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 The aim of this paper is to invent a technique based on the finite element method 
which makes it possible to identify the impact load occurring on the elastic 
bodies. Identifying the periodical signal like a distributed pressure caused by an 
impact that occurs on the elastic plate can contribute to structural health 
monitoring. The inverse formulation of the objective function based on the finite 
element method has been established. The first part of this work will be devoted 
to modal analysis, the objective of which is to formulate the transfer function 
between the impact zone and the sensors implemented at known positions in the 
frequency domain. To switch from the frequency domain to the time domain, the 
inverse fast Fourier Transformation is used. Here, the identification of the impact 
force acting on linear elastic structures such as plates was considered. In the first 
place, it is convenient to look for the parameters that define the impact area 
using a minimization technique based on the Maxwell-Betti theorem. Once, the 
localization is determined, the reconstruction of the impact force-signal 
characteristics is done by the regularization methods.  The regularization based 
on the truncation of the generalized singular values decomposition (TGSVD) has 
been adapted in this work. The TGSVD shows a relative error equal to 2.10%. 
This value is lower than that of literature value where Tikhonov regularization 
with the L-curve criterion was used & results in a relative error of about 40%”. 
Further, the current work for a more complicated case that generates a non-
punctual impact for the same type of force shows the efficiency of the TGSVD 
method to reconstruct the impact signal. The influence of sensor locations, modal 
truncation, noise level, and discrete transfer functions on the reconstructed 
impact characteristics are discussed. 
 

© 2023 MIM Research Group. All rights reserved. 
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1. Introduction 

The direct measurement of the force developed during an impact is not possible, especially 
because the projectile is any kind and the impact zone is not known a priori. We can also 
note that the measure may be intrusive and difficult to perform in the case of a distributed 
force. On the other hand, the measurement of a vibration response at a point in the 
structure such as acceleration, displacement, or deformation can easily be performed. This 
is why indirect methods based on inverse problem-solving are the only viable methods for 
identifying the characteristics of an impact. The reconstruction of the characteristics of 
dynamic impact forces calls into question the ill-posed problem. The problem is generally 
solved by the regularization method [1]. Over the past decade years, we have seen the 
extensive application of the regularization-based inverse problem to identify the impact 
signal applied to engineering structures in order to monitor structural health [2-4].  
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Assessing random impact forces is very important because it helps to prevent system 
failures. In many practical situations, such as a high-speed impact of an object onto a 
structure, which can be assimilated to a non-punctual impact: a bird impacting the airplane 
fuselage, direct measurement of impact signal is complicated, prohibitive, and 
cumbersome, especially for large structures. While the main arguments concern the 
difficulty of installing the sensors and the changes in dynamic properties, the prior 
identification of impact zone characteristics can make investigations more efficient. The 
identification of the characteristics of the force generated by the impact can be used to 
better evaluate the monitoring of the structure, thus minimizing the experimental effort 
required [5- 7]. 

The identification of the impact force includes two relevant aspects, namely the 
reconstruction of the impact signal and the estimation of the impact force position. For the 
reconstruction of impact forces, the technique most used by many researchers in the 
elastic field is deconvolution based on the hypothesis that the response of a body subjected 
to impact force depends linearly on an impact force. This technique can be used both in the 
time domain and in the frequency domain. Based on the deconvolution problem Jacquelin 
et al. [8] used generalized singular value decomposition (GSVD) to reconstruct the impact 
force acting on a rectangular plate. Rezayat et al. [9] proposed an approach based on sparse 
regularization to identify dynamic forces in the frequency domain by grouping fast 
iterative shrinkage-thresholding algorithms. Qiao et al. [10] proposed a sparse 
regularization method to solve an arbitrary identification force by developing a dictionary 
composed of a set of basic functions such as sine, cosine, spline functions, and wavelets. 

For its time domain applications, the dynamic responses provided by a remote sensor have 
been considered in He et al. [11]. They proposed a method based on empirical 
decomposition with intermittent criteria and finite element modeling for reconstruction 
impact force characteristics. For a linear elastic structure, the impact identification 
problem is usually solved in the time domain by using the deconvolution procedure 
method from the deformation response [12-13]. Doyle [14] proposed a wavelet 
deconvolution method for impact force identification, which produced a significantly more 
accurate solution than frequency-domain methods. However, the resolution of the above 
problems by the direct method for example the elimination of gauss gives unstable results; 
on the other hand, the method of least squares is widely used to improve the precision of 
the solutions [15-16]. In some cases, it is preferable to use a residual error minimization 
technique between the measured and numerically calculated responses in the time 
domain, instead of obtaining the history of the impact forces by the process of direct 
deconvolution of a convolution integral [17]. The finite element method was used in the 
approach proposed by Liu et al. [18] to characterize the impact force based on stress wave, 
they highlighted four sensors symmetrically implemented to measure responses in terms 
of time-varying strain. Employing fast Fourier transformation (FFT), we can associate a 
form of integral deconvolution problem in the frequency domain to predict the impact 
force on beams from the measured strain data [19-20]. He et al. [21] employed the 
regularization based on the TSVD method to identify the impact force in the frequency 
domain and remarked that the position of the respondent sensors strongly influenced the 
condition number of the FRF matrix. Liu et al. [22] proposed a nonconvex overlapping 
group sparsity to solve the impact force identification problem, and also compared the 
nonconvex regularization method and the standard L1-norm method. 

Furthermore, for the location of the impact zone, several efficient methods have been 
proposed by many researchers based on the beam theory. In the case of a punctual impact, 
the location of the impact area can be easily achieved by minimizing the error between the 
measured and calculated responses. Inoue et al. [20] proposed a technique that uses the 
arrival time of each frequency component of a pulse detected through wavelet 
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transformation to determine the location of the force on the beam. Liu [23] proposed an 
algorithm for solving a force identification problem based on TSVD and the Tikhonov filter-
LS schemes. Yen and Wu [24] used Green’s functions to identify the characteristics of the 
impact area with a significant number of sensors implemented on the isotropic plate to 
measure deformation responses. 

In most practical cases, the impact is distributed on a structural patch, the problem is more 
complex because it is to identify pressure distribution and not just a single force. Assuming 
uniform pressure, a new parameter appears in the problem representing the extent of the 
affected area. El-Bakari et al. [25] proposed an improvement approach based on heuristic 
optimization like a particle swarm optimization algorithm to minimize the fitness function 
that doesn't involve pressure.  The technique is based on weighting coefficients to stabilize 
the objective function, four cases were proposed in their work. Liu et al. [26] employed the 
modified second-order Tikhonov regularization method (TRM) and the non-negativity of 
the identified loads, the non-negative least squares (NNLS) to identify the distributed loads 
acting on irregular structures. 

In this work, we propose an efficient method in order to identify the history and location 
of impact forces occurring on a linear elastic plate. Localization has been resolved as a 
minimization problem. Modal analysis based on the finite element method has made it 
possible to derive FRF (frequency response functions) between the excitation points and 
the measured response by implementing sensors. Using the inverse fast Fourier transform 
(IFFT), the associated temporal response functions were computed. Then a Toeplitz matrix 
was created. It gives the displacement associated with the applied pressure acting on a 
rectangular patch of the plate. The robustness of this method will be discussed as a function 
of the noise level.  

2. Theoretical Problem Formulation  

We consider a homogeneous and isotropic elastic rectangular plate of dimensions 
a × 𝑏 × ℎ, with a = 0.6 m, b = 0.4 m, and ℎ = 5 × 10−3m as shown in Fig. 1. The force 
modeling impact is selected to result from periodic dynamic load identification assuming 
a uniform pressure,  𝑝(𝑡) where 𝑡  is time. it is applied to a rectangular patch in the middle 
of the plate which is centered on a point S0 having a coordinate (a/2, b/2) and having 
length 𝛿a and width 𝛿b.  

 

Fig. 1 Dimension of rectangular plate and sensors position 
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A finite element model of a rectangular plate is formulated in this part. As a result of the 
applied pressure, the displacement 𝑦  is measured at certain points belonging to all points 
marked with symbol    which are shown in Fig. 1. The coordinates and node values of the 
sensors implemented on the structure are given in Table 1.  

Table 1. Positions of sensors implemented on a rectangular plate 

Sensors  #1 #2 #3 #4 #5 #6 #7 

Coordinates 
(a/6, 
b/2) 

(a/3, 
b/2) 

(a/2, 
b/4) 

(a/2, 
b/2) 

(a/2, 
3b/4) 

(2a/3, 
b/2) 

(5a/6, 
b/2) 

Nodes 121 231 368 363 358 473 583 

Taking into account a sampled time interval of duration Tc and of length N the solution of 
the dynamical system is obtained   by a linear convolution having the following form 

 𝑦(𝑘) = ∑ ℎ(𝑗)𝑝(𝑘 − 𝑗)𝑘
𝑖                   𝑘 = 1,2, … , 𝑁                                                      (1) 

where 𝑦(𝑘) is the discrete dynamic response as observed by the implemented sensor and 
𝑝(𝑘) the discrete input pressure, ℎ is a discrete system’s impulsion response function of 

the linear elastic system. The sampling rate is thus given by ∆𝑡 = 𝑇𝑐/(𝑁 − 1). 

In the frequency domain, there is also only a relationship with input/output defined by the 
assembling of the Eq. (1) for 𝑘 = 1,2, … , 𝑁,  

 𝑌 = 𝐻𝑃                                                                                                                                       (2) 

where H is the Toeplitz-like transfer matrix, P is the pressure signal vector, and Y is the 
measured signal vector. 

The H-matrix is obtained by employing a FEM of the plate. Designating the index 𝑖 and 𝑗 
respectively the measurement DOF displacement, and any displacement DOF that is 
normal to the zone of applied impact, the FRF is collected from the calculated modes by 
FEM as  

 𝐹𝑖𝑝(𝜔) = ∑ 𝐹𝑖𝑗(
𝑁𝑖𝑚𝑝𝑎𝑐𝑡

𝑗=1
𝜔)                                                                                                         (3) 

with 

 𝐹𝑖𝑗(𝜔) = ∑
Φ𝑖𝑘Φ𝑗𝑘

𝜔2−𝜔𝑘
2+2𝑖𝛽𝑘𝜔𝑘𝜔

𝑁𝑚𝑜𝑑𝑒𝑠
𝑘=1                                                                                      (4) 

where 𝑁𝑖𝑚𝑝𝑎𝑐𝑡  is the number of total degrees of freedom of the normal displacements with 

respect to the affected area,  𝑁𝑚𝑜𝑑𝑒𝑠  the number total of modes that are selected in modal 
expansion, Φ𝑖𝑘  is the ith component of the kth mode normalized concerning mass, 𝜔𝑘 the 

kth mode angular frequency, 𝛽𝑘 the damping coefficient for the kth mode, and the 𝜔 
angular frequency. 

Using the IFFT of the FRF given by Eq. (3)., the impulse function response ℎ in the time 
domain can be obtained.  

Generally, the matrix 𝐻 can be written in the following form  

 𝐻 = [
ℎ(1) ⋯ ℎ(𝑁)

⋮ ⋱ ⋮
ℎ(𝑁) … ℎ(1)

]                                                                                                        (5) 

In this study, the 𝑁 = 1024 is selected in order to calculate easily the IFFT.  
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3. Regularization of The Inverse Problem  

The direct inversion of the problem defined by Eq. (2) gives an unstable solution because 
the matrix is ill-conditioned. This means that its direct inversion of an ill-conditioned 
matrix can significantly amplify the error in the dynamic response. And as a result, lead to 
an unstable numerical solution that doesn’t make physical sense. For the above reason, the 
deconvolution problem given in Eqs (2) and (5) needs to be regularized. The most popular 
ones are Tikhonov regularization [27] and Singular Value Decomposition (SVD) based 
methods [28], including truncated SVD (TSVD). In this work, the regularization technique 
based on the truncated generalized singular value decomposition (TGSVD) is considered. 
It should be mentioned that the simplest SVD method has not managed to regulate the 
identification problem considered in this work. The TGSVD-regularized solution of the 
problem given in Eqs (2) and (5) can be written like this  

 𝑃 = 𝑋ΦΔ−1U𝑡𝑊 = 𝐻∗𝑊                                                                                                        (6) 

where 𝑋, Δ, 𝑈 are the singular factors of 𝐻 , Φ is the filter factor and 𝐻∗ = 𝑋ΦΔ−1U𝑡 is the 

regularized pseudo-inverse of 𝐻 . 

The presence of generalized singular values in the matrix 𝐻 requires the introduction of 
the filter factors' goal in order to minimize the influence of the low amplitude of the latter. 
The Φ filter specified by the truncation method states:  

Φ𝑖𝑗 = 𝑓𝑖𝛿𝑖𝑗     𝑖, 𝑗 = 1, … , 𝑛                                                                                                        (7) 

where 𝑓𝑖 = 0 if 𝑖 ≤ 𝑘  and 𝑓𝑖 = 1  otherwise. 

 To build the filter Φ  within the framework of the truncation method, the rank 𝑘 should 
be determined. Various criteria can be used for that. Here, when working with sinusoidal 

pressure signals, numerical experimentation has shown that 𝑘 ∈ [𝑁 − 10, 𝑁]  with 𝑁 =

1024  . 

4. Case Study  

4.1. Description Problem 

The rectangular plate shown in Fig. 1 is selected to have the following dimensions: length 
𝑎 = 0.6 m, width 𝑏 = 0.4 m, and height ℎ = 5 × 10−3m. It is supposedly embedded on 
these four edges. The material Young modulus is 𝐸 = 210 GPa and the Poisson coefficient 
is 𝜇 = 0.3 . The density is 𝜌 = 7800 kg. m−3 . The flexural rigidity modulus of the plate is 
given by  𝐷 = 𝐸ℎ3/(12(1 − 𝜇2)). 

 A FEM simulation was carried out using the Abaqus software package.  Since the type and 
size of mesh elements do not affect the displacement results, the simulation is performed 
using Abaqus eight-node linear brick, reduced integration with hourglass control (C3D8R). 
The C3D8R elements have only one point of integration which can pose a problem of 
convergence in terms of displacement. This is why in first-order, reduced-integration 
elements in Abaqus include hourglass control. The C3D8R elements and intermediate-size 
mesh for a linear 3D model of the rectangular plate do not affect the convergence in terms 
of the displacement node element. The mesh intermediate is described by the following 
properties: 

• number of elements: 651; 
• number of nodes: 1408; 
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Fig. 2 Rectangular plate meshed;   the impact zone  (red color) subjected to the 
uniform pressure 𝑝(𝑡) 

Fig. 2 shows the intermediate mesh using the Abaqus-FEM model where the impact area is 
represented in red color. The latter extends over a surface (patch) in the middle of the plate 
simply supported. 𝑆0 , the coordinate of the impact center is given 𝑆0 = (0.3m, 0.2 m), and 
the extents of the patch are defined by 𝛿𝑎 = 𝛿𝑏 = 0.06 m. The displacement measured by 
the sensors located on the x-axis and y-axis symmetry of the upper face of the plate having 
a normal parallel to the z-axis. Only the z-displacement is assumed to be measured.  

The characteristics of a periodical-like sinus profile which represents the impact pressure 
are given in figure 3. The maximal peak value of the pressure is 3 × 104Pa, and the pulse 
width of each peak is 𝑇 = 0.02s.  The total duration of the signal considered in this study 
is 𝑇𝑐 = 6𝑇. 

Fig. 4 shows the displacements in the z-direction measured by sensors implemented at 
different locations on the top face of the plate using the Abaqus implicit dynamic 
procedure: the nodes considered are located on the plane of symmetry of the top face, as 
indicated in Table 1. 

 

  

Fig. 3 Impact pressure signal characteristics; Pressure transient and Spectral content 
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Fig. 4 Z-displacement as computed by using Abaqus dynamic implicit procedure 

According to the study of convergence as a function of the size of the elements, an 
intermediate mesh was obtained without weighing down the machine by a refined mesh. 
Since the structure has no geometric defect at the time of the discretization the results 
remain unchanged vis-à-vis relation to the size of the element. The choice of the position 
of the sensors is not arbitrary it is an objective to show that the symmetry presents similar 
results. For this, it is enough to take the displacements given by sensors #3, #4, #6 et #7.   

4.2. Modal Analysis 

It is necessary to understand the vibration characteristics of a structure before proceeding 
with the identifying problem. This section focuses on the study of natural frequencies and 
structural modes shapes using the finite element method. This will allow us to determine 
the modes that have significant participation, as well as the corresponding frequencies, 
including the interest to develop the transfer function. The first 20 frequencies of the 
rectangular plate are given in Fig. 5. Fig. 6 illustrates some representative modes in the z-
direction. The purpose of this modal study is to determine the maximum number of modes 
that contribute to the transfer function in order to complete the inverse formulation used 
to identify the impact force that occurs on the plate. 

 

Fig. 5 Frequencies of the first 20 modes of the rectangular plate 
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Mode 1  

𝑓1 = 83.592 Hz 

 
Mode 2 

𝑓2 = 161.84 Hz 

 
Mode 4  

𝑓4 = 239.84 Hz 
 

Mode 7  
𝑓7 = 321.15Hz 

 
Mode 8  

𝑓8 = 364.44 Hz 
 

Mode 9 
𝑓9 = 401.07 Hz 

Fig. 6 Modes shapes of the plate, the z-displacement degrees of freedom are depicted 
(a/h=120) 
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The frequency response function is calculated between the measurement sensor position 
and the excitation points using Eqs. (3)-(4). The 
β𝑘 = 5 × 10−4  damping coefficient was used to avoid the singularities that may be present 
in the transfer matrix. Figure 7 gives the FRF for nodes 363 and 583 (according to the finite 
element mesh labeling).  

Modal truncation convergence is reached here by considering only the first plate mode, but 
for the solution of the localization problem, it is necessary to keep three modes. The two 
signals compare well but a phase distortion can be noticed while computing the response 
using the discrete response function. The IFFT was calculated here by using N= 1024 
points. The time domain used was [0,0.12s]. ∆𝑓 = 8,33 Hz and ∆𝑡 = 1.1718 × 10−4 s. With 
sufficient accuracy, one can assume now that the direct problem is well described by Eqs. 
(2)-(5) resulting from modal and fast Fourier analyses. 

 

Node 363 is located at coordinate (a/2, 
b/2) 

 

Node 583 is located at coordinate (5a/6, 
b/2) 

Fig. 7 FRF between sensor locations nodes and the impacted zone 

4.3. Identification Problem 

In this section, the formulation of inverse problem analysis was considered in two steps; 
the first one consists in finding the impact zone characteristics from measured 
displacement responses by the sensors placed on the top face of the rectangular plate. And 
in the second step, the reconstruction of the time history of the signal will be discussed 
through the regularization method. As regards the location, this means locating the impact 
zone and reconstructing the pressure signal. In the first step, searching the impact center 
position of the impacted zone, denoted here 𝑆0, then as a second step the impact zone 
extensions 𝛿𝑎 and 𝛿𝑏 are determined.  

To carry out this identification work, a flow chart summarizing the identification 
procedure is proposed in Fig.8. 
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Fig. 8 Flow chart of the proposed identification method 

4.3.1 Localization of impact force 

Based on parametric modeling of dynamic responses associated, we consider a pair of 
points located on the plane of symmetry of the top face of the plate and having respectively 
a coordinate (𝑥𝑖 , 𝑦𝑖) and (𝑥𝑗 , 𝑦𝑗). The responses write 

 
𝑌𝑖 = 𝐻𝑖(𝑆0, 𝛿𝑎, 𝛿𝑏) 𝑄

𝑌𝑗 = 𝐻𝑗(𝑆0, 𝛿𝑎, 𝛿𝑏) 𝑄
                                                                                                                   (8) 

where 𝑄  is the resultant pressure force located at the unknown point (𝑥, 𝑦), 𝐻𝑖 and 𝐻𝑗  are 

the Toeplitz matrices connecting this unknown point with the known senor locations 𝑖  and 
𝑗. Using commutative propriety𝐻𝑖(𝑆0, 𝛿𝑎, 𝛿𝑏)𝐻𝑗(𝑆0, 𝛿𝑎, 𝛿𝑏) = 𝐻𝑗(𝑆0, 𝛿𝑎, 𝛿𝑏)𝐻𝑖(𝑆0, 𝛿𝑎, 𝛿𝑏), 

one can prove the following Maxwell-Betti equation [18].  

 𝐻𝑖(𝑆0, 𝛿𝑎, 𝛿𝑏)𝑌𝑗 = 𝐻𝑗(𝑆0, 𝛿𝑎, 𝛿𝑏)𝑌𝑖                                                                                      (9) 

Parameter 𝑆0 should then minimize the objective function 

 𝑆0 = argmin{
𝑥,𝑦

‖𝐻𝑖(𝑆0,𝛿𝑎,𝛿𝑏)𝑌𝑗−𝐻𝑗(𝑆0,𝛿𝑎,𝛿𝑏)𝑌𝑖‖

‖𝐻𝑖(𝑆0,𝛿𝑎,𝛿𝑏)‖+‖𝐻𝑗(𝑆0,𝛿𝑎,𝛿𝑏)‖
}                                                                (10) 

where (𝑥, 𝑦) are not located on the fixed boundary of the plate and‖ ‖ is the matrix norm 
1. Having had determined 𝑆0 a second minimization is performed in order to determine 
the limits of the impact interval in the x-axis (𝑢10, 𝑢20) with parameter 𝛿𝑎 = |𝑢20 − 𝑢10| 
and in the y-axis(𝑣10, 𝑣20) with parameter 𝛿𝑏 = |𝑣20 − 𝑣10| by solution of   

 (𝛿𝑎, 𝛿𝑏) = argmin{
𝑥,𝑦

‖𝐻𝑖(𝑢1,𝑢2,𝑣1,𝑣2)𝑌𝑗−𝐻𝑗(𝑢1,𝑢2,𝑣1,𝑣2)𝑌𝑖‖

‖𝐻𝑖(𝑢1,𝑢2,𝑣1,𝑣2)‖+‖𝐻𝑗(𝑢1,𝑢2,𝑣1,𝑣2)‖
}                                         (11) 

It should be noted that, in order to avoid trivial solutions corresponding to the fixed 
boundaries and to points that are closer to them (because the modal displacements are 
small), the objective function is divided by the sum of norms of the Toeplitz matrices. One 
should also consider more than one mode in evaluating the FTF, otherwise, the numerator 
of the loss function is constant and minimization has a trivial multi-solution.  
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Isovalues of the objective function 

defined by Eq. (11) as a function of the 
nodes limiting the impact interval 

 
Variation of the objective function defined 
by Eq. (10) as a function of the axial node 

number, the star shows the obtained 
minimum 

 

Fig. 9 Solutions of the minimization problems defined by Eqs (10) and (11) 

Fig. 9 illustrates the objective function defined in Eq. (10) as a function of the local axial 
node number of the plate. This function is shown to have a minimum which is the point 
located at the coordinate distance 𝑆0(0.3m, 0.2m) corresponding to the center of the plate. 
The minimization of the fitness function gives the minimum at abscissa n=17 (the value of 
the objective function is 𝑆0 = 6.05 ∗ 10−5)  which corresponds to node 363 in the finite 
element mesh and has an index equal to 364. 

Scanning all nodes (coordinate patch), we find the minimum of Eq. (10) obtained at n=17, 
this means that the minimum is obtained for all rectangular patch nodes. This technique 
makes it possible to find all areas of impact; 

Minimization of the objective function defined by Eq. (11) yields the interval in:  

• the x-axis [0.2614285 m, 0.3385715 m] (𝛿𝑎 = 0.077143 m)  which is not far from 
the exact solution[0.27 m, 0.33 m]  

• y-axis [0.161425 m, 0.238575m](𝛿𝑏 = 0.07715 m) which is not far from the exact 
solution [0.17 m, 0.23 m] . 

 

Fig. 10 Localization of impact force 
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Fig. 10 summarizes the problem of localization which has been challenged by Eqs. (9) and 
(10). It is clear that localization has been perfectly ensured by minimizing the objective 
functions defined by the Eqs. (9) and (10). 

Now that 𝑆0, 𝛿𝑎 and 𝛿𝑏  are calculated, the Toeplitz matrix 𝐻𝑖(𝑆0, 𝛿𝑎, 𝛿𝑏) is completely 
known. The following section will be devoted to solving the inverse problem using the 
coupling FEM-TGSVD to reconstruct the impact signal. 

4.3.2 Reconstruction of Signal Force 

This part of the work analyzes the possibility of reconstruction force by using only the 
finite element method without the regularization technique. In the first order, the mains 
SPC is used to compare the different signals reconstructed.  Figure 11 shows the SPC 
comparison with three positions of sensors implemented at points (j1, j2, and j3) to measure 
the displacement response of the respective nodes (583, 358, 473), for each position we 
can only reconstruct the impact force. In Figures 11a, b, and c the first sensor is placed at 
i1 corresponding to node 363 to give the excitation signal, and sensors measuring the 
displacement response are placed at j1, j2 and j3 successively. 

 
Spectral content 

 
Impact force reconstruction  

(a) Reconstruction of Impact pressure signal characteristics: Configuration 1 (#4, #7) 

 
Spectral content 

 
Impact force reconstruction  
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(b) Reconstruction of Impact pressure signal characteristics: Configuration 2 (#4, #5) 

 
Spectral content  

 
Impact force reconstruction 

(c) Reconstruction of Impact pressure signal characteristics: Configuration 3 (#4, #6) 
Fig. 11 Identification of impact force and a spectral of power by using three 

configurations of position sensors 

Fig. 11 shows the impact force identification by using only the finite element method as 
stated by Eq. (8). The first point to make from Fig. 10 is that from the power spectrum, you 
can predict the quality of the reconstructed signal. The reconstruction is poor in Figs. 10a 
and 11b correspond to the first configuration when using the sensor excitation #4 (node 
corresponding 363) and the sensor response #7 (node corresponding 358) and for the 
second configuration (#4, #5). Configuration three (#4, #6) corresponding to the nodes 
(363, 374) gives a very good reconstruction, which Can be explained by the following: 

•  The position of the measured response sensor is crucial.  
•  Do not be near or far from the impact area.  
•  The best result is for the displacement 𝑌𝑗1 measured by sensor #6 which is in node 

474. 

 

Fig. 12 Reconstruction of impact force when using 3 modes and filter truncation order 
k=10 
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Fig. 13 Reconstruction of impact force when using 3 modes and filter truncation order 
k=20 

 

Fig. 14 Reconstruction of impact force  when using 3 modes and filter truncation order 
k=80, 

This method requires a laborious calculation and several tests in order to find the best 
place to implement the measurement sensor. This part was the object of a scanning 
calculation on the whole plate which is not easy in the case of any plate or structure that 
has rather large dimensions.  To make the reconstruction method more reliable, we use 
the technique of generalized regularization in order of truncation.  

Figs. 12, 13, and 14 illustrate the various results found by using the finite element method 
and TGSVD regularization method; it is important to remember that the position of the 
sensors in this method does not influence enough the good reconstruction of the impact 
signal. The only parameter that influenced the quality of the reconstructed signal is the 
truncation mode. 

From figs. 12, 13, and 14 we can observe the effect of regularization in establishing the 
transfer function conducted to the reconstruction impact force. One can see that the 
reconstruction is bad without or with a wrong truncation filtering order. Those figures give 
a comparison with the signal reconstructed by using the TGSVD technique regularization 
and real impact force. For the filter, the truncation order equals 10 the reconstruction is 
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bad (Fig.12). For a truncation number equal to 20, the reconstructed signal takes a form 
that is very close to the real signal (Fig.13). 

The signal profile obtained by the solution of the inverse problem coincides perfectly with 
the actual input force (Fig. 14). It is shown in this work that the mode number does not 
have much influence on the quality of the reconstructed signal, for this reason, the number 
of modes has been reduced to three. It is convenient to report that the best results obtained 
for the truncation filter order were equal to 80. 

Compared to the work of Qiao et al. [10] who discussed the determination of a harmonic 
impact force for three types of sinusoidal forces at certain frequencies 60Hz, 80 Hz, and 
150 Hz. In this identification procedure, they used SpaRSA identification and Tikhonov 
regularization with the L-curve criterion. they showed a clear advantage of SpaRSA over 
the Tikhonov method.  This work for a more complicated case that generates a non-
punctual impact for the same type of force shows the efficiency of the TGSVD method to 
reconstruct the impact signal. Moreover, the calculation of the relative error between the 
exact and identified forces is envisaged in order to test the performance of the TGSVD-
based identification method and compare it with the work of Qiao et al. [10]. It is defined 
as  

    𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑒𝑟𝑟𝑜𝑟 =
‖𝐹𝑒𝑥𝑎𝑐𝑡−𝐹𝑖𝑑𝑒𝑛𝑡𝑖𝑓𝑖𝑒𝑑‖

2

‖𝐹𝑒𝑥𝑎𝑐𝑡‖2
× 100%                                                                   (12) 

All calculations are completed and show a clear advantage of the TGSVD which shows a 
relative error equal to 2.10%. This value is lower than the one displayed in the work of 
Qiao et al. In addition to this,  the Tikhonov method can generate a relative error of about 
40% [10]. 

4.3.3 Effect of Noise Measurement 

To test the robustness of the TGSVD regularization method, we consider four levels of 
measurement noise that affect the amplitude of the responses recorded by the sensors 
implement on the structure. The noise level considered is given by the following formula:  
𝑟 = 𝛼(−1 + 𝑟𝑎𝑛 ⅆ(µ)), with 𝛼 representing the noise level considered in this study and µ 
varies randomly between [0,1]. 

Figs. 15, 16, and 17 show the noise effect on the quality of the reconstructed signal, in fact, 
to achieve a good quality impact signal reconstruction, the noise level must not exceed 1%. 

 

Fig. 15 Reconstruction of impact force when using 0.5% of measured noise (k=80), 
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Fig. 16 Reconstruction of impact force when using 1% of measured noise (k=80), 

 

Fig. 17 Reconstruction of impact force when using 2% of measured noise (k=80), 

It is clear from this part of the study which dealt with the influence of the noise level on the 
reconstructed signal quality, that a poor-quality sensor generates a significant noise that 
impacts the quality of the results and will not provide enough information about the impact 
signal. It should be noted that other case studies have been carried out in this work for a 
higher noise level and also for reconstruction based on the finite element method and the 
transient dynamic response. The latter gives a bad reconstruction from the first noise level. 
This makes the use of the TGSVD method essential in the reconstruction of the impact 
signal. 

5. Conclusions 

In this current study, the identification of a distributed impact acting on a patch of an elastic 
rectangular plate was performed. The identification procedure followed in this work is to 
decouple the reconstruction of impact force history from localization. The first step is to 
do optimization work ensured by a program under Matlab that allows localizing the impact 
area. whereas in the second step, the reconstruction of impact force history was performed 
using the finite element method (FEM) and then the truncated generalized singular value 
decomposition (TGSVD).  
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The proposed approach was applied to a homogeneous isotropic linear structure. The 
finite element method makes it possible to construct a modal or dynamic transient model. 
The generalized Toeplitz matrix was obtained by the IFFT of the FRF. After the 
reconstruction of the matrix elements, the minimization technique of the objective 
function was used in order de define the impact characteristics that define the impact zone. 
Localization has been solved for a linear structure. Once the impact zone is determined, 
the history of impact load is identified using the truncated generalized singular value 
decomposition (TGSVD) and finite element method. The impact force reconstruction is 
performed by two separate methods, trying to identify the history of the impact load by 
using just the finite element method without any means of regularization. It turned out that 
the reconstruction is possible for some sensors. This reconstruction is not resistant to the 
effects of low noise, it simply comes down to the sensitivity of the transfer matrix inversion. 
This makes the use of the regularization method mandatory for these kinds of 
identification problems. 

The TGSVD shows a relative error equal to 2.10%. This value is lower than that of literature 
value where Tikhonov regularization with the L-curve criterion was used & results in a 
relative error of about 40%”. Further, the current work for a more complicated case that 
generates a non-punctual impact for the same type of force shows the efficiency of the 
TGSVD method to reconstruct the impact signal. 

The TGSVD was used to regularize the reconstruction problem. The efficiency of the 
approach used in this work was discussed in terms of the sensor's position when using 
only dynamical transitive responses without and with the TGSVD regularization technique, 
the modal truncation order and sensitivity of the measurement noise affected the 
responses.  The modal convergence was achieved using only three modes. One should 
recall that the studied case is a symmetric problem and the impact frequency content is 
low. The proposed method can however be generalized to a more complicated situation 
without major problems.  

Nomenclature 

FEM- Finite Element Method  

FRF- Frequency Response Function  

TGSVD- Truncated Generalized Singular Value Decomposition  

IFFT- Inverse Fast Fourier Transformation  

P- the  pressure signal vector  

Y - the displacement vector  

H - the Toeplitz matrix 

𝑗𝑖  - positions sensors 

𝑇𝑐  - the total duration of the signal 

𝑆0 - impact center  

𝛿𝑎, 𝛿𝑏  - length and width of impact zone characteristics  

E - elastic modulus  

D - the flexural rigidity modulus of the plate  

𝜇 - Poisson ration  
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ℎ -thickness of the plate  

Φ𝑖𝑘- the ith component of the kth mode normalized concerning mass 

 𝜔 – angular frequency 

𝛽 - damping coefficient   
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