fig. 5 Thermal conduction coefficient 
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3.2 Validation 

Table 1. Geometrical and mechanical properties 

Physical 
properties 

Material properties Boundary condition 

a 
m 

b 
m 

𝐸𝑎 
GPa 

𝛼𝑎 
per 0C 

ka 

W/mk 
 

 kg/m3 

qa 
kj/m3 

𝜗 
 

Pa 
MPa 

Pb 
MPa 

Ta 
 0C 

Tb 
0C 

1 1.2 200 1.2*10-6 15 7800 50*103 0.3 50 0 10 0 

The grading index 𝑛1 =  𝑛2 =  𝑛3 =  𝑛4 =  𝑛5 = 𝑛 is selected as -2 to 3 and the results of 
the present method are compared with the literature [41]. Because for this particular 
range of n, the composition of metal and ceramic in a functionally graded material is a 
desired one. Beyond this range of n, an FGM would have an excessive amount of one 
phase, which would be inappropriate for real-world applications. Stress and 
displacement of FG hollow cylinder are reported at an angular velocity (ω) = 50 rps. 
Furthermore, the analysis was extended for FG hollow cylinder under the influence of 
rotation, gravitational force, and varying internal heat generation. 

Stress distribution along the radial direction of the cylinder is investigated by the von 

Mises stress * 2 r   = −  for different values of the power law material index [42]. 

  

Fig. 6 Radially distributed temperature Fig. 7 Radially distributed displacement 

  

Fig. 8 Radially distributed radial stress Fig. 9 Radially distributed tangential stress 

Fig. 6 shows a decrease in Tr/Ta ratio from the inner to the outer radius of the cylinder. 
Temperature distribution and displacement are plotted for an index value of -2 to 3 as 
shown, whereas the negative value of the index shows a higher value of temperature & 
displacement as compared to the positive value of the index value. 

a
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For the negative value of the grading parameter, the magnitude of temperature is higher 
compared to the positive value of grading parameters. Fig. 7 to Fig. 9 show the radial 
displacement, radial stress, and tangential stress for aspect ratio b/a = 1.2. It is clear that 
the displacement decreases from the inner to outer radius, the magnitude is maximum 
for the negative grading parameter and minimum for the positive grading parameter, and 
least for indices, n = 3. The radial stress is maximum for the negative grading index and 
minimum for the positive grading index. Similarly, the tangential stress is maximum at 
the inner radius and for a negative grading index i.e., n<1, a reverse trend is seen beyond, 
(r/a) =1.10 and so the tangential stress reaches a maximum value at r/a=1.20 for 
positive grading index i.e., n>1.   

3.3 Effect of Rotation in a Hollow Cylindrical Body 

Fig. 10-14 shows the distribution of temperature, displacement, radial stress, tangential, 
and von Mises stress due to rotation effect only. Because of the rotational effect on the 
cylindrical body, the displacement and stresses induced are higher compared to the non-
rotating case. Displacement is higher for a negative value of n as compared to a positive 
value of n. Radial stress is also higher for the negative value of n as compared to the 
positive value of n and compressive throughout the radial direction. For a negative value 
of n, the tangential and von Mises stresses are higher at the inner radius and then start 
converging up to r/a = 1.08 (approximately), after that tangential and von Mises stresses 
are diverging in nature. Stresses and displacement are higher due to the influence of 
rotation which can be seen when comparing the respective figures of section 3.2 with 
section 3.3. This analysis proposed an idea for a rotating hollow cylindrical body.  

3.4 Effect of Gravity in Hollow Cylindrical Body 

Fig. 15-19 shows the distribution of temperature, displacement, radial stress, tangential, 
and von Mises stress due to the gravity effect only. The maximum displacement attained 
is lesser than rotation. The nature of the variation of displacement and stresses is similar 
to that obtained in the previous case (section 3.3). Due to the effect of gravity, the results 
of displacement and stresses are lesser. 

3.5 Effect of Variable Heat Generation in a Cylindrical Body 

Fig. 20-24 shows the distribution of temperature, displacement, radial stress, tangential, 
and von Mises stress due to the variable heat generation effect. Fig. 20 shows the 
temperature distribution along the radial direction with variable heat generation. Here, 
the relationship between displacement and material grading index is inversely 
proportional i.e. for a negative value of n, the displacement is higher as compared to the 
positive value of n. The relation between displacement and radius of a hollow cylindrical 
body is inverse i.e. displacement is higher at r=0 and decreases as r increases. 

The relation between radial stress and grading index is inversely proportional i.e. for a 
negative value of n radial stress is higher as compared to the positive value of n, the 
nature of tangential stress and von Mises stress is similar to the previous cases (section 
3.3) but the magnitude is lesser. The results obtained in this case are higher as compared 
to the reference due to the influence of variable heat generation which is visible when 
comparing the figure of section 3.2 with section 3.5. This analysis proposed an idea for a 
hollow cylindrical body with variable heat generation. 

3.6 Effect of rotation and gravity in cylindrical body 

Fig. 25-29 shows the distribution of temperature, displacement, radial stress, tangential, 
and von Mises stress due to the influence of rotation and gravity together. The result 
obtained for displacement and stresses are similar to the result obtained in section 3.3 
but the magnitude obtained is less as compared to section 3.3 (only rotation) because of 
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the combined influence of rotation & gravity. Magnitude is higher because of the 
influence of rotation & gravity. This analysis proposed an idea for hollow cylindrical body 
under the influence of rotation and gravity. 

  

Fig. 10 Temperature distribution Fig. 11 Displacement results 

  

Fig. 12 Radial stress distribution Fig. 13 Tangential stress distribution 

 

Fig. 14 von Mises stress along radial direction 

  

Fig. 15 Temperature distribution Fig. 16 Displacement results 
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Fig. 17 Radial stress distribution Fig. 18 Tangential stress distribution 

 

Fig. 19 von Mises results along radial direction 

  

Fig. 20 Temperature distribution Fig. 21 Displacement results 

  

Fig. 22 Radial stress distribution Fig. 23 Tangential stress distribution 
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Fig. 24 von Mises results along radial direction 

  

Fig. 25 Temperature distribution Fig. 26 Displacement results 

  

Fig. 27 Radial stress distribution Fig. 28 Tangential stress distribution 

 

Fig. 29 von Mises results along radial direction 
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3.7 Effect of Rotation and Variable Heat Generation in a Cylindrical Body 

Fig. 30-34 shows the distribution of temperature, displacement, radial stress, tangential, 
and von Mises stress due to rotation and variable heat generation. The nature of variation 
of displacement and stresses along the radius is similar to the previous cases and the 
relation of grading index with displacement and stresses is also similar to that discussed 
in previous cases. Due to the combined influence of rotation and variable heat generation, 
the result of displacement and stresses are higher compared to the previous cases. The 
combined effect of rotation and variable heat generation is visible when comparing the 
figures of sections 3.2, 3.3, 3.4, 3.5, and 3.6 with this present section.  The variation of 
temperature is abrupt along the radius. This analysis proposed the idea of a hollow 
cylindrical body with the influence of rotation and heat generation. 

  

Fig. 30 Temperature distribution Fig. 31 Displacement results 

  

Fig. 32 Radial stress distribution Fig. 33 Tangential stress distribution 

 

Fig. 34 von Mises results along radial direction 
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3.8 Effect of Gravity and Variable Heat Generation in Hollow Cylindrical Body 

Fig. 35-39 shows the distribution of temperature, displacement, radial stress, tangential, 
and von Mises stress due to gravity and variable heat generation. Due to the combined 
loading of gravity and heat generation the results are less as compared to sections 3.3, 
3.5, 3.6, and 3.7 but higher as compared to the reference & section 3.4 while comparing 
the figures. So this analysis proposed an idea of hollow cylindrical body influenced by 
gravity and variable heat generation. 

  

Fig. 35 Temperature distribution Fig. 36 Displacement results 

 
 

Fig. 37 Radial stress distribution Fig. 38 Tangential stress distribution 

 

Fig. 39 von Mises results along radial direction 
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3.9 Effect of Rotation, Gravity and Variable Heat Generation in Hollow 
Cylindrical Body 

Fig. 40-44 shows the distribution of temperature, displacement, radial stress, tangential, 
and von Mises stress due to rotation, gravity, and variable heat generation. In all the 
cases, the negative value of the grading index shows a higher value of radial stress as 
compared to the positive grading index. A reverse trend is seen in the variation of 
tangential stress along the radius, i.e., the tangential stress is converging type at the 
beginning and becomes equal at the center (r/a=1.09 approx.) irrespective of the grading 
parameter. Beyond this, the tangential stress shows a diverging behavior. In the 
converging part, the negative index yields a higher value of tangential stress as compared 
to the positive value of the index. The von Mises stress distribution is plotted in the radial 
direction from the inner side to the outer surface of the cylinder. The von Mises stresses 
are convergent up to the mid-surface after reaching a critical point and then the trend 
reverses. The nature of the convergent and divergent von Mises stress is similar to that of 
tangential stress distribution. The result obtained is higher as compared to the reference 
and all above sections except section 3.7 which is observed when comparing the results 
of all sections discussed in this paper. So, this analysis proposed the idea of a hollow 
cylindrical body combined with rotation, gravity, and variable heat generation. 

A power-law variation of material property is considered in the present study. The power 
law is applied directly to the material properties and not to the volume fraction variation 
of functionally graded materials. The other aspect of analyzing these structures is layer-
wise or continuously graded. The difference between these two methods is that in a 
layer-wise structure the stress distribution obtained is discontinuous and stress jumps 
can be seen at the interface. On the other hand, when the change in material composition 
is smoother there will be no jump at the interface. It is always preferred to vary the 
composition in a smoother fashion such that the causes of delamination can be 
prohibited which may arise due to the difference in thermo-mechanical properties of a 
material selected for the fabrication of functionally graded structures. The distribution of 
stresses varies smoothly along the radial direction. And so, the selection of grading 
parameters plays a crucial role in improving the performance of functionally graded 
materials.  

  

Fig. 40 Temperature distribution Fig. 41 Displacement results 
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Fig. 42 Radially Distributed Radial Stress Fig. 43 Tangential stress distribution 

 

Fig. 44 von Mises results along radial direction 

4. Conclusion 

Thermo-mechanical stress analysis of the FG hollow cylinder has been performed for 
varying grading indices under the effect of grading parameters, rotational speed, 
gravitational force, and heat generation. By employing Navier’s method, the problem was 
solved considering variable heat generation in a cylinder.  

• The fabrication of such structures is possible using centrifugal casting and 
additive manufacturing techniques; the centrifugal casting technique is very well 
suited for fabricating axisymmetric structures whereas there are no such 
limitations in additive manufacturing. In centrifugal casting, the gradation 
variation will be continuous whereas in additive manufacturing because of 
layer-wise deposition a layer-wise graduation is expected.  

• Due to the increments in grading parameters, the strength of the hollow 
cylindrical body is improving resulting in lowering the displacement and radial 
stresses. The von Mises stresses decrease till a certain value of b/a is reached 
beyond this von Mises stresses of FG hollow cylindrical body increase. The 
magnitude of von-Mises stress is higher at the inner radius of FG hollow 
cylindrical body and lesser at the outer radius, but for n = 3 the variation in von 
Mises stress is almost uniform. 

• For n>1, the tangential stresses of FG hollow cylindrical body increase radially 
but for n<1, it decreases; and for n=1, the variation in tangential stress is almost 
uniform along the radial direction. 

• From the analysis of the hollow cylindrical body, it was found that the radial 
displacement varies inversely with the grading index whereas the tangential 
stress increases with n when n is greater than unity. Similarly, von Mises stress 
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is directly proportional to a grading index greater than 2 and inversely to a 
grading index less than 2. 

Nomenclature 

  a Inner radius (m) r  Density function (kg/m3) 

  b Outer radius (m) rq  Heat generation function 
(kJ/m3) 

  r Radial direction (m) aE  Young’s modulus at ‘a’ (MPa) 

  u Displacement component (m) a  CTE at ‘a’ (per 0C) 

r  Radial strain ak  TCC at ‘a’ (W/mk) 

  Tangential strain ,a  Density at ‘a’ (kg/m3) 

r  Radial stress (MPa) aq  Heat generation at ‘a’ (kJ/m3) 

  Tangential stress (MPa) 𝑛1, 𝑛2, 𝑛3, 𝑛4, 𝑛5, 𝑛 Material index 

', 'u T  1st order differential rT  Temperature function (0C) 

'', ''u T  2nd order differential aT  Temperature at ‘a’ (0C) 

  Rotation (rad/s) bT  Temperature at ‘b’ (0C) 

  g Gravity (m/s2) 
3Q ,

4Q ,

3P ,
4P  

Thermal constants 

rE  Young’s modulus function (MPa) 
1Q ,

2Q ,

1P ,
2P  

Displacement constants 

r  CTE function (per 0C) aP  Pressure at inside (MPa) 

rk  
Thermal conduction coefficient (TCC) 
function (W/mk) bP  Pressure at outside (MPa) 
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