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 The experimental characterization is the most exact method which describes and 
studies the material's real behavior and its response to different mechanical 
solicitations otherwise conducting experimental tests for every case is often 
impractical. This work presents an analytical model that describes the concrete 
fracture energy variation in function of the specimen’s length, the crack initial 
length and the Sand fines ratio basing on experimental investigations. Three 
point bending tests were conducting on concrete specimens, using an MTS 
testing machine and according to the ASTM norms. The obtained experimental 
results were used to generate an analytical model based on ANOVA and 
experimental plan principles. The model was validated and adjusted. It has been 
found that the weakening of the studied specimens is majorly related to the 
increasing on the specimen’s and crack initial lengths or by decreasing the sand 
fines ratio and the model shows in addition to that a clear parameter’s 
classification, the sand fines ratio is the most influential factor and all the 
interactions including the sand fines ratio or the crack initial length present high 
effects. A high coherence between the model and the experimental values in term 
of fracture energy was noticed and that according to relative error that did not 
exceed the 28%. After adjustments, the error was highly ameliorated. The model 
helps in studying the concrete general behavior and offers a reliable tool 
contributing to the evaluation of the Fracture energy without going through 
experimental tests considered as costly in terms of time and price.  
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1. Introduction 

Understanding the relationships between the microstructural phenomena and the 
corresponding effects on macroscopic behavior is the main key to truly understanding the 
material general behavior and the principal way to the establishment of the predictive 
formulate models for large-scale structural performance and reliability [1]. This relation’s 
complexity depends mainly on the material sensibility, the confounding effects of design, 
the imposed loads, and the climatic conditions relevant to the structures [2]. The general 
theory of material behavior develops systematic methods to represent material properties 
in a context of physical evidence and mathematical consistency [3]. The Fracture 
mechanics is a field that uses the fracture phenomena and parameters to develop 
predictive models. It is the discipline of mechanics that deals with the study of the cracks 
propagation in materials due to the extension of processing defects such as pores, 
inclusions, or even microscopic fissures. It uses analytical methods known as analytical 
solid mechanics to calculate the driving force on cracks and applies the experimental solid 
mechanics principals to characterize the material's resistance to fracture. The Materials 
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fracture behavior can be classified in ductile and fragile, where the fragile behavior is 
considered hard to detect and to study for the raison that the fracture is brusque, happens 
in a very quick manner and the materials engendering these type of behavior are very 
sensitive to the smallest changes in the study parameters or in the testing procedures.  
Concrete is one of the most well-known and highly used materials engendering these 
quasi-brittle behavior and because of its importance as a construction material, its fracture 
and failure behavior has been the subject of extensive researches [4], theses researches 
has started in the 19th and the first half of the 20th where the demand for the concrete use 
has raised, these researches were focused on the concrete technology and its structural 
performances and lays majorly on the fracture and failure concrete behavior studies both 
experimental and numerical. The experimental investigations were divided on two main 
research axes, the investigations in term of concrete composition and nuances in a hand 
and on the material characterization and detection of their fracture parameters on the 
other one. To finally confuse these two axes in order to detected the optimum version of 
concrete to be used in different constructions sectors or to develop analytical predictive 

models that facilitate and helps in studying the concrete behavior without the need for 
experimental realizations. Focusing on the fracture energy predictive models based on 
experimental investigations were conducted such those presented by Bazant and Oh [5], 
proposing a model that links the said energy to the tensile strength, the aggregates 
diameter and the elasticity modulus, this model was simplified and reformulate later. Or 
the one developed by Hillerborg [6] based majorly on the area under the softening phase 
of the stress-strain curve obtained from bending test and takes also in consideration 
geometric parameters such as the crack length and the specimen’s width. Meanwhile, the 
comite Euro International du béton [7] propose a simple empirical model defines the 
fracture energy in function of the aggregate maximum size and the cylinder compressive 
strength. This model was reformulated by Bazant et al. [8] and that by adding the water 
cement ratio. Years later, the Comite International du Béton [9] has proposed another 
model based on the mean value of the cylinder compressive strength. The JSCE [10] 
introduce as well a simplify model that contains only the aggregate maximum diameter 
and the cylinder compressive strength. Iman M.Nikbin et al. [11] propose a new model that 
takes in account the cylinder compressive strength, the concrete age and the water cement 
ratio. Others has proposed models based purely on numerical approaches and 
investigations such those conducted by Al-Saawani.M.A et al[12] who propose a model 
based on the Finite Element Modeling principals or even those based on cohesive 
approaches [13-17]. After analyzing the presented above models, it has been noticed that 
the generated models converge to the real behavior of concrete when more experimental 
parameters are taken into account. For that a lot of experimental works and researches 
highlighted the fracture parameters and their interchangeability with the specimen’s size 
[18-27]. others present the concrete components impacts precisely the sand type and 
conclude that the sand grains shape, size and distribution can highly effect these fracture 
proprieties [28-32]. For our case, we are focused on three parameters which are the 
specimen’s length, the crack initial length and the sand fines ratio considered as important 
and non-conventional factors.  However, no model in literature (in our knowledge) has 
generated a relation between the fracture energy and these parameters in a hand neither 
define their interactions in the same model on the other one. Therefore, the present work 
came in the context of presenting a new analytical predictive model that defines the 
fracture energy in function of the mentioned above parameters and interaction’s effect. It 
contains only experimental parameters. The model was elaborated based on experimental 
investigation results treated with on ANOVA and experimental Plan principles. The 
Database was extracted from three point bending testes done on concrete specimens 
through an MTS testing machine according to the ASTM norms. Studying and highlighting 
the effect of the specimen’s length, the crack initial length and the sand classification was 
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extracted from the model and validated experimentally. By defining a relationship between 
the fracture energy and the experimental studied parameters, this works contribute on the 
concrete failure behavior studies as it can be used for numerical application. 

2. Materials and Methods   

2.1. Specimen’s Geometry and Characteristics 

The experimental approach of the present study is carried out in a context following the 
standard experimental procedures of engineering, such as those described in [33; 34]. We 
present here several parametric studies, where three different values for each factor were 
tested experimentally. All this configurations’ sizes were realized according to the ASTM 
Norms particularly the ASTM C192/192M [35] dealing with the Standard Practice for 
Making and Curing Concrete Test Specimens in the Laboratory, the chosen specimens are 
all rectangular in shape and having the dimensions and characteristic recapitulated as 
follow:  

2.1.1 The Specimen’s Length 

The tested specimen’s length configurations are shown in Table 1. 

Table 1. The tested specimen’s lengths 

The specimen’s length 

 

𝑺𝒍=160 mm 

𝑺𝒍=180 mm 

𝑺𝒍=200 mm 

2.1.2 The Crack Initial Length 

The tested crack initial length values are shown in the table below, and their size was kept 
as 160 x 80 x 40 mm: 

Table 2. The crack initial lengths 

The crack initial lengths  

𝑪𝒍=1,6 mm 

𝑪𝒍=1,8 mm 

𝑪𝒍=2 mm 

2.1.3 The Sand Type  

This part deals with the Sand Class influence, where three different classes of sand were 
tested. Each class was firstly characterizing in term of chemical and granulometric 
composition. All the obtained tests are presented above: 
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• Site 01: From the Algerian center precisely the city of M’sila, the first class of 
samples was chosen. 

• Site 02: from the Algerian East precisely the city of Khenchela, the second class of 
samples was chosen. 

• Site 03: From the Algerian middle-south precisely the city of Djelfa, the third class 
of samples was chosen. The sand’s type localization is presented on Table 3. 

Table 3. The sand samples localization 

Site 01 Site 02 Site 03 

 

,

 
 

 
The sand samples chemical examinations have been done on laboratories specialized in 
sand characterization and engenders the results presenting in Table 4: 

Table 4. The sand chemical compositions 

Compositions (%) Site 01 Site 02 Site 03 

SiO2 92,52 94,26 89,17 

Al2O3 0,54 2,04 1,21 

Fe2O3 0,27 0,39 0,70 

CaO 3,12 1,09 4,12 

MgO 0,03 0,00 0,12 

SO3 0,14 0,08 0,05 

K2O 0,22 0,89 0,41 

Na2O 0,01 0,23 0,01 

P2O5 0,01 0,01 0,01 

TiO2 0,11 0,06 0,15 

MnO 0,01 0,01 0,01 
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For the Granulametric examinations have given the results presenting in Table 5: 

Table 5. The Granulametric analysis results. 

Sand class Sand Fines ratio % Sieve /0,65µm 

Site 01 1,44 1,2 

Site 02 1,62 1,8 

Site 03 1,86 2,6 

2.2 Materials and Specimen Preparations  

In this study, all specimens had been manufactured with a similar concrete mixture and 
procedure and that according to the ASTM C192/C192M. The main conditions imposed by 
this Norm and applied in our specimen’s preparation can be recapitulated as follows: 

• The components must be cleaned, sifted, dried and brought to a room with a 
temperature range of 68 to 86°F (20 to 30°C) and that even before mixing the 
concrete; 

•  The specimen molds must be installed on a rigid surface free from vibration or any 
other disturbances and as close as possible to the location where they will be stored 
for their first 24 hours. For Reusable molds, they shall be lightly coated with mineral 
oil or a suitable nonreactive release material before use; 

• The Hand-mixed batches of concrete must be prepared in a manner that an amount 
of 10% will be remain as excess flow after filling the molds; 

• Mix both fine and coarse aggregates with dry cement until they are thoroughly 
blended and the aggregates are uniformly distributed throughout the batches and 
that before adding the water; 

• Adding water and mixing the mass until the concrete is homogeneous in appearance 
and has the desired consistency; 

•  Cover the mixed concrete in order to prevent evaporation during the specimen’s 
full in procedure; 

• Place the concrete in the molds using a scoop or a shovel; and genuinely tapping the 
mixture and highly vibrate the molds in order to release the extra water and to 
minimize as possible the air bulbs containing inside the specimen’s 

• The molds shall be left to dry at least for 24 Hours before getting storage. 
• The specimens must be storage in a dry, free from humidity, clean from dust spaces 

and preferably in storage containers before carrying the tests (they must be stored 
at least for at least 28 days for flexural tests). 

For the concrete tested mixture components and proportions, they are recapitulated in 
Table 6: 

Table 6. Concrete Component’s proportions. 

Mixture Values 

Cement-Sand ratio (C/S) 1,11 
Water-Cement ratio (W/C) 0,89 

Cement (kg) 0.134 

Fine aggregate 3-8 (kg) 0.515 

Sand (kg) 0.429 

Water (liter) 0.12 
 

The specimen’s preparation is recapitulated on the following steps: 
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• The specimens were realized via a normalized Wood Molds that ensures the 
fabrication of four specimens at time. The molds are lightly coated by a nonreactive 
burn oil before pouring the concrete mixture, as shown in Figures: 

 

Fig. 1.  The Wood Molds 

• The components were cleaned, sifted and dried and measured according to the 
specimens’ proportions, as shown in Figures: 

   

Fig. 2. The components storage before mixing 

• The measured components were mixed according to the ASTM C192/C192M, were 
the aggregates and the cement were well mixed before adding the sand and the 
water. The final mixture was also genuinely mixed and that in order to get an 
homogeneous concrete with the desired consistency, the obtained mix is shown in 
the picture below:  

   
Fig. 3. The concrete mixture 
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• The concrete was pouring to the molds as required on the followed norm and the 
obtained specimens are shown in the Figure below: 

 

Fig. 4. The specimen’s concrete pouring 

• The specimens were finely storage in a dry and free from dust and humidity space 
before transformed to the laboratory where they will be storage until the test 
curing. 

  

Fig. 5. The specimen’s storage 

NB: it is to be mentioned that all the tests were applied on specimen’s aging more than 28 
days.  

2.3 Experimental Procedures 

The conducting experiments were a three point bending tests done according to the ASTM 
C293/C293M [36] and performed using an MTS testing machine one of the most efficient 
and well-known testing machine on the experimental fields. This testing machine uses a 
hydraulic system in the Crossbars displacement control the thing that offers a high stability 
during test, when applying small speeds, high loads or even while testing big specimens. 
The test curing can be controlled either manually through the control handle or 
automatically through the MPE software assistance. When choosing the automatically 
controlled tests, the MTS machine offers to users the possibility of generating their own 
procedure. The maximum loading can achieve a 100KN and the test can take even two 
hours of timing the thing that presents a high precision and detection of the smallest 
phenomenon that can appears during the tests. The results are also automatically 
generated through a data base acquisition system installed on the used software. Our tests 
were controlled by displacement and that for all specimens. Applying a constant 
displacement of 0.2 mm/min for almost an hour and fifteen (15) min ensure a high 
detection and precision of the obtained results.  During the tests, the applied load and 
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displacement were simultaneously recorded. Once the tests are finished, all the selected 
signals were outputted for treatment through a dynamic data acquisition system, the 
following Work chart presents the procedure applied during these tests: 

 
Fig. 6. The applied procedure 

According to the presented above work chart, the procedure steps can be recapitulated as 
follow: 

• Step 0: a Ramp that ensure the placement of lower Crossbars in an initial position 
of zero (0 mm) coordinate;  

• Step 1: maintaining the lower Crossbars on obtained position from Step 0 for 
stabilizing the tested specimens. 

• Step 2: Applying a constant Ramp to ensure a displacement from the stabilization 
position (0mm) to a - 1,2 mm (this position was   determined after curing initial 
tests until defining the displacement generating the crack phenomenon and then 
using this value in the automatic procedure). The tests will be curing almost for an 
hour and fifteen min the thing that generate a tests speed equal to 0,2 mm/min 
(optimal speed for a stable and precise tests); 

• Step 3: Releasing the cracked specimens by defining a Ramp displacement of 2 mm 
adequate for extracting the tested specimen.  

For the testing specimen’s set-up, it was done as clarified in the (ASTM C293/C293M) 
norms, knowing as “Standard Test Method for Flexural Strength of Concrete (Using Simple 
Beam with Center-Point Loading)” . The tested specimens were installed on the MTS 
testing features according to the presented above installation norm and in accordance with 
the testing machine specifications, as shown in the Figure 8. 
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Fig. 7. The ASTMC293 three point bending tests set-up 

 

Fig. 8. The ASTM C192 testing set-up 

2.4 Experimental Results 

This section includes all the obtained results, starting from the Load-Deflection curves, the 
parametric study results and the factors effects on the studied Fracture Energy. 

• The Load-Deflection curves of the tested specimens are presented below: 

  
Fig. 9. Load-Deflection curve of the studied specimen’s lengths 
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Fig. 10. Load-Deflection curve of the studied crack initial lengths 

  
Fig. 11. Load-Deflection curve of the studied and classes 

The Tables 7-9 recapitulates the fracture energies, the maximum deflections and the peak 
loadings for each factor and each configuration: 

• The specimen’s length effect on the fracture energy 

The specimen’s length effect on the fracture energy is presented on the Table 7: 

 Table 7. The specimen’s length configurations 

Factor Values(mm) 𝑃𝑙  (KN) 𝑑𝑥 10−2 (mm) 𝐺𝑓 (GPA) 

𝑆𝑙 
160 1,5 4,512 37,71 
180 1 4,051 32,03 
200 0,8 3,849 20,72 
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• The crack initial length effect on the fracture energy: 

In Table 8, all the obtained results concerning the crack initial length effect on the fracture 
energy were presented: 

    Table 8. The Crack initial length configurations 

Factor Values 𝑃𝑙  (KN) 𝑑𝑥 10−2 (mm) 𝐺𝑓 (GPA) 

𝐶𝑙  
1,6 1,013 2,228 30,64 
1,8 0,932 1,937 29,03 
2 0,875 2,308 22,71 

 
 

• The Sand Fines Ratio effect on the fracture energy: 

The Table 9 shows the Sand fines Ratio effect on the fracture energy: 

Table 9. The Sand fines ratio configuration 

Factor Values 𝑃𝑙  (KN) 𝑑𝑥 10−2 (mm) 𝐺𝑓 (GPA) 

𝑆𝑅 
1,44 2 1,797 41,87 
1,62 2,4 2,480 45,59 
1,86 2,7 3,940 50,32 

 

2.5 Results Discussion 

For each studied parameter and configuration, the load-Deflection curves were plotted, the 
load maximum Deflection and the peak loading were extracted and the fracture energies 
were calculated. In a general contest, the presented curves were satisfying and 
representative; they reflect the reel behavior of concrete. The obtained results are 
recapitulated as follow: 
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• Specimen’s length results: According to the presented curves and the recorded 
values, the fracture energies and peak loading increase while decreasing the 
specimen’s lengths. Thus, we conclude that the augmentation on the specimen’s 
length reduces the required energy to break it and the fracture phenomenon 
happens earlier. 

• Crack initial length results: for this factor it has been noticed that the augmentation 
of the initial crack length engenders a considerable decreasing on the maximum 
deflection and on the fracture, energy required to generate the specimen’s failure 
and that was clearly noticed on the fracture energy variation in function of the crack 
initial length. This means that the specimen’s fragility depends on the crack initial 
length in a very considerable manner. During the bending tests a group of micro-
fissures happens and their branching engenders the crack. The resultant fissure 
propagates where it dissipates the lower energy so it goes to the initial crack and 
more its initial length is bigger more it favors the specimen’s failure. 

• The Sand Fines Ratio results: For the sand classification and after presenting both 
chemical and Granulametric analysis, it has been noticed that the three samples 
differ majorly on their fines Ratio. This parameter has generated the results the 
most interesting and that because its impact was clearly appearing on both the 
maximum loading and the deflection causing the specimen’s failure in a very 
considerable manner comparing to the two other parameters. The Load deflection 
curves show the high sensitivity of the concrete peak loading and maximum 
deflection to the smallest variation on the fine’s ratio values. For the fracture energy 
histograms, the sand fines ratio augmentation engenders a considerable increase 
on the fracture values. This can be explained by the fact that the increasing on this 
Ratio increases also the mixture heterogeneity, so it makes the concrete mixture 
more consistent and augments its cohesion propriety.  

3. Mathematical Modeling 

The main objective through this section is the elaboration of an analytical model that 
illustrates and defines the variation of the fracture energy in term of specimen’s length, 
crack initial length and the send fines ratio. The model is elaborated based on experimental 
results and statistical methods [36]. In our case, we applied the ANOVA analysis combined 
with the experimental plan principles. The main steps of the model elaboration are 
presented below: 

• Step I: before elaborating the model, it is necessary to extract experimental tests 
that illustrate all the possible cases and probabilities of the studied factors the thing 
that highlights in this case 27 tests recapitulated and presented in the Table 10: 

Table 10. Experimental tests 

Tests 𝑺𝑹 𝑺𝒍 𝑪𝒍 𝑮𝒇 

ES-001 

1,44 

0,16 
1,6 31,85 

ES-002 1,8 28,23 
ES-003 2 25,93 
ES-004 

0,18 
1,6 27,35 

ES-005 1,8 25,5 
ES-006 2 24,73 
ES-007 

0,2 
1,6 23,03 

ES-008 1,8 22,53 
ES-009 2 20,34 
ES-001 1,62 0,16 1,6 61,17 
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• Step II: the choice of the significant tests, some tests must be eliminated and that for 
increasing the model precision and eliminating the repetitions. The Table 11 
recapitulates the chosen tests and their codification using ANOVA codes:  

Table 11. The significant coded tests 

Tests 𝑺𝑹 𝑺𝒍 𝑪𝒍 𝑺𝑹 * 𝑺𝒍 𝑺𝑹 * 𝑪𝒍 𝑺𝒍 *  𝑪𝒍 𝑺𝑹 * 𝑺𝒍*𝑪𝒍 𝑮𝒇 

ES-001 -1 -1 -1 1 1 1 -1 35,06 
ES-002 -1 -1 1 1 -1 -1 1 38,54 
ES-003 -1 1 -1 -1 1 -1 1 41,66 
ES-004 -1 1 1 -1 -1 1 -1 50,15 
ES-005 1 -1 -1 -1 -1 1 1 57,69 
ES-006 1 -1 1 -1 1 -1 -1 61,1 
ES-007 1 1 -1 1 -1 -1 -1 62,45 
ES-008 1 1 1 1 1 1 1 64,67 

 

It is to be clarified that the “-1” refers to the lowest value in the factors levels: the “1” refers 
to the highest one and the “0” code refers to the medium value.  

• Step III: Finally, the model is obtained using the Rechtschaffner modeling method 
[38], as presented below:   

𝐺𝑓 = 𝑎0 + ∑𝑎𝑖 ∗ 𝑋𝑖 + ∑𝑎𝑖𝑗 ∗ 𝑋𝑖 ∗ 𝑋𝑗 (1) 

After developing the Rechtschaffner approach we obtain the following equation: 

𝐺𝑓 = 𝑎0 + 𝑎1 ∗ 𝑋1 + 𝑎2 ∗ 𝑋2 + 𝑎3 ∗ 𝑋3 + 𝑎12 ∗ 𝑋12 + 𝑎13 ∗ 𝑋13 + 𝑎23 ∗ 𝑋23

+ 𝑎123 ∗ 𝑋123 + 𝑒 
(2) 

• Step IV: Using ANOVA calculation and the Rechtschaffner modeling method, the 
model coefficients, presented in Table 12: 

Table 12. The model coefficients 

Coefficients 𝒂𝟎 𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟏𝟐 𝒂𝟏𝟑 𝒂𝟐𝟑 𝒂𝟏𝟐𝟑 

Values / 21 ,05 4,39 1,54 0,78 0,32 0,29 0,47 

 

ES-002  1,8 58,78 
ES-003 2 57,69 
ES-004 

0,18 
1,6 46,73 

ES-005 1,8 46,46 
ES-006 2 41,66 
ES-007 

0,2 
1,6 38,54 

ES-008 1,8 35,06 
ES-009 2 34,15 
ES-001 

1,82 
 

0,16 
1,6 73,3 

ES-002 1,8 73,3 
ES-003 2 71,72 
ES-004 

0,18 
1,6 67,91 

ES-005 1,8 66,73 
ES-006 2 64,67 
ES-007 

0,2 
1,6 63,23 

ES-008 1,8 62,45 
ES-009 2 61,1 
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The final model is giving as the follows: 

𝐺𝑓 = 21,05 ∗ 𝑆𝑅 − 4,39 ∗ 𝑆𝑙 − 1,54 ∗ 𝐶𝑙 − 0,78 ∗ 𝑆𝑅  ∗  𝑆𝑙 + 0,32 ∗ 𝑆𝑅  

∗  𝐶𝑙 + 0,29 ∗ 𝑆𝑙  ∗   𝐶𝑙 − 0,47 ∗ 𝑆𝑅  ∗  𝑆𝑙 ∗ 𝐶𝑙 + 𝑒 
(3) 

Where: Gf: the fracture energy, SR; the sand fines ratio, Sl: specimen’s length, Cl: crack 
initial length,  

The proposed model shows the variation of the fracture energy in function of Sand fines 
ratio, the crack initial length and the specimen’s length and their interactions. It is to be 
mentioned that the  𝑒 is the global error recorded between the model and the experimental 
values used to adjust the proposed model.  According to the models elaborated based on 
experimental investigation through AVOVA methods, the coefficients of each parameter 
and each interactions combination refers to its influence degree. The sand fines ratio is the 
most influential parameters because it represents the highest factor in the model 
formulation followed by the crack initial length and the specimen’s length. For the 
specimen’s length and the crack initial length, they present an inversely proportional 
relation due to their negative coefficients. The sand fines ratio engenders a proportional 
relation with the fracture energy variation and that because it has a positive coefficient on 
the model formulation. This can be explained physically by the fact that by increasing the 
fineness of the sand grains, the contact surfaces between these grains and the binder in 
concrete mixtures (in our case the cement) increase, which inevitably increases the 
cohesion and therefore the toughness of the material. The model shows also that the 
interactions between the sand ratio and the crack initial length engender a considerable 
impact comparing to the other combinations.  

4. Validation Tests 

In order to validate the proposed model supplement experiments were done and a 
comparison between the obtained experimental results and the model values was done in 
term of fracture energy, the Table 12 presents all the details: 

Table 12. The validation tests 

N 𝑺𝑹 𝑺𝒍 𝑪𝒍 
Exp 
𝑮𝒇 

Model  
𝑮𝒇 

R-Error 

1 1,44 0,16 1,6 31,85 32,4956864 2,03% 

2 1,44 0,16 1,8 28,23 32,8834976 16,48% 

3 1,44 0,16 2 25,93 33,2713088 28,31% 

4 1,44 0,18 1,6 27,35 32,3730992 18,37% 

5 1,44 0,18 1,8 31,89 32,7593808 2,73% 

6 1,44 0,18 2 33,68 33,1456624 1,59% 

7 1,44 0,2 1,6 30,17 32,250512 6,90% 

8 1,44 0,2 1,8 31,25 32,635264 4,43% 

9 1,44 0,2 2 33,17 33,020016 0,45% 

10 1,62 0,16 1,6 37,71 36,3283112 3,66% 

11 1,62 0,16 1,8 37,29 36,7249568 1,52% 

12 1,62 0,16 2 42,69 37,1216024 13,04% 

13 1,62 0,18 1,6 46,73 36,2001836 22,53% 

14 1,62 0,18 1,8 46,46 36,5949594 21,23% 
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For the validation tests, a comparison between the experimental fracture energy and the 
one calculated through the model was done and the relative errors between the two values 
were also calculated. It was found that for any value of the sand fines ratio, the specimen’s 
length or the crack initial length, the fracture energies extracted and calculated were very 
close and presents a high coherence with the experimental results. The recorded Relative 
errors were very acceptable, where the smallest value was 0, 45% and the highest one was 
28%, the thing that gives this model a high credibility and precession. 

5. The Model Adjustment 

After validating the model, we pass to the model adjustment using the error recorded 
during the validation. The error average is added to the proposed model and the new 
model will be compared once again to the experimental values. The new model became as 
follow: 

𝐺𝑓 = 21,05 ∗ 𝑆𝑅 − 4,39 ∗ 𝑆𝑙 − 1,54 ∗ 𝐶𝑙 − 0,78 ∗ 𝑆𝑅  ∗  𝑆𝑙 + 0,32 ∗ 𝑆𝑅  ∗  𝐶𝑙

+ 0,29 ∗ 𝑆𝑙  ∗   𝐶𝑙 − 0,47 ∗ 𝑆𝑅  ∗  𝑆𝑙 ∗ 𝐶𝑙 − 0,93 
(4) 

The model adjustment results are presented in the Table 13: 

Table 13. The validation tests 

15 1,62 0,18 2 41,66 36,9897352 11,21% 

16 1,62 0,2 1,6 38,54 36,072056 6,40% 

17 1,62 0,2 1,8 35,06 36,464962 4,01% 

18 1,62 0,2 2 34,15 36,857868 7,93% 

19 1,82 0,16 1,6 41,66 40,5867832 2,58% 

21 1,82 0,16 2 45,59 41,3997064 9,19% 

24 1,82 0,18 2 50,51 41,2609272 18,31% 

25 1,82 0,2 1,6 46,16 40,318216 12,66% 

26 1,82 0,2 1,8 40,23 40,720182 1,22% 

27 1,82 0,2 2 38,41 41,122148 7,06% 

N 𝑺𝑹 𝑺𝒍 𝑪𝒍 
Exp 
𝑮𝒇 

Model 
𝑮𝒇 

R 
Error 

New model 
NR 

Error 
Diff 

1 1,44 0,16 1,6 31,85 32,4956864 2,03% 31,565686 0,89% 1,14% 

2 1,44 0,16 1,8 28,23 32,8834976 16,48% 31,953498 13,19% 3,29% 

3 1,44 0,16 2 25,93 33,2713088 28,31% 32,341309 24,73% 3,58% 

4 1,44 0,18 1,6 27,35 32,3730992 18,37% 31,443099 14,97% 3,40% 

5 1,44 0,18 1,8 31,89 32,7593808 2,73% 31,829381 0,19% 2,54% 

6 1,44 0,18 2 33,68 33,1456624 1,59% 32,905662 2,30% -0,71% 

7 1,44 0,2 1,6 30,17 32,250512 6,90% 31,320512 3,81% 3,09% 

8 1,44 0,2 1,8 31,25 32,635264 4,43% 31,705264 1,46% 2,97% 

9 1,44 0,2 2 33,17 33,020016 0,45% 33,090016 0,24% 0,21% 

10 1,62 0,16 1,6 37,71 36,3283112 3,66% 36,398311 3,48% 0,18% 

11 1,62 0,16 1,8 37,29 36,7249568 1,52% 35,994957 3,47% -1,95% 

12 1,62 0,16 2 42,69 37,1216024 13,04% 36,191602 11,06% 1,98% 
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The model adjustment results show that by adding the average error to the elaborated 
model, the relative error has decrease considerably. The majority of the tested values had 
converged to the experimental ones and the new error did not exceed the 24%. 

6. Conclusion 

The main purpose through this work was the elaboration of an analytical model that 
defines the fracture energy in term of specimen’s length, crack initial length and sand fines 
ratio and all their interaction probabilities based on experimental investigations. Based on 
three point bending tests through an MTS testing machine, ANOVA method and 
Experimental Plan principles the model was elaborated.  

The experimental results can be recapitulated as follows: 

• The specimen’s length augmentation engenders a decrease on the fracture energy 
and the peak loading values. 

• The crack initial length augmentation engenders a decrease on the fracture energy 
and the maximum deflection 

• The augmentation of the sand fines ratio engenders a considerable increase on the 
fracture energy and presents a clear influence on both peak loading and maximum 
deflection point. 

Concerning the modeling results, we can say that the elaborated model defines the fracture 
energy variation in function of the chosen parameters: the crack initial length, the 
specimen’s length and sand fines ration and all their interaction probabilities. It shows 
according to ANOVA analysis that the sand fines ratio is the most influential factor and 
engender a proportional variation between the fracture energy and that because it has the 
highest coefficient in model formulation, followed by the crack initial length and finally the 
specimen’s length. For the validation part, extra tests were done and that in order to 
compare the experimental fracture energy with the one calculated based on the elaborated 
model.  A high coherence has been recorded between the two values and the recorded 
Relative Error doesn’t exceed the 28%. These results give this model a high credibility and 
precession. 

The elaboration of a mathematical model that engenders a relationship between the 
experimental parameters and the fracture energy is the main key to truly understand the 
concrete general behavior and a very efficient and precise manner to understand the 
corresponding effects engendering by the experimental or reel factors. 

13 1,62 0,18 1,6 46,73 36,2001836 22,53% 36,270184 22,38% 0,15% 

14 1,62 0,18 1,8 46,46 36,5949594 21,23% 35,664959 23,24% -2,01% 

15 1,62 0,18 2 41,66 36,9897352 11,21% 36,759735 11,76% -0,55% 

16 1,62 0,2 1,6 38,54 36,072056 6,40% 36,142056 6,22% 0,18% 

17 1,62 0,2 1,8 35,06 36,464962 4,01% 35,534962 1,35% 2,66% 

18 1,62 0,2 2 34,15 36,857868 7,93% 35,927868 5,21% 2,72% 

19 1,82 0,16 1,6 41,66 40,5867832 2,58% 39,656783 4,81% -2,23% 

21 1,82 0,16 2 45,59 41,3997064 9,19% 41,163245 9,71% -0,52% 

24 1,82 0,18 2 50,51 41,2609272 18,31% 41,969706 16,91% 1,40% 

25 1,82 0,2 1,6 46,16 40,318216 12,66% 41,922500 9,18% 3,48% 

26 1,82 0,2 1,8 40,23 40,720182 1,22% 39,926713 0,75% 0,47% 

27 1,82 0,2 2 38,41 41,122148 7,06% 40,330927 5,00% 2,06% 
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This model is considered as the only model that relay the fracture energy to the specimen’s 
length, the crack initial length and the sand fines Ratio with all their interaction 
probabilities. 

Finally, it should be mentioned that the present study can offer a reliable tool contributing 
to the evaluation of the energy of concrete failure for researchers and graduate students 
wishing to use this parameter in their modelling (particularly numerical) without going 
through experimental tests which can be costly in terms of time and price. 
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