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 The concrete is a brittle material which has low tensile strength and tensile 
strain capacity. These weak points of concrete can be fixed by using fibers made 
of different materials with high technical specifications in concrete. In this study, 
it is aimed to investigate the physical and mechanical properties of concretes 
obtained by using polypropylene fibers at different ratios by keeping amount of 
cement constant in the concrete mixtures. 100x100x100 mm cube specimens for 
compressive strength, 100x100x500 mm beam specimens for tensile strength in 
bending tests were produced. Also, 100x100x100 mm cube specimens for 
thermal conductivity tests were produced and these samples were tested by 
cutting to 80x40x10 mm. It was observed that as the rates of fibers were 
increased, ultrasonic velocity, water absorption and flexural strength were 
increased but slump, thermal conductivity coefficient and compressive strength 
were decreased. 
 

© 2018 MIM Research Group. All rights reserved. 
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1. Introduction 

Since the existence of humankind, the second basic necessity has been the sheltering after 
the necessity of eating and drinking, In this way the building sector has always remained 
on the agenda and has continued to work on developing practical methods. In today's 
world, as in all areas, the basic goal is to reach the solution at the earliest with minimal 
expenditure. Various special properties have been developed or some special concrete 
with different production and application techniques are widely used due to emerging 
needs in today's use. It is very important to design and economical production of concrete 
for the purpose of use [1]. Due to the increase in the world population, complex and multi-
storey buildings have been widespread in recent years instead of simple and single storey 
buildings. As the building height and number of floors increase, the quality of the material 
used becomes important [2]. In multi-storey buildings, concrete performance is of great 
importance in order to reduce the structural safety and the effect of the earthquake [3]. 

Concrete; is a composite material consisting of mortar phase and aggregate which is 
obtained by mixing cement, water, aggregate and additives if necessary (mineral, chemical, 
fiber etc.) in certain conditions and ratios.  Concrete is in plastic form at the beginning and 
gains resistance by hardening due to chemical reaction (hydration) over time between 
cement and water [4]. When concrete has just been mixed, it takes the name of fresh 
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concrete and when it hardens it becomes hardened concrete [5]. When the materials which 
form the composition in concrete, are specifically rated, the mixture can be poured 
anyplace and brings a plastic mass that can take the shape of the mold [6]. 

The concrete is a brittle material which has low tensile strength and tensile strain capacity. 
Conventional concrete is typically shows poor performance in terms of fatigue strength, 
cavitation, abrasion resistance, tensile strength, deformation capacity, shear strength, load 
carrying strength after cracking and toughness. Where these properties of concrete are 
obviously required, the addition of high-tech fibers produced from different materials 
within the concrete improves the above weaknesses of the concrete. Thus, polypropylene 
fiber, carbon fiber, plastic-glass based fibers and steel fibers have begun to be used in 
concrete. In terms of advantages in the field of Civil Engineering, the importance of fiber 
reinforced concrete is increasing rapidly and important steps have been taken to improve 
the properties of composites [7]. 

 

Fig. 1 Polypropylene Fiber 

The polypropylene fiber used in this study is a very light polymer that is grouped within 
the thermoplastics as material type. It forms almost half of the raw materials used in daily 
life such as clothes hangers, kitchen and bathroom utensils, buttons, electrical materials, 
cables, yarns, laboratory utensils, stretch films, automotive Industry, etc. From this point 
of view, it is also possible to say that polypropylene fiber is a cheap plastic to manufacture. 
The most important effect of polypropylene fiber in concrete or plaster is to control cracks 
due to plastic shrinkage within the first few hours after pouring concrete into the mold. In 
the first phase of concrete hardening, the rate of formation of concrete strength is slower 
than the rate of formation of tensile stresses due to shrinkage. This plastic shrinkage is 
essentially a natural consequence of evaporation and chemical reaction starting between 
water and cement [8]. Polypropylene fibers are not very effective in increasing the 
mechanical strength of concrete compared to steel fibers. Nevertheless, they give energy 
absorbing capability to concrete at minimum levels and they are very effective in plastic 
shrinkage. Polypropylene fibers are particularly preferred against non-strong shrinkage. 
The function of polypropylene fibers is limited with the soft, plastic phase of concrete, the 
strength-enhancing effect of the steel fibers also persists significantly after the concrete 
setting and hardening. Steel fibers also have a crack-proof and limiting effect in the plastic 
phase of concrete. However, it is weaker than the effect of polypropylene fibers dispersed 
perfectly in concrete (Fig. 1). In addition, steel fibers give the material a certain strength 
and toughness, which significantly increases the strength of the concrete and reduces the 
cracks that will occur in hardened concrete due to their long-term drying shrinkage [9]. 
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If we look at the literature studies using polypropylene fiber in concrete; 

According to Acıkgenc et al [10] polypropylene fibers were added into concrete by the rate 
of 1% and 2% by volume and concrete samples were produced. When the fiber ratio is 1% 
in concrete, the compressive strength of the concrete is increased, and the compressive 
strength of concrete is decreased when it is 2%.In addition, as the water/cement ratio 
decreased, the compressive strength increased and the flexural strength increased as the 
fiber ratio increased. Likewise, capillary water absorption and abrasion resistance 
properties of concrete were also positively affected by polypropylene fibers. As the 
properties of fresh concrete and concrete mixture proportions were changed, 
polypropylene fibers had different influence on strength and durability.  According to 
Sumer and Saribiyik [11] polypropylene fiber and silica fume were added into concrete by 
the rate of 0.1%, 0.5% and 1% by volume and concrete samples were produced. It was 
observed that as the fiber ratio increased, compressive and flexural strength increased. 
Likewise, it has been determined that polypropylene fiber has a positive effect on the 
abrasion resistance and capillary water absorption properties of the concrete and it would 
be appropriate to use it in field concrete. According to Salahaldein and Muhsen [12] 
concrete cube samples of 150 mm x 150 mm x 150 mm dimensions were produced by using 
rate of 1%, 1.5% and 2% polypropylene fiber in concrete. The compressive strengths of 
concrete samples were investigated and the percentage increase of compressive strength 
of polypropylene fiber concrete mixes compared to the mix without fiber is observed from 
4 to 12%. According to Topcu et al [13] polymer based polypropylene fibers were added 
to mortar mixtures in ratio of 0.6% 0.8% 0.9% and 1.1% by volume. On the mortars, 
compressive strength, flexural strength, ultrasonic velocity, water absorption and dynamic 
modulus of elasticity were defined and compared with control samples. According to 
experimental results, it was seen that when the compressive strength and dynamic 
modulus of elasticity was decreased by addition of fibers to mortar, flexural strength and 
water absorption was slightly increased. According to Sohaib et al [14] concrete samples 
were produced using polypropylene fiber instead of cement at 0.5%, 1.5%, 2.5%, 3.5% and 
4.5%. The compressive and tensile strengths of concrete samples were investigated. It was 
seen that the compressive strengths increased by 11% compared to the control samples 
and the tensile strengths increased by 17% compared to the control samples as 1.5% of 
cement contents; however, after 1.5%, the compressive and tensile strengths decreased. 

As known, various fiber added materials are used to make the concrete more durable and 
more impermeable. One of them is polypropylene fiber. Also, the tensile strength of 
concrete is weak, various fibers are used to increase tensile strength. In this study; 
investigation of the effects of polypropylene fiber on the compressive and flexural strength 
of concrete and the effectiveness of polypropylene fibers in preventing the cracking of 
concrete due to tensile stresses on the surface in concretes with high surface area, such as 
airfield and road concretes. 

2. Material and Methods 

2.1. Material 

In this study, 15 cement samples were produced at 10 cm x 10 cm x 10 cm sizes using 1%, 
2% and 3% (polypropylene fiber) of cement weight, keeping amount of cement constant 
for C 30 concrete. The chemical properties of cement, normal aggregate and polypropylene 
fiber used are shown in Table 1 and the chemical and physical properties of the 
polypropylene fiber are shown in Table 2. 
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Table 1 Chemical Properties of Cement, Aggregate and Polypropylene Fiber Used in 
Concrete Mixtures 

Composition 
CEM I 
42.5 R  

(%) 

Normal Aggregate 
(%) 

Polypropylene 
Fiber 
(%) 

SiO2 20.02 2.75 0.38 

Fe2O3 3.52 1.29 0.06 

Al2O3 5.16 - - 
CaO 63.46 0.2 53.85 

MgO 1.03 2.8 0.34 

SO3 2.74 - - 

Loss of 
ignition 

2.35 - - 

Table 2 Chemical and physical properties of polypropylene fiber 

Appearance 
Purity 

Specific Gravity 
Module of Elasticity 

Tensile Strength 
Melting Point 
Ignition Point         

Length 
Profile &Diameter 

Natural White Fibers 
% 100 Pure 
0.91 g/cm3 

3000-3500 N/mm2 (MPa) 
450/700 N/mm2 (MPa) 

162 ˚C 
593 ˚C 

6mm - 12 mm – 19 mm 
Circular 18µm - 40 µm 

2.2 Methods 

Production of concrete samples, physical and mechanical properties tests were carried out 
in the Construction Laboratory of Civil Engineering Department of Uşak University and 
Mechanical Engineering Laboratory of Faculty of Engineering of Ege University.  In this 
study, concrete was produced in 4 different mixing ratios. The amount of cement and fiber 
dosage was kept constant in all mixtures. Mixing ratios of the produced samples are shown 
in Table 3. Natural spring water was used for mixing water. The concrete mixing process 
was carried out with the help of a vertical axis mixer. In order to determine the consistency 
of the samples, slump was measured with Abrams cone. For use in various experiments, 
the mortar was placed in three stages, 100 mm  100 mm  100 mm size cube molds on 
vibratory table unit. At each stage, the mortar was vibrated by the vibratory table tool for 
10 seconds. For each series, 15 cube samples were produced. The samples were left in 
mold for 24 hours. At the end of this period, the samples were removed from the mold with 
the aid of rubber wedges. The samples were kept in the curing pool until the day of the 
experiment. 

Table 3 Mixture ratios of the produced samples 

Mix 
Cement 
(% wt) 

Polypropylene Fiber 
(%) 

NB 100 - 

NL1 99 1 
NL2 98 2 
NL3 97 3 
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TS EN 12350-2 (2002) standard has been adopted in many countries. In this experiment 
also called Abrams Cone; as shown in Fig. 2, the top of a 100 mm diameter, 200 mm lower 
diameter and 300 mm height is cut into three equal layers into a truncated conical metal 
mold and each layer is freshly squeezed 25 times with a special rod (diameter 16 mm, 
length 600 mm) concrete filled. Then the filled concrete was pulled up through the 
truncated cone mold before it was vibrated. The concrete has collapsed with its own weight 
and the slump value was measured [15]. 

 

Fig 2. Tools used in the slump test and experimental procedure [7] 

In the destructive test method, uniaxial pressure test and flexure test were performed. To 
measure ultrasonic pulse velocity, ultrasonic measuring instrument in the Construction 
Laboratory of Civil Engineering Department of Usak University was used (Fig. 3). The 
ultrasonic velocity measurement was performed with a 12-volt accumulator-equipped 
with a digital indicator ultrasonic measuring instrument. By spraying grease on both sides 
of the samples, gaps between the probes and the sample were prevented. By the 
experiment on the cube samples, transition time of sound waves were measured. 

In evaluating ultrasound velocity test results, the ultrasonic pulse velocity time values 
(microsecond) were calculated in terms of km/s in ultrasonic velocity, formulated by Eq. 
(1);  

V =  
𝐿

𝑡
          (1) 

where V is the ultrasonic velocity (km/s), L is sample size (km), and t is ultrasonic pulse 
time (s). 

  

http://tureng.com/tr/turkce-ingilizce/ultrasonic%20pulse%20velocity
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Fig. 3 Ultrasonic measuring instrument 

In order to determine the thermal conductivity coefficient of the concrete specimens that 

are produced, the experiments were carried out on 80 x 40 x 10 mm samples at Mechanical 

Engineering Laboratory of Faculty of Engineering of Ege University (Fig. 4). When the 

difference between the two surface temperatures is 1 ° C under the conditions that have 

reached equilibrium, the amount of heat passing through "unit time, unit area and unit 

thickness in perpendicular direction" is the thermal conductivity of a homogeneous 

material. The measurement of the thermal conductivity of the structure and various 

thermal insulation materials are done by two methods, in steady state and transition state. 

The usual method is the heated plate method in steady state. The average thermal 

conductivity of the plate-shaped examination specimen, which is placed symmetrically on 

both sides of a heated plate, is found by this method. Measuring devices can detect the 

thermal conductivity of smaller materials in a shorter time during the transition [16]. 

 

 

Fig. 4 Thermal conductivity measuring device 

Three-point flexural test was performed in the destructive test method. For this 
experiment, the flexural device with 25 tons capacity was used in the Construction 
Laboratory of Civil Engineering Department of Usak University (Fig. 5). For this purpose, 
3 of the previously prepared concrete samples were broken on the 7th day of the concrete 
casting and 5 of them were broken on the 28th day, and the readings at the time of breaking 
were used in the Eq. (2) [17] 
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𝑓𝑐𝑓 =
𝐹𝐿

𝑑1𝑑2
2           (2) 

 
 
where fcf is the flexural strength (MPa), F is the maximum Load (N), L is the structural 
bearing effective span (mm), and d1 and d2 are the cross-sectional lengths of the sample 
(mm). 
 

 

Fig. 5 Three-point flexural test 

 

3. Result and Discussion 

The results of the experiments on the concrete samples produced within the scope of this 
study are represented in Table 4-5. The results of the polypropylene fiber added concretes 
are shown in Figs. 6-12. 

Table 4 Physical properties of polypropylene fiber added concrete samples 

Mix 
Dry Unit 
Weight 

(kg/m3)  

Water 
Absorption 

(%) 

Slump 
(mm) 

Ultrasonic 
Velocity 
(km/s) 

Thermal 
Conductivity 

Coefficient 
(W/mK) 

NB 2.419 1.80 170 19.50 2.96 

NL1 2.395 1.82 45 20.10 2.66 

NL2 2.375 1.85 30 20.70 2.40 

NL3 2.365 1.95 20 21.10 2.23 

http://tureng.com/tr/turkce-ingilizce/three-point%20flexural%20strength
http://tureng.com/tr/turkce-ingilizce/dry%20unit%20weight
http://tureng.com/tr/turkce-ingilizce/dry%20unit%20weight
http://tureng.com/tr/turkce-ingilizce/dry%20unit%20weight
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Table 5 Mechanical properties of polypropylene fiber added concrete samples 

Mix 
7 Days 

Compressive 
Strength (MPa) 

28 Days 
Compressive 

Strength (MPa) 

7 Days 
Flexural 
Strength 

(MPa) 

28 Days Flexural 
Strength (MPa) 

NB 40.70 49.76 7.95 9.68 

NL1 38.50 45.88 7.12 9.78 

NL2 38.38 45.17 7.30 10.15 

NL3 38.12 44.19 7.52 10.45 

3.1 Water Absorption Test Results 

Based on standard TS EN 1097-6 the values obtained from the water absorption test 
results are given in the Fig. 6.  

Fig. 6 shows that as the fiber dosage increases, the water absorption increases too. Notice 
that NL3 has the highest value but NB has the lowest value. 

 

Fig. 6 Water absorption test results of polypropylene fiber added concrete samples (%) 

3.2 Slump Test Results 

Based on standard TS EN 12350-2 the values obtained from the slump test results are 
shown in the Fig. 7. This figure shows that as the fiber dosage increases, the slump 
decreases. Notice that NB has the highest value but NL3 has the lowest value. 
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Fig. 7 Slump test results of polypropylene fiber added concrete samples (mm) 

3.3 Ultrasonic Velocity Test Results 

Based on standard TS 825 the values obtained from the ultrasonic velocity test results are 
represented in the Fig. 8. The results depicted at Fig. 8 show that as the fiber dosage 
increases,  

the ultrasonic velocity increases. Notice that NL3 has the highest value but NB has the 
lowest value. 

 
Fig. 8 Ultrasonic velocity test results of polypropylene fiber added concrete samples (km/s) 

3.4 Compressive Strength Test Results 

Based on standard TS EN 12390-4 the values obtained from the compressive strength test 
results are plotted in the Fig 9.  
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Fig. 9 shows that as the fiber dosage increases, the compressive strength decreases. Both 
7 and 28 days, the highest value is NB, while the lowest value is NL3. 

 

Fig. 9 7 and 28 days compressive strength test results of polypropylene fiber added 
concrete (MPa) 

3.5 Flexural Strength Test Results 

Based on standard TS EN 12390-4 the values obtained from the flexural strength test 
results are depicted in the Fig. 10. 

Fig. 10 shows that as the fiber dosage increases, the flexural strength increases for 28 days, 
while it decreases for 7 days. For 7 days, the highest value is NB, while the lowest value is 
NL1. For 28 days, the highest value is NL3, while the lowest value is NB. 

 
Fig. 10 7 and 28 days flexural strength test results of polypropylene fiber added 

concrete (MPa) 

3.6 Thermal Conductivity Coefficient Test Results 

Based on standard TS 825 the values obtained from the thermal conductivity coefficient 
test results are represented in the Fig. 11.  
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Fig. 11 shows that as the fiber dosage increases, thermal conductivity coefficient decreases. 
Notice that NB has the highest value, and NL3 has the lowest value. 

 
Fig. 11 Thermal conductivity coefficient test results of polypropylene fiber added 

concrete (W/mK) 

4. Conclusion 

From the tests that we have performed we came to the following conclusions: 

 Increasing fiber dosage in fluid concrete brings about a decrease slump. This is an 
important feature in terms of the cohesion of fresh concrete, even if it is seen as a 
negative effect on the workability. 

 For 7 and 28 days compressive strength test, as the fiber ratio increased, the 
compressive strengths decreased by approximately 5%. However, it is observed 
that this decrease is within the standards of compressive strength. 

 As a result of the 28 days flexural strength results, the increase in fiber ratio 
caused an increase in bending strength which is in agreement with Topcu et al 
[13] and Acıkgenc et al [10]. 

 As the fiber dosage increased, the water absorption rate and the ultrasonic 
velocity increased, but the thermal conductivity coefficient decreased. It was 
thought that the increase of fiber dosage will contribute to thermal insulation by 
decreasing the thermal conductivity value. 

 Generally, the use of polypropylene fiber added concretes does not technically 
cause a troublesome situation, but provides numerous benefits to the concrete. 

 In parallel with the studies of Sumer and Saribiyik [11] it can be said that the use 
of polypropylene fiber added concretes can be used especially in concretes with 
high surface area, such as airfields and road concretes, which can provide 
improvement in plastic shrinkage cracks. 

 Research for new types of concrete is required to satisfy the current needs in 
construction industry.   Polypropylene fiber added to concrete will be a good 
substitute to meet these demands.  
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 In this study exact free vibration analysis is performed for thick-walled hollow 
spheres made of an isotropic and homogeneous linear elastic material. Equation of 
motion in terms of Lame constants is derived from the field equations of elasticity, 
and then solved analytically with the help of spherical Bessel’s functions. This 
existing solution technique is extended to several boundary conditions. For each 
classical boundary condition, the characteristic free vibration equation is 
presented in closed forms. After verifying the present results with the available 
literature, variation of the dimensionless natural frequencies with respect to the 
boundary conditions and the sphere aspect ratio (outer radius/inner radius) are 
examined. To show the direct use of the present results, some of which are 
originals, a case study for a metal-matrix composite is originally studied. This 
composite material is formed by a perfect dispersion of either single-walled 
carbon-nanotubes (SWCNT) or multi-walled carbon-nanotubes (MWCNT) within 
an Aluminum (AL) metal matrix so that the resulting composite is still to have both 
isotropy and homogeneity properties.  Elastic properties of the composite are 
computed by using the simple mixture rule and Halpin–Tsai equations.  
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1. Introduction 

Vibration of thick-walled spheres is of great importance in many engineering applications. 
Pioneering studies date back 1880s [1-2].  As easily guessed, in the first works in this realm, 
spheres are assumed to be made of traditional materials having both isotropy and 
homogeneity properties [3-9]. Among those, Sato and Usami [3-4] presented a basic study 
on the oscillation of homogeneous elastic sphere. Shah et al. [5-6] examined analytically 
and numerically the elastic waves in a hollow sphere based on the three dimensional shell 
theory. Seide [7] derived the frequency equation in radial direction for hollow thin spheres. 
Fixed boundary conditions for the free vibration analysis of elastic spheres were studied 
by Scafbuch et. al. [8]. Gosh and Agrawal [9] worked analytically on the free and forced 
radial vibrations of spheres by employing Bessel’s functions as in the present study. 
Explicit expressions were presented for the natural frequencies and dynamic stresses for 
various time-varying internal pressures in Gosh and Agrawal’ work [9]. Abbas [10] 
presented an analytical solution for the free vibration of a thermo-elastic hollow sphere. 

Header: ( Font Cambria, 8pt font size, Italic, Centered) 
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Sharma and Sharma [11] and Sharma [12] also studied free vibration of thermoelastic solid 
and hollow spheres, respectively. 

Numerous studies have been continued to be conducted up to now by employing advanced 
materials with thermal, magnetic and whatnot effects.  Among them, vibration analysis of 
spheres made of anisotropic materials occupy a great deal of space in the open literature 
[13-29]. Eason [14] firstly examined the pure radial free vibration of transversely isotropic 
spheres. Grigorenko and Kilina [18] handled 2-D and 3-D formulation of the problem at 
stake. Jiang et al. [20] investigated free vibration of layered hollow spheres using three-
dimensional elasticity. After Eason [14], Stavsky and Greenberg [26], Ding and Wang [27], 
and Keles [29] have addressed purely radial free vibrations for anisotropic spheres. Chen 
et al. [30] dealt with free vibrations of a piezoceramic fluid-filled hollow sphere. Chiroiu 
and Munteanu [31] omitted fluid effects on the free vibration of a piezoceramic sphere.  
Lately free vibrations of spheres made of functionally graded materials have been gained 
an attention [32-38].  

This study deals with only purely radial free vibration of hollow spheres made of both 
isotropic and homogeneous material. The principal aim of the present study is to present 
a detailed source for engineers and young scientists.  To this end, as a very fundamental 
problem, the exact free vibration analysis of a thick-walled hollow sphere with the inner 
radius 𝑎  and the outer radius 𝑏   have been reconsidered (Fig. 1) [9]. The ratio (𝑏/𝑎) is 
defined as an aspect ratio of the sphere. When doing this, the solution method proposed by 
Gosh and Agarwal [9] are step-by-step extended to additional boundary conditions. The 
effects of the aspect ratio on the exact dimensionless radial natural frequencies are also 
examined. These results, some of which are original, may also be served as a comparison 
means. Those natural frequencies may also be used directly to study the exact dynamic 
response of such structures as in References [9, 36]. 

 

Fig. 1 Geometry of a sphere 
 

Besides, to consider a kind of emerging state of the art technological materials [39-41], a 
very simple example, which may be solved by direct application of the present formulation 
to the free vibration of a hollow sphere made of a carbon nanotube reinforced metal, is to 
be examined.  

It is also worth noting that the present formulation may easily be extended to the radial 
free vibration of spheres, cylinders, or disks made of either ordinary orthotropic or 
functionally graded materials as in References [36, 38, 42-43].    
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2. Formulation 

 

The strain-displacement relations under axisymmetric conditions are given in spherical 
coordinates, (𝑟, 𝜃, ∅), by (Fig. 1) 

dr

dur
r     

(1) 

 

r

ur    

where r is the radial unit strain,   is the tangential unit strain and ru  is the radial 

displacement.  Denoting the radial stress by r , and the hoop stress by  , Hooke’s law 

for spheres is written as follows 

  C C rr 1211   
(2)                                                                       

    C  C r 2221   

where the stiffness terms may be defined by Lame’s constants for and isotropic and 
homogeneous linear elastic material as 

𝐶11 =  𝜆 + 2𝜇   ; 𝐶12 = 2𝜆     (3) 

 𝐶21 = 𝜆     ; 𝐶22 = 2𝜆 + 2𝜇 

Representing Poisson’s ratio by  , and elasticity modulus by E , Lame’s constants are 

defined as 

𝜆 =
𝜈𝛦

(1 + 𝜈)(1 − 2𝜈)
 

(4) 
 

𝜇 =
𝛦

2(1 + 𝜈)
 

 

In the absence of the body forces, equation of motion in the radial direction is given by 
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(5) 

where  is the material density and t  is the time. Substituting strain-displacement 

relations and Hooke’s law in the equation of motion, and taking the first derivative of the 
radial stress with respect to the radial coordinate we obtain  
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By assuming the following harmonic motion with an angular velocity )/( srad   
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Eq. (6) turns into Bessel’s differential equations as follows [44-47] 
 

(−
2

𝑟2 +
𝜌

𝜆 + 2𝜇
𝜔2) 𝑢𝑟

∗ +
2

𝑟

𝑑𝑢𝑟
∗

𝑑𝑟
+

𝑑2𝑢𝑟
∗

𝑑𝑟2  = 0 (8) 

  
The solutions to this equation will be in terms of the first and second kinds spherical 
Bessel’s functions, )(xjn  and )(xyn [44-47]. 

 
𝑢𝑟

∗(r)=𝐶1𝑗1(𝑟𝛺) + 𝐶2𝑦1(𝑟𝛺) 
(9) 

where 

𝛺2 =
𝜌

𝜆 + 2𝜇
𝜔2     

(10) 

 
The first derivative of the solution of the radial displacement, 𝑢𝑟

∗ , and the radial stress, 𝜎𝑟
∗, 

may be obtained in terms of integration constants, 𝐶1 and 𝐶2, as follows [44-47] 
 

𝑑𝑢𝑟
∗

𝑑𝑟
= 𝐶1𝛺 (

1

2
(𝑗0(𝑟𝛺) − 𝑗2(𝑟𝛺)) −

𝑗1(𝑟𝛺)

2𝑟𝛺
)

+ 𝐶2𝛺 (
1

2
(𝑦0(𝑟𝛺) − 𝑦2(𝑟𝛺)) −

𝑦1(𝑟𝛺)

2𝑟𝛺
) 

  (11) 

 

𝜎𝑟
∗ =

1

𝑟3𝛺2 (𝑠𝑖𝑛(𝑟𝛺) (−4𝐶1𝜇 + 𝐶1𝑟2𝛺2(𝜆 + 2𝜇) + 4𝐶2𝜇𝑟𝛺)

+ 𝑐𝑜𝑠(𝑟𝛺) (4𝐶1𝜇𝑟𝛺 + 4𝐶2𝜇 − 𝐶2𝑟2𝛺2(𝜆 + 2𝜇))) 

 
Boundary conditions considered in this study is presented in Table 1. If one applies these 

constraints, the following may be obtained for free-free ends. 

 

𝑨𝐹𝑟𝑒𝑒−𝐹𝑟𝑒𝑒 {
𝐶1

𝐶2
} = [

𝑎11 𝑎12

𝑎21 𝑎22
] {

𝐶1

𝐶2
} = {

0
0

} 
(12) 

In the above 

𝑎11 =  
𝑎2𝜆𝑠𝑖𝑛 (𝑎𝛺)𝛺2 + 2𝑎2𝜇𝑠𝑖𝑛 (𝑎𝛺)𝛺2 + 4𝑎𝜇𝑐𝑜𝑠 (𝑎𝛺)𝛺 − 4𝜇𝑠𝑖𝑛 (𝑎𝛺)

𝑎3𝛺2  

 

(13) 
𝑎12 =

−𝑎2𝜆 𝑐𝑜𝑠(𝑎𝛺) 𝛺2 − 2𝑎2𝜇 𝑐𝑜𝑠(𝑎𝛺) 𝛺2 + 4𝑎𝜇 𝑠𝑖𝑛(𝑎𝛺) 𝛺 + 4𝜇 𝑐𝑜𝑠(𝑎𝛺)

𝑎3𝛺2  

𝑎21 =
𝑏2𝜆𝑠𝑖𝑛 (𝑏𝛺)𝛺2 + 2𝑏2𝜇𝑠𝑖𝑛 (𝑏𝛺)𝛺2 + 4𝑏𝜇𝑐𝑜𝑠 (𝑏𝛺)𝛺 − 4𝜇𝑠𝑖𝑛 (𝑏𝛺)

𝑏3𝛺2  

 

𝑎22 =
−𝑏2𝜆𝑐𝑜𝑠 (𝑏𝛺)𝛺2 − 2𝑏2𝜇𝑐𝑜𝑠 (𝑏𝛺)𝛺2 + 4𝑏𝜇𝑠𝑖𝑛 (𝑏𝛺)𝛺 + 4𝜇𝑐𝑜𝑠 (𝑏𝛺)

𝑏3𝛺2  

http://mathworld.wolfram.com/BesselFunctionoftheSecondKind.html
http://mathworld.wolfram.com/BesselFunction.html
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For non-trivial natural frequencies, the determinant of 𝑨𝐹𝑟𝑒𝑒−𝐹𝑟𝑒𝑒 must be equal to zero. 

This is called characteristic equation. For boundary conditions given in Table 1, 

characteristic equations for different boundary conditions are found as follows 

 

|𝑨𝐹𝑟𝑒𝑒−𝐹𝑟𝑒𝑒| = 4𝜇𝛺(𝑎 − 𝑏) 𝑐𝑜𝑠(𝛺(𝑎 − 𝑏)) (𝑎𝑏𝛺2(𝜆 + 2𝜇) + 4𝜇)

− 𝑠𝑖𝑛(𝛺(𝑎 − 𝑏)) (𝑎2𝑏2𝛺4(𝜆 + 2𝜇)2

− 4𝜇𝛺2(𝜆(𝑎2 + 𝑏2) + 2𝜇(𝑎 − 𝑏)2) + 16𝜇2) = 0 

 (14a) 

 |𝑨𝐹𝑖𝑥𝑒𝑑−𝐹𝑟𝑒𝑒| =𝑗
1

(𝑎𝛺) (4𝑏𝜇𝛺 𝑠𝑖𝑛(𝑏𝛺) − 𝑐𝑜𝑠(𝑏𝛺) (𝑏2𝛺2(𝜆 + 2𝜇) − 4𝜇))

+ 𝑦
1

(𝑎𝛺)(− 𝑠𝑖𝑛(𝑏𝛺) (𝑏2𝛺2(𝜆 + 2𝜇) − 4𝜇)

− 4𝑏𝜇𝛺 𝑐𝑜𝑠(𝑏𝛺)) = 0 

|𝑨𝐹𝑟𝑒𝑒−𝐹𝑖𝑥𝑒𝑑| = 𝑗1(𝑏𝛺)(𝑐𝑜𝑠(𝑎𝛺) (𝑎2𝛺2(𝜆 + 2𝜇) − 4𝜇) − 4𝑎𝜇𝛺 𝑠𝑖𝑛(𝑎𝛺))

+ 𝑦1(𝑏𝛺)(𝑠𝑖𝑛(𝑎𝛺) (𝑎2𝛺2(𝜆 + 2𝜇) − 4𝜇)

+ 4𝑎𝜇𝛺 𝑐𝑜𝑠(𝑎𝛺)) = 0 (14b) 

 
|𝑨𝐹𝑖𝑥𝑒𝑑−𝐹𝑖𝑥𝑒𝑑| = 𝑗1(𝑎𝛺)𝑦1(𝑏𝛺) − 𝑦1(𝑎𝛺)𝑗1(𝑏𝛺) = 0 

Table 1 Boundary conditions considered in this study. 

 Free-Free Fixed-Free Fixed-Fixed Free-Fixed 

at )( ar   0)(* ar  0)(* aur  0)(* aur  0)(* ar  

at )( br   0)(* br  0)(* br  0)(* bur  0)(* bur  

 

Defining the dimensionless natural frequency as follows 

 

𝛽 =
𝑎

√
𝐶11

𝜌

 𝜔     
(15) 

 

variation of the determinants of the characteristic equation given in Eq. (14) with the 

dimensionless natural frequencies for different boundary conditions and aspect ratio of 

(b/a=1.02) is graphically illustrated in Fig. 2. As seen from the graphs, dimensionless 

natural frequencies make the determinant zero. There are various numerical methods to 

find the roots of Eq. (14).  
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Fig. 2 Variation of the determinants of the characteristic equation given in (14) with the dimensionless 

natural frequencies for different boundary conditions and aspect ratio of (b/a=1.02). 
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3. Verification of the Results 

The present dimensionless results obtained with Eq. (14) are compared with the literature 
for free-free ends and the aspect ratio of 2 in Table 2. A good agreement is observed 
between the results. 

Table 2 Comparisons of the present natural frequencies with the literature for free-free ends, 
𝜈 = 0.3, and 𝑏/𝑎 = 2 

i  Present [36] [37] 

1 1.01034 1.01178 0.9781990865 
2 3.33252 3.33527 3.296902510 
3 6.37556 6.37694 6.358013920 
4 9.48585 9.48676 9.474240635 
5 12.612 12.61272 12.60335232 
6 15.7444 15.74499 15.73750534 
7 18.8799 18.88038 18.87415459 
8 22.0172 22.01756 22.01222291 
9 25.1555 25.15584 25.15117544 

10 28.2946 28.29486 28.29071630 

4. Variation of the Natural Frequencies with the Aspect Ratios and Boundary 
Conditions 

Variation of the natural frequencies with the boundary conditions are presented for 𝜈 =
0.3, and 𝑏/𝑎 = 1.02 in a comparative manner in Table 3. The first twelve dimensionless 
natural frequencies are given in this table.  

Table 3 Variation of the natural frequencies with the boundary conditions for 𝑏/𝑎 = 1.02 and    
𝜈 = 0.3 

i  Free-Free Fixed-Free Fixed-Fixed Free-Fixed 

1 1.4425 78.4629 157.086 78.6432 
2 157.087 235.594 314.162 235.654 
3 314.163 392.684 471.241 392.72 
4 471.241 549.768 628.32 549.793 
5 628.32 706.85 785.399 706.87 
6 785.4 863.931 942.479 863.947 
7 942.479 1021.01 1099.56 1021.03 
8 1099.56 1178.09 1256.64 1178.1 
9 1256.64 1335.17 1413.72 1335.18 

10 1413.72 1492.25 1570.8 1492.26 
11 1570.8 1649.33 1727.88 1649.34 
12 1727.88 1806.41 1884.96 1806.42 

 

As expected, Table 3 suggests that increasing the total number of the degrees of freedom 
at both ends decreases significantly the frequencies. This is the most noticeable 
characteristic among the fundamental frequencies.  That is, while 𝛽1 = 1.4425 for free-free 
ends, it reaches 𝛽1=157.086 for fixed-fixed ends. 

Variation of the first twelve natural frequencies with aspect ratios from 𝑏/𝑎 = 1.03   
through   𝑏/𝑎 = 2  for all boundary conditions and 𝜈 = 0.3 is presented in Table 4 in 
tabular form.   
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Table 4.  Variation of the first twelve natural frequencies with aspect ratios and boundary 
conditions for 𝜈 = 0.3 

i  

𝑏/𝑎 

1.03 1.04 1.05 1.075 1.10 1.25 1.50 1.75 2.00 
 FREE-FREE 

1 
1.43546 1.42852 1.42167 

1.4049
5 1.38876 1.30140 1.18376 1.08938 

1.0103
4 

2 
104.73 78.5538 62.8492 

41.913
3 31.449 12.6395 6.40647 4.34971 

3.3325
2 

3 
209.445 157.087 125.672 

83.788
5 62.8484 25.1692 12.6273 8.45626 

6.3755
6 

4 
314.163 235.624 188.501 

125.67
2 94.2588 37.7234 18.8901 12.6186 

9.4858
5 

5 
418.882 314.163 251.332 

167.55
8 125.672 50.2837 25.1631 16.7942 12.612 

6 
523.601 392.702 314.163 

209.44
5 157.086 62.8464 31.4402 20.9752 

15.744
4 

7 
628.32 471.241 376.994 

251.33
2 188.501 75.4104 37.7193 25.1588 

18.879
9 

8 
733.04 549.781 439.825 

293.21
9 219.916 87.975 43.9996 29.3438 

22.017
2 

9 
837.759 628.32 502.657 

335.10
6 251.332 100.54 50.2806 33.5298 

25.155
5 

10 
942.479 706.86 565.489 

376.99
4 282.747 113.105 56.5621 37.7164 

28.294
6 

11 
1047.2 785.4 628.32 

418.88
2 314.163 125.671 62.844 41.9035 

31.434
1 

12 
1151.92 863.939 691.152 

460.76
9 345.578 138.237 69.1261 46.0909 

34.574
1 

 FIXED-FIXED 
1 

104.729 78.5521 62.847 
41.910

1 31.4448 12.6294 6.38581 4.31683 
3.2860

1 
2 

209.444 157.086 125.671 
83.786

9 62.8463 25.1645 12.619 8.44465 
6.3606

8 
3 

314.162 235.624 188.501 
125.67

1 94.2574 37.7203 18.8848 12.6115 9.4772 
4 

418.881 314.162 251.331 
167.55

7 125.671 50.2814 25.1592 16.7891 
12.605

9 
5 

523.601 392.702 314.162 
209.44

4 157.085 62.8446 31.4371 20.9712 
15.739

7 
6 

628.32 471.241 376.994 
251.33

1 188.5 75.4088 37.7168 25.1554 18.876 
7 

733.04 549.78 439.825 
293.21

8 219.916 87.9737 43.9974 29.341 
22.013

8 
8 

837.759 628.32 502.657 
335.10

6 251.331 100.539 50.2787 33.5274 
25.152

6 
9 

942.479 706.86 565.488 
376.99

4 282.747 113.104 56.5605 37.7143 28.292 
10 

1047.2 785.399 628.32 
418.88

1 314.162 125.67 62.8425 41.9015 
31.431

8 
11 

1151.92 863.939 691.152 
460.76

9 345.578 138.236 69.1247 46.0891 34.572 
12 

1256.64 942.479 753.983 
502.65

7 376.994 150.802 75.4071 50.2768 
37.712

4 
 FREE-FIXED 

1 
52.4694 39.3855 31.5374 21.08 15.858 6.50815 3.46102 2.47932 

2.0004
2 
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2 
157.116 117.848 94.2882 62.877 47.1735 18.9226 9.52685 6.40655 

4.8523
7 

3 
261.821 196.373 157.104 

104.74
7 78.5696 31.4596 15.7688 10.5452 

7.9366
9 

4 
366.535 274.906 219.929 

146.62
7 109.977 44.0135 22.0345 14.7129 

11.054
4 

5 
471.251 353.442 282.757 

188.51
1 141.388 56.5729 28.3081 18.8901 

14.182
8 

6 
575.969 431.979 345.586 

230.39
6 172.801 69.1349 34.5851 23.0715 17.316 

7 
680.687 510.518 408.416 

272.28
2 204.215 81.6982 40.864 27.2551 

20.451
9 

8 
785.405 589.056 471.247 

314.16
8 235.629 94.2623 47.1441 31.4402 

23.589
3 

9 
890.124 667.595 534.078 

356.05
5 267.044 106.827 53.4249 35.6261 

26.727
6 

10 
994.843 746.134 596.909 

397.94
2 298.459 119.392 59.7062 39.8127 

29.866
7 

11 
1099.56 824.674 659.74 

439.82
9 329.874 131.957 65.9879 43.9996 

33.006
2 

12 
1204.28 903.213 722.572 

481.71
7 361.29 144.523 72.2698 48.1869 

36.146
1 

 FIXED-FREE 
1 

52.2898 39.2064 31.3589 
20.902

2 15.6807 6.32563 3.25556 2.24722 
1.7444

2 
2 

157.056 117.789 94.229 
62.818

4 47.1155 18.8673 9.4737 6.3535 
4.7978

6 
3 

261.785 196.337 157.068 
104.71

2 78.5348 31.4267 15.7379 10.5154 
7.9073

1 
4 

366.509 274.88 219.903 
146.60

2 109.952 43.9901 22.0127 14.692 
11.034

1 
5 

471.231 353.422 282.737 
188.49

1 141.369 56.5547 28.2911 18.874 
14.167

3 
6 

575.952 431.963 345.57 230.38 172.785 69.12 34.5713 23.0584 
17.303

4 
7 

680.673 510.504 408.403 
272.26

8 204.202 81.6856 40.8523 27.2441 
20.441

3 
8 

785.394 589.044 471.235 
314.15

7 235.618 94.2514 47.134 31.4306 
23.580

1 
9 

890.114 667.585 534.067 
356.04

5 267.034 106.817 53.416 35.6177 
26.719

6 
10 

994.834 746.125 596.90 
397.93

3 298.45 119.383 59.6982 39.8051 
29.859

5 
11 

1099.55 824.665 659.732 
439.82

1 329.866 131.949 65.9807 43.9928 
32.999

7 
12 

1204.27 903.205 722.564 
481.70

9 361.282 144.516 72.2632 48.1807 
36.140

2 

Variation of the first six natural frequencies of free-free sphere is also illustrated 
graphically in Figs. 3-5. 
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Fig. 3 Variation of the first and second natural frequencies of the sphere with the aspect ratios (𝜈 = 0.3) 
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Fig. 4 Variation of the third and fourth natural frequencies of the sphere with the aspect ratios (𝜈 = 0.3) 
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Fig. 5 Variation of the fifth and sixth natural frequencies of the sphere with the aspect ratios. (𝜈 = 0.3) 

 

From Table 4 and Figs. 3 and 4, it is seen that when the thickness of the sphere increases, 
the dimensionless natural frequencies become smaller. Higher dimensionless natural 
frequencies are observed for thin-walled spheres. There are minor differences in 
frequencies under fixed-free and free-fixed boundary conditions. Natural frequencies of 
the sphere with fixed-free surfaces are slightly lesser than the one with free-fixed 
boundaries.  
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5. Case Study  

Today's works have focused on research to further improve composite material 
properties. Metal-matrix composites (MMCs) is a group of advanced materials. The interest 
in carbon nanotubes (CNTs) as reinforcements for aluminium (Al) has been growing 
considerably. Neubauer et al. [41] presented an overview and summarized the activities 
related to carbon nanotubes and nanofibers used as a reinforcement in metallic matrix 
materials. They also discussed the main challenges and the potential with respect to 
material properties.  

In this section, a case study with a hollow sphere made of a metal-matrix composite is to 
be originally conducted to show the direct application of the present results. The 
composite material is formed by the perfect uniform dispersion of carbon nanotubes 
(CNTs) into Aluminium (Al) metal matrix. Two types of CNTS are considered, namely 
single-walled carbon-nanotubes (SWCNT) and multi-walled carbon-nanotubes (MWCNT). 
To get a homogeneous and isotropic composite material, up to 5 wt.%CNT is dispersed in 
Al matrix. Otherwise, the resulting composite is to show anisotropic material 
characteristics. CNT properties have been taken from Costa et al.’s study [48]: Material 
properties of a metallic matrix are  

𝐸𝑚 = 𝐸𝐴𝑙 = 70 𝐺𝑃𝑎,   𝜈𝑚 = 𝜈𝐴𝑙 = 0.3,    𝜌𝑚 = 𝜌𝐴𝑙 = 2700 𝑘/𝑚3 

Material and geometrical properties of SWCNTs are [48]  

𝐸𝑆𝑊𝐶𝑁𝑇 = 640 𝐺𝑃𝑎,   𝜈𝑆𝑊𝐶𝑁𝑇 = 0.33,    𝜌𝑆𝑊𝐶𝑁𝑇 = 1350 𝑘/𝑚3 

𝑙𝑆𝑊𝐶𝑁𝑇 = 25 (𝜇𝑚),   𝑑𝑆𝑊𝐶𝑁𝑇 = 1.4(𝑛𝑚),    𝑡𝑆𝑊𝐶𝑁𝑇 = 0.34(𝑛𝑚) 

Material and geometrical properties of MWCNTs are [48] 

𝐸𝑀𝑊𝐶𝑁𝑇 = 400 𝐺𝑃𝑎,   𝜈𝑀𝑊𝐶𝑁𝑇 = 0.33,    𝜌𝑀𝑊𝐶𝑁𝑇 = 1350 𝑘/𝑚3 

𝑙𝑀𝑊𝐶𝑁𝑇 = 50 (𝜇𝑚),   𝑑𝑀𝑊𝐶𝑁𝑇 = 20(𝑛𝑚),    𝑡𝑀𝑊𝐶𝑁𝑇 = 0.34(𝑛𝑚) 

In the above 𝑑, 𝑡, and 𝑙 are the diameter, thickness, and length of a CNT, respectively.  
Poisson’s ratio and the density of the resulting composite are computed by using a simple 
mixture rule as follows   

where 𝑉𝐶𝑁𝑇  denotes the volume fraction of CNTs and it is calculated by using CNTs weight 
fraction, 𝑤𝐶𝑁𝑇 . 

𝑉𝐶𝑁𝑇 =
𝑤𝐶𝑁𝑇

𝑤𝐶𝑁𝑇 + (
𝜌𝐶𝑁𝑇

𝜌𝑚
) − (

𝜌𝐶𝑁𝑇

𝜌𝑚
)𝑤𝐶𝑁𝑇

 
(17) 

It may be noted that both the length efficiency and the orientation efficiency factors are 
taken as unit in Eq. (16) due to the present assumptions. Young’s modulus of the composite 
is to be estimated through Halpin-Tsai equations [48-49]. 

𝐸𝑚−𝐶𝑁𝑇 =
𝐸𝑚

8
(5 (

1 + 2𝛽𝑑𝑑𝑉𝐶𝑁𝑇

1 − 𝛽𝑑𝑑𝑉𝐶𝑁𝑇

) + 3 (
1 + 2 (

𝑙𝐶𝑁𝑇

𝑑𝐶𝑁𝑇
) 𝛽𝑑𝑙𝑉𝐶𝑁𝑇

1 − 𝛽𝑑𝑙𝑉𝐶𝑁𝑇

)) 

 

(18) 
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where 

𝛽𝑑𝑙 =
(

𝐸𝐶𝑁𝑇

𝐸𝑚
) − (

𝑑𝐶𝑁𝑇

4𝑡𝐶𝑁𝑇
)

(
𝐸𝐶𝑁𝑇

𝐸𝑚
) + (

𝑙𝐶𝑁𝑇

2𝑡𝐶𝑁𝑇
)

,   𝛽𝑑𝑑 =
(

𝐸𝐶𝑁𝑇

𝐸𝑚
) − (

𝑑𝐶𝑁𝑇

4𝑡𝐶𝑁𝑇
)

(
𝐸𝐶𝑁𝑇

𝐸𝑚
) + (

𝑑𝐶𝑁𝑇

2𝑡𝐶𝑁𝑇
)
  

 

(19) 

Variation of the effective properties of the composite with CNTs weight fraction up to 5 
wt.%CNT is seen in Fig. 6. As can be seen from the figure that Poisson’s ratio of the 
composite formed either SWCNT or MWCNT increase with increasing weight fraction 
while the density of the composite decrease with increasing weight fraction. It is revealed 
that both SWCNT and MWCNT make the same difference in values of Poisson’s ratio and 
the density. However, there is a significant difference in the values of Young’s modulus. 
When SWCNTs enhance elasticity modulus of the composite with increasing weight 
fractions, MWCNTs make the opposite.   

 

Fig. 6 Variation of the effective properties of the composite with CNTs weight fraction 

 

In the present study three numerical values of CNTs weight fraction are chosen. Material 
properties of the resulting composite are tabulated in Table 5 with respect to the chosen 
CNTs weight fraction values. 
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Table 5.  Material properties of the resulting composite 

𝑤𝑆𝑊𝐶𝑁𝑇  𝐸𝑚−𝑆𝑊𝐶𝑁𝑇  (𝐺𝑃𝑎) 𝜈𝑚−𝑆𝑊𝐶𝑁𝑇   𝜌𝑚−𝑆𝑊𝐶𝑁𝑇  (𝑘𝑔/𝑚3) 
0.0 70.0 0.3 2700 

0.01 76.01 0.301 2673 
0.025 84.9 0.301 2634 
0.05 99.42 0.303 2571 

𝑤𝑀𝑊𝐶𝑁𝑇  𝐸𝑚−𝑀𝑊𝐶𝑁𝑇  (𝐺𝑃𝑎) 𝜈𝑚−𝑀𝑊𝐶𝑁𝑇   𝜌𝑚−𝑀𝑊𝐶𝑁𝑇  (𝑘𝑔/𝑚3) 
0.0 70.0 0.3 2700 

0.01 69.02 0.301 2673 
0.025 67.60 0.301 2634 
0.05 65.35 0.303 2571 

 

Let’s write the dimensionless natural frequency in Eq. (15) in a more explicit form as 
follows 

𝛽 =
𝑎

√
𝐶11

𝜌

 𝜔 =
𝑎

√
𝜆+2𝜇

𝜌

 𝜔 =
𝑎

√
𝛦(1−𝜈)

𝜌(1+𝜈)(1−2𝜈)

𝜔 
(20) 

The relationship between the natural frequencies and the ratio of (𝛽/𝑎) are presented in 
Table 6. Table 6 also comprises the percentage relative increase/decrease compared to a 
sphere made of a pure aluminum.  

Table 6.  Natural frequencies in terms of (𝛽/𝑎) 

𝑤𝑆𝑊𝐶𝑁𝑇  𝜔 (𝑟𝑎𝑑 𝑠⁄ ) 𝜔 (𝑘𝐻𝑧) |
𝜔𝑚 − 𝜔𝑚−𝑆𝑊𝐶𝑁𝑇

𝜔𝑚
| 100 

0.0 5907.646308(𝛽/𝑎) 0.940231(𝛽/𝑎) 0 
0.01 6191.731479(𝛽/𝑎) 0.985445(𝛽/𝑎) 4.81 

0.025 6600.404350(𝛽/𝑎) 1.050487(𝛽/𝑎) 11.73 
0.05 7243.810673(𝛽/𝑎) 1.152888(𝛽/𝑎) 22.62 

𝑤𝑀𝑊𝐶𝑁𝑇  𝜔 (𝑟𝑎𝑑 𝑠⁄ ) 𝜔  (𝑘𝐻𝑧) |
𝜔𝑚 − 𝜔𝑚−𝑀𝑊𝐶𝑁𝑇

𝜔𝑚
| 100 

0.0 5907.646308(𝛽/𝑎) 0.939067(𝛽/𝑎) 0 
0.01 5900.334574(𝛽/𝑎) 0.937371(𝛽/𝑎) 0.12 

0.025 5889.673752(𝛽/𝑎) 0.934663(𝛽/𝑎) 0.30 
0.05 5872.658190(𝛽/𝑎) 0.939067(𝛽/𝑎) 0.59 

 

It can be seen from Table 6 that 1wt.%SWCNT dispersion escalates the natural frequencies 
by approximately 5%,  2.5wt.%SWCNT dispersion makes an increase approximately 12%, 
and 5 wt.%SWCNT dispersion buildups the frequencies by approximately 23%. MWCNT 
dispersion into Al matrix makes almost no significant differences in natural frequencies. In 
other words, approximately the same natural frequencies may be obtained by dispersing 
MWCNT into Al matrix by obtaining 5% lighter material. SWCNT inclusion into Al matrix 
affects both the weight of the material and natural frequencies. In the design and 
optimization of the structures, it is requested to have larger natural frequencies for the 
same weight of structure. 

As a numerical example let’s consider a hollow sphere made of either a steel or an 
aluminium.  For this materials, the wave velocity having been a wave property may be 
computed numerically as 

https://en.wikipedia.org/wiki/Wave
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(√
λ + 2μ

ρ
)

𝑆𝑡𝑒𝑒𝑙

= 5875.097045 𝑚/𝑠   (𝐸 = 200𝐺𝑃𝑎, 𝜌 = 7800 𝑘𝑔 𝑚3⁄ , 𝜈 = 0.3) 

(√
λ + 2μ

ρ
)

𝐴𝑙𝑖𝑚𝑖𝑛𝑖𝑢𝑚

= 5907.646308 𝑚/𝑠 (𝐸 = 70𝐺𝑃𝑎, 𝜌 = 2700 𝑘𝑔 𝑚3⁄ , 𝜈 = 0.3) 

From Eq. (20) the following is obtained for the natural frequency in 𝑘𝐻𝑧. 

𝜔 = √
λ + 2μ

ρ

(𝛽 𝑎)⁄

2π

1

1000
(𝑘𝐻𝑧) 

Let’s assume 𝑎 = 1𝑐𝑚 and  𝑏 = 2𝑐𝑚 . For the ratio of 𝑏 𝑎⁄ = 2  and for a sphere under free-
free boundary conditions, the dimensionless fundamental natural frequency is read as 𝛽 =
1.01034 from Table 4.  The dimensional natural frequency is, accordingly, found as  

𝜔𝑆𝑡𝑒𝑒𝑙 = (5875.097045)
(1.01034 )

(0.01)

1

2π

1

1000
= 94.47 𝑘𝐻𝑧 

  

𝜔𝐴𝑙𝑖𝑚𝑖𝑛𝑖𝑢𝑚 = (5907.646308)
(1.01034 )

(0.01)

1

2π

1

1000
= 94.995 𝑘𝐻𝑧 

As a final example, let’s consider Kim et al.’s example sphere under free-free surfaces [50]: 
𝐸 = 53.2𝐺𝑃𝑎, 𝜌 = 7700 𝑘𝑔 𝑚3⁄ , 𝜈 = 0.261, 𝑏 𝑎 = 10𝑚𝑚/8𝑚𝑚⁄ = 1.25. Since Table 4 has 
been prepared for 𝜈 = 0.3, the dimensionless fundamental frequency needs to be 
recalculated by using Eq. (14a) . Yıldırım [38] has given this value as 𝛽 = 1.32553. By using 
this data, the following results are obtained: 

√
λ + 2μ

ρ
= 2910.456959 𝑚/𝑠 

𝜔𝑃𝑟𝑒𝑠𝑒𝑛𝑡 = (2910.456959 )
(1.32553 )

(0.008)

1

2π

1

1000
= 76.75044234 𝑘𝐻𝑧 

This results overlaps with the open literature:  

𝜔𝐾𝑖𝑚 𝑒𝑡 𝑎𝑙.[50] = 76.7 𝑘𝐻𝑧 

𝜔𝑌𝚤𝑙𝑑𝚤𝑟𝚤𝑚 [38] = 76.75044 𝑘𝐻𝑧 

 

6. Conclusions  

In this work the exact one-dimensional axisymmetric radial free vibration analysis of a 
thick-walled sphere was handled systematically. Frequency equations in terms of spherical 
Bessel functions were presented in closed form for four possible classical boundary 
conditions. The numerical results were verified with the available literature. 

Besides, a parametric study for the investigation of natural frequencies with both the 
sphere aspect ratios and boundary conditions was conducted for the isotropic and 
homogeneous linear elastic materials having Poisson ratio of 𝜈 = 0.3. The following 
distinctive features were observed: 
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i. Increasing the total number of the degrees of freedom at both ends decreases 
significantly the frequencies. This is the most noticeable characteristic among 
the fundamental frequencies.  As a consequence of this, free-free ends offer 
the smallest natural frequency. The converse is true for fixed-fixed ends. 

ii. There is no such a significant difference between the natural frequencies of 
fixed-free and free-fixed boundary conditions for 1.02 ≤ 𝑏 𝑎⁄ ≤ 2 and 𝜈 = 0.3. 
Those differences, however, become more obvious towards 𝑏 𝑎⁄ = 2. 

iii. An increase in the thickness of the sphere makes the dimensionless natural 
frequencies small. Thin-walled spheres have higher dimensionless natural 
frequencies than thick-walled ones. 

Since the interest in CNT-reinforced aluminum composites has been growing considerably, 
a case study with an aluminum matrix dispersed by either SWCNT or MWCNT was carried 
out. Enhancements of up to 23% in natural frequencies compared to pure aliminium were 
observed for the inclusion of 5 wt.%SWCNT into Al matrix. It was also revealed that 
MWCNT inclusion into Al matrix makes almost does not a contribution on the natural 
frequencies.   

In conclusion, it was seen that the given closed-form characteristic equations and some 
numerical results in the present work may readily be used for hollow spheres made of any 
kind of isotropic and homogeneous linear elastic material even for some kind of CNT 
reinforced composites. 
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Research in macromolecular self-assembly has been progressively developed 
since the 1970s and in recent years, more factors and concepts in 
supramolecular chemistry have been introduced into studies of the self-
assembly of polymers. In this respect, inclusion complexation based on 
cyclodextrins plays a significant role. Hazelnut oil has been used in food and 
pharmaceutical industry due to its unique properties. Due to its high vitamin-E 
content, hazelnut oil can slow down the oxidation process; therefore, hazelnut 
oil can be used as an effective antioxidant. In this study, inclusion complexation 
between cyclodextrin and hazelnut oil was investigated in detail. In order to form 
an inclusion compound excess amount of cyclodextrin (CD) and hazelnut oil (H-
oil) was used in the experimental part and it was successfully demonstrated that 
hazelnut oil formed an inclusion compound with gamma cyclodextrin. This 
inclusion compound could be used either in food products or specific 
applications used with textile materials since the components performed in this 
research were both biodegradable and bioabsorbable. Cyclodextrin, inclusion 
compound, physical mixture of it and hazelnut oil pure state were characterized 
by FTIR-ATR (Fourier Transform Infrared Spectroscopy-Attenuated Total 
Reflection), TGA (Thermal Gravimetric Analysis) and XRD (X-Ray Diffraction) 
analyses. According to the results, hazelnut oil as a guest material was 
successfully encapsulated in the cavities of host gamma cyclodextrin (g-CD) and 
FTIR studies indicated that both guest and host molecules were present in the 
precipitated inclusion complexes (ICs). 
 

© 2018 MIM Research Group. All rights reserved 
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1. Introduction 

Macromolecular self-assembly includes two major fields, i.e. supramolecular polymers, 
which are formed from small molecules driven by non-covalent interactions, and self-
assembly of multicomponent systems in which macromolecules serve as at least one of the 
components. Inclusion complexation, normally involves the interactions of two 
components, so called ‘‘host’’ and ‘‘guest’’ molecules. It is not generally recognized as one 
kind of the basic non-covalent interactions, because of its combination nature of several 
elemental supramolecular interactions. The inclusion complexation between CDs and 
various guests has been extensively investigated in supramolecular chemistry resulting in 
a broad scope of guest molecules available under different conditions [1].  
 
Cyclodextrins are truncated cone structures compose of 1, 4 linked alpha glucose units. 
Number of glucose units determines the diameter of inner cavity of cyclodextrins. Since  

Header: ( FontCambria, 8pt font size, Italic, Centered) 

mailto:zeynep.omerogullari@usak.edu.tr
http://dx.doi.org/10.17515/resm2018.84ma1226


Omerogullari Basyigit / Research on Engineering Structures & Materials 5(1) (2019) 33-41 

 

34 

 

alpha cyclodextrin compose of 6 glucose units, it has the smallest cavity with a diameter of 
0,49 nm. Beta cyclodextrin and gamma cyclodextrins compose of 7 and 8 glucose units and 
their cavity sizes are 0.62 and 0.79 nm, respectively [2]. Cavity size is the most critical 
parameter on inclusion compound formation because it determines the maximum possible 
size of the guest molecule that can be host inside the cyclodextrin molecule. Basic structure 
of gamma CD and mode of complexation with guest compounds are schematically 
indicated in Fig.1. Hydrophobicity of the molecule is another factor playing a role in the 
inclusion compound formation. Hydroxyl groups of cyclodextrins are located on the outer 
surface of the molecules, resulting a hydrophilic surface and hydrophobic inner cavity. 
Thus, hydrophobic molecules, such as oil molecules, can conveniently form inclusion 
compounds with cyclodextrins. Hydrophobic guest molecules are thermodynamically 
more stable inside the cavity of cyclodextrin rather than in aqueous solution and therefore 
they form a non-covalently bonded complex, called an inclusion complex (IC) [3].There are 
several studies on inclusion compound formation between cyclodextrin and essentional 
oils such as Ocimum basilicum [4], garlic [5], lemon [6], cinnamon [7,8], citronella [9], crude 
[10], thyme [11], Lippiasidoides Cham [12], Litsea cubeba [13], soybean, sweet almond [14], 
eucalyptus [15], black pepper [16], yarrow [17], fish, tarragon, mustard, peppermint, 
marjoram [18], tea tree [19] oils.  

 

Fig. 1 Basic structure of a g-cyclodextrin and mode of complexation with guest 

compounds [20] 

 
Hazelnuts (Corylus avellana L.) are mainly cultivated in Turkey and Italy which belong to 
the Betulaceae family and they are particularly valuable for their lipids, which account for 
60% of the hazelnut kernel. Recently, hazelnut oil (H-oil) has been gaining recognition as 
a high-quality food product because of its fatty acid composition, which includes oleic and 
linoleic acids as well as vitamin E (a-tocopherol) and sterols. Monounsaturated and 
polyunsaturated fatty acids, as well as minor lipid components, play an important role in 
human nutrition and health such as lowering cholesterol levels [21,22]. It is also a good 
source of vitamin-E which is fat soluble and an antioxidant material in the human body 
that protects against free radical damage [23]. Turkey is the world’s largest hazelnut 
producer, contributing approximately 70 % to the total global production. [24,25]. 
 
In hazelnut oil chemical structure, oleic acid (Fig.2.a) is the dominant fatty acid (74.2–
82.8%) in all varieties while linoleic acid (Fig. 2.b) is the second most abundant fatty acid 
in the samples and its range is between 9.82% and 18.7%. Palmitic, stearic and palmitoleic 
acids follows this [26].  
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a) Chemical structure of oleic acid    b) Chemical structure of linoleic acid  

Fig. 2 Chemical structure of oleic acid (a) [27] and linoleic acid (b) [28] 

 
Due to its high vitamin-E content, hazelnut oil can slow down the oxidation process.  
Moreover, most of it oil content composes of unsaturated oil, which also minimize the oil 
oxidation. Because of these aforementioned properties, hazelnut oil is an effective 
antioxidant [29].  
 
According to the best knowledge we have, hazelnut oil/gamma-cyclodextrin inclusion 
compound formation has not been studied. In this study, hazelnut oil was employed as a 
guest molecule while alpha, beta, and gamma cyclodextrins acted as host molecules. Our 
results indicated that only gamma cyclodextrin molecules were able to form inclusion 
compound with the hazelnut oil. While inclusion compound formation process between 
alpha and beta cyclodextrin and hazelnut oil resulted in phase separated transparent 
solutions, gamma cyclodextrin and hazelnut oil formed a homogenous white colored 
solution and then precipitated down. This precipitation was characterized with FTIR, Wide 
Angle X-Ray, and Thermogravimetric Analyzer to confirm the inclusion compound 
formation. 
 
2. Experimental: Co-precipitation method 

Gamma cyclodextrin was obtained from Cerestar, USA. Hazelnut oil was purchased from 
Zade Vital, Turkey. All chemicals were used without further purification. Cyclodextrin was 
dissolved in deionized water. In order to form a stoichiometric inclusion compound excess 
amount of cyclodextrin dissolved in water and due to the 15:1 host/guest material ratio, 
guest material was added drop by drop, first they were sonicated in an ultrasonic bath for 
10 mins and then stirred on a hot plate for 2 hours in a flask. After this process, samples 
were left undisturbed two hours and then filtered using a vacuum pump and filter paper. 
Precipitated inclusion compound were oven dried for 24 hours at 50 °C before conducting 
any instrumental characterization. 
 
FTIR-ATR (Fourier Transform Infrared Spectroscopy-Attenuated Total Reflection), 
spectrum of samples was collected using a Nicolet 510P in the range of 4000-400 cm-1. 
Each sample was scanned 64 times and analyzed by using the Omnic software. 
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Thermal decomposition of samples was analyzed using Perkin Elmer (TGA) 
Thermogravimetric analyzer. During these experiments nitrogen gas was used to purge 
the furnace. Samples were heated from 25 to 900 °C. 
 
Crystal structures of samples were characterized via using a Siemens type-F X-Ray 
Diffractometer (XRD) equipped with a Ni-FILTERED CuKa radiation source (k= 1.54 Å). The 
supplied current and voltage were 30 kV and 20 mA, respectively, and diffraction 
intensities were collected every 0.1° from 2θ=5° to 30° at a rate of 2θ=3°/min. 
 
3.  Results and Discussions 

According to the test results, gamma cyclodextrin (g-CD) molecules were able to form 
inclusion compound with the hazelnut oil. Therefore, further characterization was 
conducted only for the hazelnut oil and gamma CD inclusion compound which was coded 
as hazelnut oil-g-CD (H-g-IC). While inclusion compound formation process between alpha 
and beta cyclodextrin and hazelnut oil resulted in phase separated transparent solutions, 
gamma cyclodextrin and hazelnut oil formed a homogenous white colored solution and 
then precipitated down. It was explained in the literature [2] that the first indication of 
inclusion complex formation was the columnar crystal structure of cyclodextrin and 
columnar structures improved when CDs stacked on top of one another and produced 
endless channels in which guest molecules resided. These channels were stabilized by 
guest molecules and hydrogen bonds between the hydroxyl groups of cyclodextrin yielding 
a head to head or head to tail arrangement.  
 
As seen in Fig. 3, Wide-angle X-ray diffraction (WAXD) scattering patterns substantially 
differed after the inclusion of guest hazelnut oil molecules. The reported WAXD pattern for 
neat cage g-CD had characteristic diffraction peaks at 2h = 12.40, 16.50, 18.80 and 23.40 and 
as reported in Fig. 3, these peaks were also observed in as-received g-CD.  After the 
formation of H-g-IC, a new peak appeared at 2h = 7.50, seen in Fig. 4, which corresponded 
to (200) planes of the hydrated crystals [2]. XRD scattering of physical mixture of hazelnut 
oil and gamma CD (H-g-mix) was clearly seen in Fig. 5 which had footprints of g-CD in some 
parts of scattering patterns due to the fact that physical mixture of two compounds did not 
indicate an inclusion compound. 
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Fig. 3 XRD scattering of gamma CD (g-CD) 

 

 
Fig. 4 XRD scattering of hazelnut oil and gamma CD inclusion compound (H-g-IC) 

 

 

Fig. 5 XRD scattering of physical mixture of hazelnut oil and gamma CD (H-g-mix) 

 
Another proof of successful encapsulation of hazelnut oil molecules in g-cyclodextrin was 
obtained from FTIR-ATR analysis. In Fig. 6, FTIR-ATR analysis between 4000-700 cm-1 of 
a) H-g-IC b) H-oil and c) g-CD were showed, respectively. The FTIR spectra of gamma CD 
showed characteristic bands at 3388 and 2926 cm-1 which corresponded to O–H and C–H 
stretching, respectively. However, in H-oil FTIR spectra, strong characteristic peaks could 
be clearly seen at 2922, 2852 and 1743 cm-1, including the fingerprint region.  When the 
spectra of H-g-IC was examined, it could be determined that these characteristic strong 
peaks that belonged to H-oil, showed themselves within weaker peaks for H-oil appear at 
2918, 2850 and 1740 cm-1 which attributed to the formation of inclusion compound of H-
oil and gamma CD. Therefore the coexistence of P and CD was confirmed in FTIR-ATR 
analysis of H-g-IC. The fact that the guest H-oil peaks were very weak when compared to 
CD vibrational bands in the IC was not surprising considering the expected weight ratio of 
guest/host molecules was around 1:15.  
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                   Fig. 6 FTIR-ATR analysis between 4000-700 cm-1 of a) H-g-IC  b) H-oil  c) g-CD, 

respectively 

 
 

In Fig. 7, thermogravimetric analyses of gamma CD, H-oil, their physical mixture H-g-
Mix and their inclusion compound H-g-IC could be seen clearly. Decomposition 
experiments were performed by TGA using N2 as an inert carrier gas with heating rate 
of 10 ℃/min, from 25 to 900 ℃. According to TGA results seen in Fig. 7, hazelnut oil 
showed that it was thermally stable up to 300°C and the decomposition range of 
hazelnut oil was 302-445°C. The stability could be attributed to an expressive quantity 
of unsaturated fatty acids in the hazelnut oil, because it was reported in the literature 
that oil with high concentrations of unsaturated fatty acids was more susceptible to 
thermal deterioration however it was also explained that several other vegetable oils 
that contained a high concentration of unsaturated fatty acids possessed stability 
equivalent to other oils with lesser instauration showing that there were other factors 
which influence the thermal stability of vegetable oils. Moreover, it was also indicated 
that the presence of antioxidants also improved oil stability which attributed to the 
antioxidant material especially to the a-tocopherol existing in hazelnut oil [30]. It was 
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considered that all these parameters could provide a high thermal stability of H-oil. 
When thermograph of g-CD was examined, it could be seen that the main weight loss 
due to degradation occurred between 300 and 350°C. Successful encapsulation of 
hazelnut oil in g-cyclodextrin could be obtained from H-g-IC thermographs which 
showed a gradual weight loss between 291-341°C. Since there was a physical mixture 
in H-g-Mix, not a synthesized compound, TGA thermograph of its physical mixture 
showed a two-step weight loss, between 258-340 °C and 366-404 °C.  

 
                Fig. 7. TGA thermograph of g-CD, H-oil, their physical mixture H-g-CD Mix and   

their inclusion compound H-g-IC 

 

4. Conclusion 

Hazelnut oil was used as a high-quality food product because of its fatty acid composition, 
which included oleic and linoleic acids as well as vitamin E (a-tocopherol). In this study, 
differently from the literature, hazelnut oil as a guest material was encapsulated in the 
cavities of host gamma CD-IC. XRD patterns scattering patterns substantially differed after 
the inclusion of guest hazelnut oil molecules. FTIR studies also indicated that both guest 
and host molecules were present in the precipitated inclusion compounds. As a result of 
thermogravimetric analyses, decomposition range of hazelnut oil was indicated as 302-
445°C and it was determined that it had a high thermal stability because of expressive 
quantity of unsaturated fatty acids and antioxidants such as a-tocopherol existing in the 
structure of it. It was considered that this successfully performed inclusion compound 
could be used either in food products or specific applications used with textile materials 
such as cosmototextiles in further studies.  
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 The wide range of applications of cooling fins are evident in heat transfer 
enhancements for various thermal systems and also, for the control and 
prevention of thermal damages in mechanical and electronic equipment. In this 
work, nonlinear thermal behaviour of convective-radiative cooling fin with 
convective tip and subjected to magnetic field is analyzed using Galerkin finite 
element method. The numerical solutions are verified by the exact analytical 
solution of the linearized models using Laplace transforms method. Based on the 
numerical investigations, it is established that increase in Biot number, 
convective, radiative and magnetic parameters increase the rate of heat transfer 
from the fin and consequently improve the efficiency of the cooling fin. Also, the 
study shows that for a relatively short cooling fin operating for prolonged 
periods of time or steady state, the adiabatic/hypothetical condition (or 
negligible heat transfer) at the tip can be assumed without any significant loss in 
accuracy or equality as compared to the convective condition at the tip. However, 
for a long cooling fin of finite length operating in a transient state, especially for 
short period of time, the assumption of insulated tip produces significant 
different results as compared to the results of the convective tip. Therefore, for 
transient thermal studies of fins, the assumption that no heat transfer takes place 
at the fin tip should be taken with caution for a long cooling fin of finite length 
operating within a relatively short period of time. It is hope that the present 
study will enhance the understanding of transient thermal response of the solid 
fin under various factors and fin tip conditions. 

 
© 2018 MIM Research Group. All rights reserved. 

 
Keywords:  
Transient analysis;  
Fin tip conditions; 
Finite element method; 
Magnetic field; 

 

 

1. Introduction 

The increasing demands for high performance thermal equipment require the 
development of enhanced heat transfer devices. Also, the generation of excessive heat that 
leads to thermal-induced failure in various thermal systems calls for the production of 
effective heat dissipating devices that will enhance the rate of heat transfer from the 
thermal equipment. In order to meet these needs, extended surfaces such as fins and spines 
have been applied in various thermal and electronic equipment. Consequently, the 
applications of the extended surfaces in the thermal systems such as air conditioning, 
refrigeration, super heaters, automobile, power plants, heat exchangers, convectional 
furnaces, economizers, gas turbines, chemical processing equipment, oil carrying 
pipelines, computer processors, electrical chips, electronic and microelectronics 
components, high-power semi-conductor devices, high-power lasers, light emitting diodes 
(LEDs), computer cooling, sensitive devices etc. have attracted various research interests 
in few past decades.  The thermal analysis of the extended surfaces involves the 
development of thermal models for various operating conditions. Different analytical 
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(exact and approximate) and numerical methods have been employed by various 
researchers to analyze the developed thermal models of the extended surfaces. Exact 
analytical methods such as methods of superposition and separation of variables were 
employed by Wang et al. [1] while Moitsheki and Harley [2], Mhlongo and Moitsheki [3], 
Ali et al. [4] and Kader et al. [5] adopted Lie point symmetry method for the thermal 
analysis of fins. Kirchoff’s transformation method was adopted by Moitsheki and Rowjee 
[6]. In an earlier work, Cole et al. [7] made use of Green’s functions (GF) in the form of 
infinite series to present analytical solutions to the differential equations governing the 
thermal behaviour of fins.  

The above reviewed works provided exact analytical solutions to the thermal models 
governing the thermal behaviours of the fins under various operating conditions. However, 
most of the developed exact analytical solutions are based on the assumptions of constant 
thermal properties. Indubitably, the idealization of a constant or uniform heat transfer 
coefficient is not realistic. This is because in practice, heat transfer coefficients has 
significantly greater values at the fin tip more than the fin base. Additionally, the heat 
transfer coefficients vary with temperature. Such variation of the heat transfer coefficient 
as a function of temperature is often governed by a power law. Moreover, the thermal 
conductivity of the fin is temperature-dependent. Under these circumstances, the 
differential equations governing the thermal responses of the fin under various conditions 
become strictly nonlinear. Therefore, large numbers of the past studies have applied 
various approximate analytical methods to solve the nonlinear thermal models under 
various geometrical, internal and external conditions.  In past few decades, Jordan et al. [8] 
utilized optimal linearization method while Kundu and Das [9] adopted Frobenius 
expanding series for the nonlinear fin problems. Homotopy analysis method was used by 
Khani et al. [10] and Amirkolaei and Ganji [11]. Aziz and Bouaziz [12] employed method of 
least squares while Sobamowo [13], Ganji et al. [14] and Sobamowo et al. [15] applied 
Galerkin method of weighted residual to analyze the thermal behaviour of the extended 
surfaces. In recent times, double decomposition and variation of parameter methods were 
employed by Sobamowo [16] and Sobamowo et al. [17], respectively to investigate the heat 
transfer characteristics of fins. In some other works, Moradi and Ahmadikia [18], Sadri et 
al. [19], Ndlovu and Moitsheki [20], Mosayebidarchech et al. [21], Ghasemi et al. [22] and 
Ganji and Dogonchi [23] adopted differential transformation method to determine the 
temperature distribution in fins. Applications of homotopy perturbation method to the fin 
problem was presented by Sobamowo et al. [24], Arslanturk [25], Ganji et al. [26] and 
Hoshyar et al. [27].  

The developed series solutions for the thermal analyses of fins using different approximate 
analytical methods involve large number of terms. In practice, such expressions involving 
large number of terms are not convenient for use by designers and engineers [13]. 
Therefore, over the years, various numerical methods have been explored to analyze the 
thermal behavior of various extended surfaces. In an earlier work on numerical analysis of 
determination of temperature distribution in fins, Singh et al. [28] adopted meshless 
element free Galerkin method. Few years later, Basri et al. [29] presented a study on the 
applications of efficient finite element and differential quadrature methods to the heat 
transfer problems.  Singh et al. [30] and Sao and Banjare [31] used quasi- steady theory 
while in the same year, Lotfi and Belkacem [32] and Al- Rashed et al. [33] utilized finite 
volume method for the thermal analysis of fins.  In another study, Taler and Taler [34] 
presented the coupling of finite volume finite element methods to the heat transfer 
problem. Incremented differential quadrature method was used by Malekzadeh and 
Rahideh [35].   Reddy et al. [36] adopted B- spline based finite element method while Sun 
et al. [37] applied collocation spectral method to the fin problem. Rajul et al. [38] examined 
the thermal response of the fin using Meshless Local Petrov-Galerkin (MLPG). In the 
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preceding year, Wei et al. [39] investigated the thermal behaviour of fin through field 
synergy principle optimization analysis. Hajabdollahi et al. [40] presented genetic 
algorithm while symbolic programming was used by Fatoorehchi and Abolghasemi [41]. 
Three years later, Latif et al. [42] successfully applied symmetry reduction method to 
address nonlinear heat transfer problems of fins. In the same year, Mahmoudi and Mejri 
[43] used to Lattice Boltzmann method to investigate the effect of variable thermal 
conductivity and variable refractive index on transient conduction and radiation heat 
transfer. In some recent studies, Sobamowo [44] and Sobamowo et al. [45] applied finite 
difference and finite volume method, respectively for thermal analysis of longitudinal fin 
with temperature-dependent thermal conductivity and internal heat generation. Also, 
Sobamowo et al. [46] and Sobamowo [47] adopted Legendre wavelet collocation method 
to investigate the effects of magnetic field on the thermal performance of convective-
radiative fin and also to study heat transfer in porous fin with temperature-dependent 
thermal conductivity and internal heat generation. Sobamowo and Kamiyo [48] studied 
multi-boiling heat transfer behavior of a convective straight fin with temperature-
dependent thermal properties and internal heat generation using finite volume method. In 
another study, Chebychev spectral collocation method was used by Sobamowo [49] to 
examine the heat transfer in porous fin with temperature-dependent thermal conductivity 
and internal heat generation.  

It should be noted that most of the above reviewed studies are based on steady state 
analysis of fin. However, in many engineering practices and devices such as in automobiles, 
study of heat transfer in building, industrial applications, transient analysis is very 
important. In fact, an accurate transient analysis provides insight into the design of fins 
that would fail in steady-state operations but are sufficient for desired operating periods. 
Consequently, there have been comparatively few studies on the transient analysis of the 
fin. In some earlier works, transient closed form solutions were developed for fin with 
assumed constant thermal properties. Chapman [50] studied the transient behavior of an 
annular fin of uniform thickness subjected to a sudden step change in the base 
temperature. Few years later, Donaldson and Shouman [51] presented a study on the 
transient temperature distribution in a straight fin for a step change in base temperature 
and a step change in base heat flow rate. Also, in a subsequent works, Suryanarayana 
[52,53] investigated the transient response of straight fins of constant cross-sectional area. 
Mao and Rooke [54] utilized Laplace transform method to analyze straight fins for different 
cases of a step change in base temperature, a step change in base heat flux and a step 
change in fluid temperature. Method of Green’s functions was adopted by Beck et al. [55] 
to study transient behavior of fins of constant cross-section area. In an earlier work, Kim 
[56] developed an approximate solution to the transient heat transfer in straight fins of 
constant cross-sectional area and constant physical and thermal properties. Three years 
later, Aziz and Na [57] examined the transient response of a semi-infinite fin of uniform 
thickness, initially at the ambient temperature, subjected to a step change in temperature 
at its base, with fin cooling governed by a power-law type dependence on temperature 
difference. In another work, Aziz and Kraus [58] presented a variety of analytical results 
for transient fins, developed by separation of variable and Laplace transform techniques. 
Campo and Salazar [59] explored the analogy between the transient conduction in a planar 
slab for short times and the steady state conduction in a straight fin of uniform cross-
section. Saha and Acharya [60] submitted a detailed parametric analysis of the unsteady 
three-dimensional flow and heat transfer in a pin-fin heat exchanger. Furthermore, several 
numerical studies of transient fins combined with complicating factors, such as natural 
convection [61, 62], spatial arrays of fins [63, 64] and phase change materials [65] have 
been presented. Mutlu and Al-Shemmeri [66] studied a longitudinal array of straight fins 
suddenly heated at the base.  
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In the above reviewed studies, heat dissipation from the fin tip has been assumed 
negligible. Therefore, the analyses of the reviewed works were based on fins with insulated 
tips or negligible heat transfer at the tips. However, effects of fin tip on the thermal 
response and performance of the fin have been pointed out in some few studies in 
literature. In such studies, Irey [67], Laor and Kalman [68], Lau and Tau [69] and Ǜnal [70] 
examined fins that dissipate heat also by their tips with constant or various temperature-
dependence heat coefficients under steady state conditions. 

Sequel to the above, there have been various studies on the thermal analysis of fin. 
However, there are limited studies in literatures on the applications of finite element 
methods for transient heat transfer analysis of fin with convective tip and under the 
influence of magnetic field. Therefore, in this present study, Galerkin finite element method 
is used study the transient thermal behavior of convective-radiative fin with convective tip 
and under the influence of magnetic field. The inherent advantages, wide range of 
applications and high level of accuracy of the method justify the consideration of the 
method for the problem under consideration. FEM is geometrically flexible and it enjoys 
an advantage in memory use and speed for large problems. It can handle Neumann 
boundary condition as readily as the Dirichlet boundary condition as demonstrated in the 
present study. Of all the numerical methods developed so far, the finite-element method 
has been found to be the most general method, not only to solve the problems of heat 
transfer but also to solve various problems in different areas of engineering and science. 
Finite element method provides superior versatility to other numerical methods and is 
generally very stable with excellent convergence characteristics. To the best of the authors’ 
knowledge, the transient analysis of heat transfers in convective-radiative cooling fin with 
convective tip and subjected to magnetic field using finite element method has not been 
studied in open literature. As part of the aims of the present paper, a step-by-step finite 
element analysis is presented in this work. The numerical solutions are used to investigate 
the effects of convective, radiative, magnetic and convective tip parameters on the 
transient thermal performance of the cooling fin. Also, effect the thermal stability values 
for the various multi-boiling heat transfer modes are established. 

2. Problem formulation 

Consider a straight fin of length L and thickness t which is exposed on both faces to a 

convective-radiative environment at temperature  and subjected to a uniform magnetic 

field as shown in Fig.1. In order to develop the mathematical model governing the thermal 
behavior, the following assumptions are made:  

I. The fin material is homogeneous and isotropic and with constant physical 
properties.  

II. The thermal properties of the fin, surrounding medium and the magnetic field 
vary with temperature according to power-law. The temperature of the 
surrounding fluid is uniform. 

III. The heat flow to or from the fin surface at any point is directly proportional to 
the temperature difference between the surface at that point and the 
surrounding fluid.  

IV. The fin thickness is so small compared to its height and length that 
temperature gradients normal to the surface (across the fin thickness) may be 
neglected. Therefore, the temperature variation inside the fin is one-
dimensional i.e. temperature varies along the fin length only. heat loss through 
the fin edges is negligible compared to that which passes through the sides.   

V. There is no contact resistance where the base of the fin joins the prime surface.  
Also, the temperature of the base of the fin is uniform 

T
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VI. There are no heat sources or internal heat generation within the fin. 
 

 

Fig. 1 (a) Schematic of longitudinal fin subjected to magnetic field(b) Computational 
domain of the fin 

Based on following the above assumptions, the thermal energy balance could be expressed 

𝑞𝑥 − (𝑞𝑥 +
𝛿𝑞

𝛿𝑥
𝑑𝑥) = ℎ(𝑇)𝑃(𝑇 − 𝑇∞)𝑑𝑥 + 𝜎𝜀(𝑇)𝑃(𝑇

4 − 𝑇∞
4)𝑑𝑥 

+
𝑱𝑐 × 𝑱𝒄
𝜎

𝑑𝑥 + 𝜌𝐴𝑐𝑟𝑐𝑝
𝜕𝑇

𝜕𝑡
𝑑𝑥 

(1) 

Where; 

Jc = σ(E + V × B) (2) 

As dx→0, Eq. (1) reduces  

−
𝑑𝑞

𝑑𝑥
= ℎ(𝑇)𝑃(𝑇 − 𝑇𝑎) + 𝜎𝜀(𝑇)𝑃(𝑇4 − 𝑇𝑎

4) +
𝑱
𝒄

× 𝑱
𝒄

𝜎
+ 𝜌𝐴𝑐𝑟𝑐𝑝

𝜕𝑇

𝜕𝑡
 (3) 

From Fourier’s law of heat conduction, the rate of heat conduction in the fin is given by  

𝒒 = −𝒌𝑨𝒄𝒓
𝒅𝑻

𝒅𝒙
 

 

(4) 

             
Following, the radiation heat transfer rate is  

𝒒 = −𝒌𝑨𝒄𝒓
𝒅𝑻

𝒅𝒙
 

 

(4) 

𝑞 = −
4𝜎𝐴𝑐𝑟
3𝛽𝑅

𝑑𝑇4

𝑑𝑥
 

 
  (5) 

 
 
                                                                                                                                                                      
 

Therefore, the total rate of heat transfer is given by; 

𝑞 = −𝑘𝐴𝑐𝑟
𝑑𝑇

𝑑𝑥
−
4𝜎𝐴𝑐𝑟

3𝛽𝑅

𝑑𝑇4

𝑑𝑥
 (6) 

On substituting Eq. (6) into Eq. (3), one gets 
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𝑑

𝑑𝑥
(𝑘𝐴𝑐𝑟

𝑑𝑇

𝑑𝑥
+
4𝜎𝐴𝑐𝑟

3𝛽𝑅

𝑑𝑇4

𝑑𝑥
) = ℎ(𝑇)𝑃(𝑇 − 𝑇∞) + 𝜎(𝑇)𝜀𝑃(𝑇

4 − 𝑇∞
4) 

+
𝑱𝒄 × 𝑱𝒄

𝜎
+ 𝜌𝐴𝑐𝑟𝑐𝑝

𝜕𝑇

𝜕𝑡
 

 

(7) 

Further simplification of Eq. (7) gives the governing differential equation for the fin as  

𝑑2𝑇

𝑑𝑥2
+

4𝜎

3𝛽𝑅𝑘

𝑑

𝑑𝑥
(
𝑑𝑇4

𝑑𝑥
) −

ℎ(𝑇)𝑃

𝑘𝐴𝑐𝑟
(𝑇 − 𝑇∞) −

𝜎𝜀(𝑇)𝑃

𝑘𝐴𝑐𝑟
(𝑇4 − 𝑇∞

4) 

−
𝑱𝒄×𝑱𝒄

𝜎𝑘𝐴𝑐𝑟
=

𝜌𝑐𝑝

𝑘

𝜕𝑇

𝜕𝑡
,                                     

(8) 

The initial and boundary conditions are 

𝑡 = 0,  0 < 𝑥 < 𝑏,    𝑇 = 𝑇𝑏 , 
𝑡 > 0,     𝑥 = 0,  𝑇 = 𝑇𝑏,                                                                                                              

𝑡 > 0,     𝑥 = 𝑏,  −𝑘
𝑑𝑇

𝑑𝑥
= ℎ(𝑇 − 𝑇∞) 

(9a) 

However, if the tip of the fin is assumed insulated or a negligible rate of heat transfer from 
it, we have         

𝑡 > 0,     𝑥 = 𝑏,  
𝑑𝑇

𝑑𝑥
= 0 (9b) 

It should be noted that 

𝑱𝒄 × 𝑱𝒄

𝜎
= 𝜎𝑚𝐵𝑜

2𝑢2 (10) 

After substitution of Eq. (10) into Eq. (8),  

𝑑2𝑇

𝑑𝑥2
+

4𝜎

3𝛽𝑅𝑘

𝑑

𝑑𝑥
(
𝑑𝑇4

𝑑𝑥
) −

ℎ(𝑇)𝑃

𝑘𝐴𝑐𝑟
(𝑇 − 𝑇∞) −

𝜎𝜀(𝑇)𝑃

𝑘𝐴𝑐𝑟
(𝑇4 − 𝑇∞

4) 

−
𝜎𝑚(𝑇)𝐵𝑜

2𝑢2

𝑘𝐴𝑐𝑟
(𝑇 − 𝑇∞) =

𝜌𝑐𝑝

𝑘

𝜕𝑇

𝜕𝑡
 

(11) 

The first case that is considered in this work is a situation where small temperature 
difference exists within the fin material during the heat flow. This actually necessitated the 
use of temperature-invariant physical and thermal properties of the fin. Also, it has been 
established that under such scenario, the term T4can be expressed as a linear function of 
temperature. Therefore, we have 

𝑇4 = 𝑇∞
4 + 4𝑇∞

3(𝑇 − 𝑇∞) + 6𝑇∞
2(𝑇 − 𝑇∞)

2+. . . ≅ 4𝑇∞
3𝑇 − 3𝑇∞

4 (12) 

Also, using Rosseland’s approximation                                                                  

4𝜎

3𝛽𝑅𝑘

𝜕𝑇4

𝜕𝑥
≅
16𝜎𝑇∞

3

3𝛽𝑅𝑘

𝜕2𝑇

𝜕𝑥2
 (13) 

On substituting Eqs. (15) and (16) into Eq. (14), we arrived at 

 
𝑑2𝑇

𝑑𝑥2
+
16𝜎

3𝛽𝑅𝑘

𝑑2𝑇

𝑑𝑥2
−
ℎ(𝑇)𝑃

𝑘𝐴𝑐𝑟
(𝑇 − 𝑇∞) −

4𝜎𝑃𝜀(𝑇)𝑇∞
3

𝑘𝐴𝑐𝑟
(𝑇 − 𝑇∞) 

−
𝜎𝑚(𝑇)𝐵𝑜

2𝑢2

𝑘𝐴𝑐𝑟
(𝑇 − 𝑇∞) =

𝜌𝑐𝑝

𝑘

𝜕𝑇

𝜕𝑡
 

(14) 

However, for most industrial applications the heat transfer coefficient may be given as the 
power law [2,19], where the exponent p and ho are constants. The constant p may vary 
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between −6.6 and 5. However, in most practical applications it lies between −3 and 3 [19]. 
So, the power temperature-dependent thermal properties of the surrounding fluid and the 
magnetic field are defined as  

ℎ(𝑇) = ℎ𝑜 (
𝑇 − 𝑇∞

𝑇𝑏 − 𝑇∞

)
𝑝

 (15) 

Extending the same power temperature-dependent relationship to the fin emissivity and 
the magnetic field, we have 

𝜀(𝑇) = 𝜀𝑜 (
𝑇 − 𝑇∞

𝑇𝑏 − 𝑇∞

)
𝑞

 (16) 

𝜎𝑚(𝑇) = (𝜎𝑚)𝑜 (
𝑇 − 𝑇∞

𝑇𝑏 − 𝑇∞

)
𝑟

 (17) 

The exponent p on the heat transfer coefficient represents laminar film boiling or 
condensation when p = −1/4, laminar natural convection when p = 1/4, turbulent natural 
convection when p = 1/3, nucleate boiling when p = 2, radiation when p = 3. p = 0 implies 
a constant heat transfer coefficient.  

Substitution of Eq. (16) - (17) gives 
𝑑2𝑇

𝑑𝑥2
+
16𝜎

3𝛽𝑅𝑘

𝑑2𝑇

𝑑𝑥2
−
ℎ𝑜𝑃(𝑇 − 𝑇∞)

𝑝+1

𝑘𝐴𝑐𝑟(𝑇𝑏 − 𝑇∞)
𝑝

−
4𝜎𝜀𝑜𝑃𝑇∞

3(𝑇 − 𝑇∞)
𝑞+1

𝑘𝐴𝑐𝑟(𝑇𝑏 − 𝑇∞)
𝑞

 

−
𝜎𝑚,𝑜𝐵𝑜

2𝑢2(𝑇 − 𝑇∞)
𝑟+1

𝑘𝐴𝑐𝑟(𝑇𝑏 − 𝑇∞)𝑟
=
𝜌𝑐𝑝

𝑘

𝜕𝑇

𝜕𝑡
 

(18) 

For constant thermal properties of the surrounding fluid and the magnetic field, we have a 
linear equation of the form  

𝑑2𝑇

𝑑𝑥2
+
16𝜎

3𝛽𝑅𝑘

𝑑2𝑇

𝑑𝑥2
−
ℎ𝑃(𝑇 − 𝑇∞)

𝑘𝐴𝑐𝑟
−
4𝜎𝜀𝑃𝑇∞

3(𝑇 − 𝑇∞)

𝑘𝐴𝑐𝑟
 

−
𝜎𝑚𝐵𝑜

2𝑢2(𝑇 − 𝑇∞)

𝑘𝐴𝑐𝑟
=
𝜌𝑐𝑝

𝑘

𝜕𝑇

𝜕𝑡
 

(19) 

It should be noted that the above Eq. (19) can be solved analytically. Using Laplace 
transform, it can easily be shown that the exact analytical solution of the equation based 
on the boundary conditions in Eq. (9) is given as; 

𝑇 = 𝑇∞ + (𝑇𝑏 −

𝑇∞)

{
 
 
 
 
 

 
 
 
 
 ((ℎ𝑃+4𝜎𝜀𝑇∞

3 𝑃+𝜎𝑚𝐵𝑜
2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)𝑐𝑜𝑠ℎ(

(ℎ𝑃+4𝜎𝜀𝑇∞
3 𝑃+𝜎𝑚𝐵𝑜

2𝑢2)

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)(𝐿−𝑥)+(

ℎ𝐿

𝑘
)𝑠𝑖𝑛ℎ(

(ℎ𝑃+4𝜎𝜀𝑇∞
3 𝑃+𝜎𝑚𝐵𝑜

2𝑢2)

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)(𝐿−𝑥)

(
(ℎ𝑃+4𝜎𝜀𝑇∞

3 𝑃+𝜎𝑚𝐵𝑜
2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)𝑐𝑜𝑠ℎ(

(ℎ𝑃+4𝜎𝜀𝑇∞
3 𝑃+𝜎𝑚𝐵𝑜

2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)+(

ℎ𝐿

𝑘
)𝑠𝑖𝑛ℎ((

(ℎ𝑃+4𝜎𝜀𝑇∞
3 𝑃+𝜎𝑚𝐵𝑜

2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
))

−2∑

{
 
 

 
 𝜆𝑛

3𝑠𝑖𝑛(
𝜆𝑛𝑥

𝐿
){𝑒𝑥𝑝−[(𝜆𝑛

2+(
(ℎ𝑃+4𝜎𝜀𝑇∞

3 𝑃+𝜎𝑚𝐵𝑜
2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)

2

)(
(𝑘+

16𝜎
3𝛽𝑅

)𝑡

𝜌𝑐𝑝𝐿2
)]}

(𝜆𝑛
2+(

(ℎ𝑃+4𝜎𝜀𝑇∞
3 𝑃+𝜎𝑚𝐵𝑜

2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)

2

)((
ℎ𝐿

𝑘
)
2
+(

(ℎ𝑃+4𝜎𝜀𝑇∞
3 𝑃+𝜎𝑚𝐵𝑜

2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)

2

+
ℎ𝐿

𝑘
)𝑠𝑖𝑛2𝜆𝑛

}
 
 

 
 

∞
𝑛=1

}
 
 
 
 
 

 
 
 
 
 

      

 

(20a) 

For the insulated tip, we have 
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     𝑇 = 𝑇∞ + (𝑇𝑏 −

𝑇∞)

{
 
 
 
 
 

 
 
 
 
 (

(ℎ𝑃+4𝜎𝜀𝑇∞
3 𝑃+𝜎𝑚𝐵𝑜

2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)𝑐𝑜𝑠ℎ(

(ℎ𝑃+4𝜎𝜀𝑇∞
3 𝑃+𝜎𝑚𝐵𝑜

2𝑢2)

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)(𝐿−𝑥)

(
(ℎ𝑃+4𝜎𝜀𝑇∞

3 𝑃+𝜎𝑚𝐵𝑜
2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)𝑐𝑜𝑠ℎ(

(ℎ𝑃+4𝜎𝜀𝑇∞
3 𝑃+𝜎𝑚𝐵𝑜

2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)

−2∑

{
 
 

 
 𝜆𝑛

3𝑠𝑖𝑛(
𝜆𝑛𝑥

𝐿
){𝑒𝑥𝑝−[(𝜆𝑛

2+(
(ℎ𝑃+4𝜎𝜀𝑇∞

3 𝑃+𝜎𝑚𝐵𝑜
2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)

2

)(
(𝑘+

16𝜎
3𝛽𝑅

)𝑡

𝜌𝑐𝑝𝐿
2 )]}

(𝜆𝑛
2+(

(ℎ𝑃+4𝜎𝜀𝑇∞
3 𝑃+𝜎𝑚𝐵𝑜

2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)

2

)((
(ℎ𝑃+4𝜎𝜀𝑇∞

3 𝑃+𝜎𝑚𝐵𝑜
2𝑢2)𝐿

𝐴𝑐𝑟(𝑘+
16𝜎
3𝛽𝑅

)
)

2

)𝑠𝑖𝑛2𝜆𝑛

}
 
 

 
 

∞
𝑛=1

}
 
 
 
 
 

 
 
 
 
 

 

 

(20b) 

where λn are the positive roots of the characteristic’s equation 

𝜆𝑛𝑐𝑜𝑠𝜆𝑛 + (
ℎ𝐿

𝑘
) 𝑠𝑖𝑛𝜆𝑛 = 0 (21a) 

It should be noted that a steady state is attained when t→∞ 

For the sake of convenience in subsequent analysis, it should be noted that “b” has been 
replaced with “L” in the above analytical solution.  
 

3. Finite Element Method for the Transient Analysis 

It is very difficult to develop exact analytical solution to the nonlinear equation in Eq. (14) 
or Eq. (18). Therefore, Galerkin finite element method is used in this work to solve the 
nonlinear equation. The procedures of the numerical method are outlined as follows: 

I. Finite element discretization: The whole domain is divided into a finite number 
of sub-domains, designated as the discretization of the domain. Each sub-domain 
is called an element.  The collection of elements comprises the finite-element 
mesh.   
 

II. Generation of the element equations: From the mesh, a typical element is 
isolated and the variational formulation of the given problem over the typical 
element is constructed. An approximate solution of the variational problem is 
assumed and the element equations are generated by substituting the assumed 
solution in the formulation. The element matrix, which is called stiffness matrix, 
is constructed by using the element interpolation functions. 

 
III. Assembly of element equations: The algebraic equations obtained from the 

element matrix are assembled by imposing the inter-element continuity 
conditions. This yields a large number of algebraic equations known as the global 
finite element model, which governs the whole domain.  
 

IV. Imposition of boundary conditions: The essential and natural boundary 
conditions as given in the problem under consideration are imposed on the 
assembled equations.  

 
V. Solution of assembled equation: The assembled equations after the imposition 

of the boundary conditions are solved by any numerical technique that is 
developed for solving systems of linear equations. The numerical techniques are 
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Gaussian elimination method, Gauss-Jordan iterative method, Gauss-Jacobi 
iterative method, Gauss-Seidel iterative method, LU decomposition method, 
Choleski decomposition, Crout’s method, Householder’s technique, etc. 

 

In order to demonstrate the application of the finite element method to the present 
nonlinear problem, a weak formulation of the nonlinear governing differential equation is 
derived using Galerkin finite element method. For the purpose of the finite element 
analysis, one can rewrite Eq. (14) as; 

(𝑘 +
16𝜎

3𝛽𝑅
)
𝑑2𝑇

𝑑𝑥2
− (
(ℎ(𝑇)𝑃 + 4𝜎(𝑇)𝑃𝜀𝑜𝑇∞

3 + 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2)

𝐴𝑐𝑟
) (𝑇 − 𝑇∞) 

−𝜌𝑐𝑝
𝜕𝑇

𝜕𝑡
= 0 

(21b) 

where temperature-dependent thermal properties of the surrounding fluid and the 
magnetic field are defined in Eqs. (15) – (17). Using the shape/interpolating function on 
the governing equation and Integrating over the domain V of the control volume according 
to Galerkin finite element method, we have 

∫ 𝑊

(

 
 (𝑘 +

16𝜎

3𝛽𝑅
)
𝑑2𝑇

𝑑𝑥2
− (
(ℎ(𝑇)𝑃 + 4𝜎(𝑇)𝑃𝜀𝑜𝑇∞

3 + 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2)

𝐴𝑐𝑟
)(𝑇 − 𝑇∞)

−𝜌𝑐𝑝
𝜕𝑇

𝜕𝑡
= 0

)

 
 

𝑉

𝑑𝑉 = 0 (22) 

For the one-dimensional problem which the dependent variable varies only along x-axis 
and the boundary integrals turn to be a point value on the boundaries, one can replace, dV 
by Acrdx in the Eq. (22).  Here, Acr is the uniform cross-sectional area of the fin and P is the 
perimeter of the fin from which convection takes place. 

∫𝑊

(

 
 (𝑘 +

16𝜎

3𝛽𝑅
)
𝑑2𝑇

𝑑𝑥2
− (
(ℎ(𝑇)𝑃 + 4𝜎(𝑇)𝑃𝜀𝑜𝑇∞

3 + 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2)

𝐴𝑐𝑟
) (𝑇 − 𝑇∞)

−𝜌𝑐𝑝
𝜕𝑇

𝜕𝑡
= 0

)

 
 

𝐿

𝐴𝑐𝑟𝑑𝑥 = 0 (23) 

After expansion, one arrives at 

∫𝑊((𝑘 +
16𝜎

3𝛽𝑅
)
𝜕2𝑇

𝜕𝑥2
𝐴𝑐𝑟𝑑𝑥)

𝐿

−∫((ℎ(𝑇)𝑃 + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃)(𝑇 − 𝑇∞)

𝐿

𝑑𝑥 

− ∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2(𝑇 − 𝑇∞)𝑑𝑥𝐿 − ∫ 𝜌𝑐

𝜕𝑇

𝜕𝑡
𝐴𝑐𝑟𝑑𝑥𝐿 = 0 

(24) 

For the fin of length, L          

∫ 𝑊

(

 
(𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

𝜕2𝑇

𝜕𝑥2
− ((ℎ(𝑇)𝑃 + 4𝜎(𝑇)𝜀𝑜𝑇∞

3)𝑃)(𝑇 − 𝑇∞)

−𝜎𝑚(𝑇)𝐵𝑜
2𝑢2(𝑇 − 𝑇∞) − 𝜌𝑐𝐴𝑐𝑟

𝜕𝑇

𝜕𝑡 )

 
𝐿

0

𝑑𝑥 = 0 
(25) 

The expansion of Eq. (24) gives 

∫ 𝑊 (𝑘 +
16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

𝜕

𝜕𝑥
[
𝜕𝑇

𝜕𝑥
]

𝐿

0

𝑑𝑥
⏟                    

(1)

−

[
 
 
 
 ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞

3)𝑃𝑊𝑇
𝐿

0

𝑑𝑥 + ∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑊𝑇

𝐿

0

𝑑𝑥

−∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃𝑇∞𝑊

𝐿

0

𝑑𝑥 −∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑊𝑇∞𝑑

𝐿

0

𝑥
]
 
 
 
 

⏟                                        
2

− 

∫ 𝜌𝑐𝑝𝐴𝑐𝑟𝑊
𝐿

0

𝜕𝑇

𝜕𝑡
𝑑𝑥

⏟            
3

= 0 

(26) 

For the term (1) in Eq. (26), one can write 
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∫ 𝑊(𝑘 +
16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

𝜕

𝜕𝑥
(
𝜕𝑇

𝜕𝑥
)

𝐿

0

𝑑𝑥 = (𝑘 +
16𝜎

3𝛽𝑅
) 𝐴𝑐𝑟∫ 𝑊𝜕 (

𝜕𝑇

𝜕𝑥
)

𝐿

0

 
(27) 

Applying integration by part(∫ 𝑢𝜕𝑣
𝐿

0
= 𝑢𝑣|0

𝐿 − ∫ 𝑣
𝐿

0
𝑑𝑢) to Eq. (27), where; 

= 𝑊 ⇒
𝜕𝑢

𝜕𝑥
=
𝜕𝑊

𝜕𝑥
𝑎𝑛𝑑𝜕𝑣 = 𝜕 (

𝜕𝑇

𝜕𝑥
) ⇒ 𝑣 =

𝜕𝑇

𝜕𝑥
𝑢 (28) 

Applying Eq. (28) in Eq. (27), gives 

∫ (𝑘 +
16𝜎

3𝛽𝑅
)𝐴𝑐𝑟𝑊

𝜕

𝜕𝑥
(
𝜕𝑇

𝜕𝑥
)

𝐿

0

𝑑𝑥 = (𝑘 +
16𝜎

3𝛽𝑅
)𝐴𝑐𝑟 ∫ 𝑊𝜕 (

𝜕𝑇

𝜕𝑥
)

𝐿

0

 

= (𝑘 +
16𝜎

3𝛽𝑅
)𝐴𝑐𝑟 {𝑊

𝜕𝑇

𝜕𝑥
|
0

𝐿

−∫
𝜕𝑊

𝜕𝑥

𝜕𝑇

𝜕𝑥

𝐿

0

𝑑𝑥} 

(29) 

Substituting Eq. (29) into Eq. (26), leads to  

𝐴𝑐𝑟 (𝑘 +
16𝜎

3𝛽𝑅
)
𝜕𝑇

𝜕𝑥
|
0

𝐿

𝑊 −∫ (𝑘 +
16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

𝜕𝑊

𝜕𝑥

𝜕𝑇

𝜕𝑥

𝐿

0

𝑑𝑥 

− [
∫ (ℎ(𝑇)+ 4𝜎(𝑇)𝜀𝑜𝑇∞

3 )𝑃𝑊𝑇𝐿
0 𝑑𝑥 + ∫ 𝜎𝑚(𝑇)𝐵𝑜

2𝑢2𝑊𝑇𝐿
0 𝑑𝑥

− ∫ (ℎ(𝑇)+ 4𝜎(𝑇)𝜀𝑜𝑇∞
3 )𝑃𝑇∞𝑊

𝐿
0 𝑑𝑥 − ∫ 𝜎𝑚(𝑇)𝐵𝑜

2𝑢2𝑊𝑇∞𝑑
𝐿
0 𝑥

] − ∫ 𝜌𝑐𝑝𝐴𝑐𝑟𝑊
𝐿
0

𝜕𝑇

𝜕𝑡
𝑑𝑥 = 0 

(30) 

Eq. (30) can be written as 

∫ 𝜌𝑐𝑝𝐴𝑐𝑟𝑊
𝐿

0

𝜕𝑇

𝜕𝑡
𝑑𝑥 + ∫ (𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

𝜕𝑊

𝜕𝑥

𝜕𝑇

𝜕𝑥

𝐿

0

𝑑𝑥 + ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃𝑊𝑇

𝐿

0

𝑑𝑥

+∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑊𝑇

𝐿

0

𝑑𝑥 

= ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃𝑇∞𝑊

𝐿

0

𝑑𝑥 + ∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑊𝑇∞𝑑

𝐿

0

𝑥 + 𝐴𝑐𝑟 (𝑘 +
16𝜎

3𝛽𝑅
)
𝜕𝑇

𝜕𝑥
|
0

𝐿

𝑊 

(31) 

 

 

The above Eq. (31) is a weak formulation of the nonlinear governing differential equation.  

In order to carry out the finite element discretization as stated in the step 1 of the finite 
element analysis, the whole domain is divided into a finite number of sub-domains as 
shown in Fig. 2. For a one-dimensional problem, linear elements are used. The finite 
element discretization is done in a way such that the given length of the body is divided 
into number of divisions, say ‘n’ elements which consequently, gives (n + 1) nodes to 
represent the body as shown in Table 1.  

Table 1. Element and node numbers of linearone-dimensional elements 

Element No.             Node i             Node  j 
 

1                               1                      2 

2                               2                      3 

3                               3                      4 

e                                i                       j 

n                                n                     n+1 
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Table 2. Element and node numbers of linear one-dimensionalelements used in this study 

 

Element No.             Node i             Node  j 
 

1                               1                      2 

2                               2                      3 

3                               3                      4 

.                                .                       . 

.                                .                       . 

.                                .                       . 

48                            48                     49 

49                            49                     50 

50                            50                     51 

 

In the finite element analysis of the present problem (one-dimension transient state), 2-
node linear elements are used and the given length of the fin is divided into 50 elements 
which give 51 nodes to represent the total length of the fin as shown in Table 2 and Fig. 2.  

 

Fig. 2. Finite element 

In order to construct a variational formulation of the given problem over an element, a 
typical element is isolated (Fig. 3) from the mesh shown in Fig. 2. The typical 2-node linear 
element with end nodes ‘i’ and ‘j’ having the corresponding temperature being denoted by 
Ti and Tj. respectively is shown in Fig. 3. 

 

 

Fig. 3. A 2-node element 

For the 2-node element, the following analysis for the variational formulation is carried 
out. Following Eq. (31), it could be stated that the weak form formulation of the governing 
Equation for an element of length “Le” is given as 

∫ 𝜌𝑐𝑝𝐴𝑐𝑟𝑊
𝐿𝑒

0

𝜕𝑇

𝜕𝑡
𝑑𝑥 +∫ (𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

𝜕𝑊

𝜕𝑥

𝜕𝑇

𝜕𝑥

𝐿𝑒

0

𝑑𝑥 +∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃𝑊𝑇

𝐿𝑒

0

𝑑𝑥

+∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑊𝑇

𝐿𝑒

0

𝑑𝑥 

= ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃𝑇∞𝑊

𝐿𝑒

0

𝑑𝑥 + ∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑊𝑇∞𝑑

𝐿𝑒

0

𝑥 + 𝐴𝑐𝑟 (𝑘 +
16𝜎

3𝛽𝑅
)
𝜕𝑇

𝜕𝑥
|
0

𝐿𝑒

𝑊 

(32) 

The linear temperature variation in the element is represented by 

𝑇 = 𝜆1 + 𝜆2𝑥 (33) 
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where T is the temperature at any location x and the parameters λ1 and λ2 are constants. 
Since there are two arbitrary constants in the linear representation, it requires only two 
nodes to determine the values of λ1 and λ2. Thus, we have 

𝑇𝑖 = 𝜆1 + 𝜆2𝑥𝑖  (34a) 

𝑇𝑗 = 𝜆1 + 𝜆2𝑥𝑗  (34b) 

On solving Eq. (34a) and (34b), we have  

𝜆1 =
𝑇𝑖𝑥𝑗−𝑇𝑗𝑥𝑖

𝑥𝑗−𝑥𝑖
,          𝜆2 =

𝑇𝑗−𝑇𝑖

𝑥𝑗−𝑥𝑖
 (35) 

After substituting the values of λ1 and λ2 in Eq. (35) into Equ. (33), one arrives at 

𝑇 = 𝑇𝑖 (
𝑥𝑗 − 𝑥

𝑥𝑗 − 𝑥𝑖
) + 𝑇𝑗 (

𝑥 − 𝑥𝑖

𝑥𝑗 − 𝑥𝑖
) (36) 

The above Eq. (36) can be written as  

𝑇 = 𝑇𝑖𝑊𝑖 + 𝑇𝑗𝑊𝑗 = [𝑊𝑖  𝑊𝑗] {
𝑇𝑖
𝑇𝑗
} (37) 

Where 

𝑊𝑖 =
𝑥𝑗−𝑥

𝑥𝑗−𝑥𝑖
,          𝑊𝑗 =

𝑥−𝑥𝑖

𝑥𝑗−𝑥𝑖
 (38) 

 Wi and Wj are called shape/interpolation/test/basis functions.  Furthermore, one can 
write Equ. (37) as; 

𝑇 = [𝑾]{𝑻} (39) 

 

Where; 

[𝑾] = [𝑊𝑖  𝑊𝑗] (40) 

is the shape function matrix and 

{𝑻} = [
𝑇𝑖
𝑇𝑗
] (41) 

is the vector of unknown temperatures taking 

𝑥𝑖 = 0,  𝑥𝑗 = 𝐿𝑒,  ⇒ 𝑥𝑗 − 𝑥𝑖 = 𝐿𝑒  (42) 

Substitute Eq. (42) into Eq. (38), we have the shape functions as; 

𝑊𝑖 = 1 −
𝑥

𝐿𝑒
,𝑊𝑗 =

𝑥

𝐿𝑒
 (43) 

On substituting Eq. (43) into Eq. (37), we can see that the temperature at any point “x” in 
the 2-node element is approximated by; 

𝑇 = (1 −
𝑥

𝐿𝑒
)𝑇𝑖 + (

𝑥

𝐿𝑒
)𝑇𝑗  ⇒ 𝑇 = 𝑇𝑖𝑊𝑖 + 𝑇𝑗𝑊𝑗𝑇 = [𝑊𝑖  𝑊𝑗] {

𝑇𝑖
𝑇𝑗
} = [𝑾]{𝑻} (44) 
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Therefore 

𝜕𝑇

𝜕𝑡
= (1 −

𝑥

𝐿𝑒
)
𝜕𝑇𝑖
𝜕𝑡
+ (

𝑥

𝐿𝑒
)
𝜕𝑇𝑗

𝜕𝑡
 ⇒

𝜕𝑇

𝜕𝑡
= 𝑊𝑖

𝜕𝑇𝑖
𝜕𝑡
+𝑊𝑗

𝜕𝑇𝑗

𝜕𝑡
= [𝑊𝑖  𝑊𝑗] {

𝜕𝑇𝑖
𝜕𝑡
𝜕𝑇𝑗

𝜕𝑡

} = [𝑾] {
𝜕𝑻

𝜕𝑡
} (45) 

𝜕𝑇

𝜕𝑥
=
𝜕𝑇

𝜕𝑥
=
𝜕𝑊𝑖

𝜕𝑥
𝑇𝑖 +

𝜕𝑊𝑗

𝜕𝑥
𝑇𝑗 = (−

1

𝐿𝑒
)𝑇𝑖 + (

1

𝐿𝑒
)𝑇𝑗 =

1

𝐿𝑒
(𝑇𝑗 − 𝑇𝑖)  ⇒ 𝑇 = [−

1

𝐿𝑒
 
1

𝐿𝑒
] {
𝑇𝑖
𝑇𝑗
}

= [𝑩]{𝑻} 

(46) 

Where; 

[𝑩] = [
𝜕𝑊𝑖

𝜕𝑥
 
𝜕𝑊𝑗

𝜕𝑥
] 

 

(47) 

After substitution of Eq. (44), (45), (46) and (47) into Eq. (32), we have 

∫ 𝜌𝑐𝑝𝐴𝑐𝑟

𝐿𝑒

0

[
𝑊𝑖

𝑊𝑗
] [𝑊𝑖  𝑊𝑗] {

𝜕𝑇𝑖
𝜕𝑡
𝜕𝑇𝑗

𝜕𝑡

}𝑑𝑥 +∫ (𝑘 +
16𝜎

3𝛽𝑅
)𝐴𝑐𝑟 [

𝜕𝑊𝑖

𝜕𝑥
𝜕𝑊𝑗

𝜕𝑥

] [
𝜕𝑊𝑖

𝜕𝑥
 
𝜕𝑊𝑗

𝜕𝑥
] {
𝑇𝑖
𝑇𝑗
}

𝐿𝑒

0

𝑑𝑥 

+∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃 [

𝑊𝑖

𝑊𝑗
] [𝑊𝑖  𝑊𝑗] {

𝑇𝑖
𝑇𝑗
}

𝐿𝑒

0

𝑑𝑥

+∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2 [

𝑊𝑖

𝑊𝑗
] [𝑊𝑖 𝑊𝑗] {

𝑇𝑖
𝑇𝑗
}

𝐿𝑒

0

𝑑𝑥 

= ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃𝑇∞ [

𝑊𝑖

𝑊𝑗
]

𝐿𝑒

0

𝑑𝑥 + ∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑇∞ [

𝑊𝑖

𝑊𝑗
]𝑑

𝐿𝑒

0

𝑥

+ 𝐴𝑐𝑟 (𝑘 +
16𝜎

3𝛽𝑅
)
𝜕𝑇

𝜕𝑥
|
0

𝐿𝑒

[
𝑊𝑖

𝑊𝑗
] 

(48) 

Eq. (48) can be written as 

∫ 𝜌𝑐𝑝𝐴𝑐𝑟

𝐿𝑒

0

[𝑊𝑖 𝑊𝑗]
𝑇
[𝑊𝑖 𝑊𝑗]{

𝜕𝑇𝑖
𝜕𝑡
𝜕𝑇𝑗

𝜕𝑡

}𝑑𝑥

+∫ (𝑘 +
16𝜎

3𝛽𝑅
)𝐴𝑐𝑟 [

𝜕𝑊𝑖

𝜕𝑥
 
𝜕𝑊𝑗

𝜕𝑥
]

𝑇

[
𝜕𝑊𝑖

𝜕𝑥
 
𝜕𝑊𝑗

𝜕𝑥
] {
𝑇𝑖
𝑇𝑗
}

𝐿𝑒

0

𝑑𝑥 

+∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃[𝑊𝑖 𝑊𝑗]

𝑇
[𝑊𝑖 𝑊𝑗] {

𝑇𝑖
𝑇𝑗
}

𝐿𝑒

0

𝑑𝑥

+∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2[𝑊𝑖  𝑊𝑗]

𝑇
[𝑊𝑖  𝑊𝑗] {

𝑇𝑖
𝑇𝑗
}

𝐿𝑒

0

𝑑𝑥 

= ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃𝑇∞[𝑊𝑖  𝑊𝑗]

𝑇
𝐿𝑒

0

𝑑𝑥 +∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑇∞[𝑊𝑖  𝑊𝑗]

𝑇
𝑑

𝐿𝑒

0

𝑥

+ 𝐴𝑐𝑟 (𝑘 +
16𝜎

3𝛽𝑅
)
𝜕𝑇

𝜕𝑥
|
0

𝐿𝑒

[𝑊𝑖  𝑊𝑗]
𝑇

 

(49) 

For the i and j nodes of an element, Eq. (49) can be written in a convenient form as 

[𝐶𝑖𝑗] {

𝜕𝑇𝑖
𝜕𝑡
𝜕𝑇𝑗

𝜕𝑡

} + [𝐾𝑖𝑗(𝑇)] {
𝑇𝑖
𝑇𝑗
} = [𝑓𝑖𝑗(𝑇)] 

(50) 

Where 

[𝐶𝑖𝑗] = ∫ 𝜌𝑐𝑝𝐴𝑐𝑟

𝐿𝑒

0

[𝑊𝑖  𝑊𝑗]
𝑇
[𝑊𝑖  𝑊𝑗]𝑑𝑥 

(51) 

[𝐾𝑖𝑗(𝑇)] = ∫ (𝑘 +
16𝜎

3𝛽𝑅
)𝐴𝑐𝑟 [

𝜕𝑊𝑖

𝜕𝑥
 
𝜕𝑊𝑗

𝜕𝑥
]

𝑇

[
𝜕𝑊𝑖

𝜕𝑥
 
𝜕𝑊𝑗

𝜕𝑥
]

𝐿𝑒

0

𝑑𝑥 

               + ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃[𝑊𝑖  𝑊𝑗]

𝑇
[𝑊𝑖  𝑊𝑗]

𝐿𝑒

0

𝑑𝑥 

(52) 
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               + ∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2[𝑊𝑖  𝑊𝑗]

𝑇
[𝑊𝑖  𝑊𝑗]

𝐿𝑒

0

𝑑𝑥 

[𝑓𝑖𝑗(𝑇)] = ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃𝑇∞[𝑊𝑖  𝑊𝑗]

𝑇
𝐿𝑒

0

𝑑𝑥 

                 + ∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑇∞[𝑊𝑖  𝑊𝑗]

𝑇
𝑑

𝐿𝑒

0

𝑥 

                 + 𝐴𝑐𝑟 (𝑘 +
16𝜎

3𝛽𝑅
)
𝜕𝑇

𝜕𝑥
|
0

𝐿𝑒

[𝑊𝑖 𝑊𝑗]
𝑇
, 

(53) 

Alternatively, using the relationships in Eqs. (44) - (46), one can write Eq. (49) in a compact 
matrix form of as; 

∫ 𝜌𝑐𝑝𝐴𝑐𝑟[𝑾]
𝑇

𝐿𝑒

0

[𝑾] {
𝜕𝑻

𝜕𝑡
} 𝑑𝑥 +∫ (𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟[𝑩]

𝑇[𝑩][𝑻]
𝐿𝑒

0

𝑑𝑥 

+∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃[𝑾]𝑇[𝑾][𝑻]

𝐿𝑒

0

𝑑𝑥 +∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2[𝑾]𝑇[𝑾][𝑻]

𝐿𝑒

0

𝑑𝑥 

= ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃[𝑾]𝑇𝑇∞

𝐿𝑒

0

𝑑𝑥 + (𝐴𝑐𝑟 (𝑘 +
16𝜎

3𝛽𝑅
)
𝜕𝑇

𝜕𝑥
)|
0

𝐿𝑒

[𝑾]𝑇  

(54) 

Eq. (54) can be written form as; 

[𝑪] {
𝜕𝑻

𝜕𝑡
} + [𝑲(𝑇)]{𝑻} = [𝒇(𝑇)] (55) 

 
Where 

[𝑪] = ∫ 𝜌𝑐𝑝𝐴[𝑾]
𝑇

𝐿𝑒

0

[𝑾]𝑑𝑥 
(56) 

[𝑲(𝑇)] = ∫ (𝑘 +
16𝜎

3𝛽𝑅
)𝐴𝑐𝑟[𝑩]

𝑇[𝑩]
𝐿𝑒

0

𝑑𝑥 +∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃[𝑾]𝑇[𝑾]

𝐿𝑒

0

𝑑𝑥 

               + ∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2[𝑾]𝑇[𝑾]

𝐿𝑒

0

𝑑𝑥 

(57) 

[𝒇(𝑇)] = ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃𝑇∞[𝑾]

𝑇𝑇∞

𝐿𝑒

0

𝑑𝑥 +∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑇∞[𝑾]

𝑇𝑇∞

𝐿𝑒

0

𝑑𝑥 

             + 𝐴((𝑘 +
16𝜎

3𝛽𝑅
)
𝜕𝑇

𝜕𝑥
|)|

0

𝐿𝑒

[𝑾]𝑇 

(58) 

In order to develop the matrix equation for the element, we need to expand Eq. (51) - (54) 
or the equivalent equations in Eq. (56) – (58). Therefore, the expansions are carried out as 
follows 

[𝐶𝑖𝑗] = ∫ 𝜌𝑐𝑝
𝐿𝑒

0
𝐴𝑐𝑟[𝑊𝑖  𝑊𝑗]

𝑇
[𝑊𝑖  𝑊𝑗]𝑑𝑥 = ∫ 𝜌𝑐𝑝𝐴𝑐𝑟

𝐿𝑒

0
[
𝑊𝑖

2 𝑊𝑖𝑊𝑗

𝑊𝑖𝑊𝑗  𝑊𝑗
2]𝑑𝑥,              

 
 

(59) 

[𝐾𝑖𝑗(𝑇)] = ∫ (𝑘 +
16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

[
 
 
 
 (
𝜕𝑊𝑖

𝜕𝑥
)
2

 
𝜕𝑊𝑖

𝜕𝑥

𝜕𝑊𝑗

𝜕𝑥
𝜕𝑊𝑖

𝜕𝑥

𝜕𝑊𝑗
𝜕𝑥

 (
𝜕𝑊𝑗
𝜕𝑥
)
2

]
 
 
 
 

{
𝑇𝑖
𝑇𝑗
}

𝐿𝑒

0

𝑑𝑥

+∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃 [

𝑊𝑖
2 𝑊𝑖𝑊𝑗

𝑊𝑖𝑊𝑗  𝑊𝑗
2] {
𝑇𝑖
𝑇𝑗
}

𝐿𝑒

0

𝑑𝑥 

                + ∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2 [

𝑊𝑖
2 𝑊𝑖𝑊𝑗

𝑊𝑖𝑊𝑗 𝑊𝑗
2] {
𝑇𝑖
𝑇𝑗
}

𝐿𝑒

0

𝑑𝑥 

(60) 

[𝑓𝑖𝑗(𝑇)] = ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃𝑇∞ [

𝑊𝑖

𝑊𝑗
]

𝐿𝑒

0

𝑑𝑥 (61) 
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+∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑇∞ [

𝑊𝑖

𝑊𝑗
]𝑑

𝐿𝑒

0

𝑥 + 𝐴𝑐𝑟 (𝑘 +
16𝜎

3𝛽𝑅
)
𝜕𝑇

𝜕𝑥
|
0

𝐿𝑒

[
𝑊𝑖

𝑊𝑗
] 

On substituting Eq. (43) into Eq. (46) into the above Eqs. (59) -(61), one arrives. For the 
global capacitance matrix, we have 

[𝐶𝑖𝑗] = ∫ 𝜌𝑐𝑝

𝐿𝑒

0

[
 
 
 
 (1 −

𝑥

𝐿𝑒
)
2

 (1 −
𝑥

𝐿𝑒
) (
𝑥

𝐿𝑒
)

(1 −
𝑥

𝐿𝑒
) (
𝑥

𝐿𝑒
)  (

𝑥

𝐿𝑒
)
2

]
 
 
 
 

𝑑𝑥 (62) 

For the stiffness matrix; 

[𝐾𝑖𝑗(𝑇)] = ∫ (𝑘 +
16𝜎

3𝛽𝑅
) 𝐴𝑐𝑟

[
 
 
 
 (−

1

𝐿𝑒
)
2

 (−
1

𝐿𝑒
) (
1

𝐿𝑒
)

(−
1

𝐿𝑒
) (
1

𝐿𝑒
)  (

1

𝐿𝑒
)
2

]
 
 
 
 

𝐿𝑒

0

𝑑𝑥

+∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃

[
 
 
 
 (1 −

𝑥

𝐿𝑒
)
2

 (1 −
𝑥

𝐿𝑒
) (
𝑥

𝐿𝑒
)

(1 −
𝑥

𝐿𝑒
) (
𝑥

𝐿𝑒
)  (

𝑥

𝐿𝑒
)
2

]
 
 
 
 𝐿𝑒

0

𝑑𝑥 

              + ∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2

[
 
 
 
 (1 −

𝑥

𝐿𝑒
)
2

 (1 −
𝑥

𝐿𝑒
) (
𝑥

𝐿𝑒
)

(1 −
𝑥

𝐿𝑒
) (
𝑥

𝐿𝑒
)  (

𝑥

𝐿𝑒
)
2

]
 
 
 
 𝐿𝑒

0

𝑑𝑥 

(63) 

For the load vector  

[𝑓𝑖(𝑇)] = ∫ (ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞
3)𝑃 [

(1 −
𝑥

𝐿𝑒
)

(
𝑥

𝐿𝑒
)
] 𝑇∞

𝐿𝑒

0

𝑑𝑥 + ∫ 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2 [

(1 −
𝑥

𝐿𝑒
)

(
𝑥

𝐿𝑒
)
] 𝑇∞

𝐿𝑒

0

𝑑𝑥

+ 𝐴𝑐𝑟 ((𝑘 +
16𝜎

3𝛽𝑅
)
𝜕𝑇

𝜕𝑥
)|

0

𝐿𝑒

[

(1 −
𝑥

𝐿𝑒
)

(
𝑥

𝐿𝑒
)
] 

(64) 

After the integrations, we have the global capacitance matrix, stiffness matrix and the load 
vector as; 

[𝐶𝑖𝑗] =
𝜌𝑐𝑝𝐴𝐿𝑒

6
[
21
12
] (65) 

[𝐾𝑖𝑗(𝑇)] = [
(𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

𝐿𝑒
[
1 − 1
−11

] +
(ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞

3)𝑃𝐿𝑒
6

[
21
12
] +

𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝐿𝑒

6
[
21
12
]] (66) 

[𝑓𝑖(𝑇)] =
(ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞

3)𝑃𝑇∞𝐿𝑒 + 𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑇∞𝐿

2
[
1
1
] + (𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟 [

−
𝜕𝑇(0)

𝜕𝑥
𝜕𝑇(𝐿𝑒)

𝜕𝑥

] (67) 

Substitution Eq. (65) – (67) into Eq. (50), gives the characteristic equation over the space 
interval Δx as; 

𝜌𝑐𝑝𝐴𝐿𝑒
6

[
21
12
]{

𝜕𝑇𝑖
𝜕𝑡
𝜕𝑇𝑗

𝜕𝑡

} + [
(𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

𝐿𝑒
[
1 − 1
−11

] +
(ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞

3)𝑃𝐿𝑒
6

[
21
12
]

+
𝜎𝑚(𝑇)𝐵𝑜

2𝑢2𝐿𝑒
6

[
21
12
]] {
𝑇𝑖
𝑇𝑗
} 

(68) 
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==
(ℎ(𝑇) + 4𝜎(𝑇)𝜀𝑜𝑇∞

3)𝑃𝑇∞𝐿𝑒
2

[
1
1
] +

𝜎𝑚(𝑇)𝐵𝑜
2𝑢2𝑇∞𝐿𝑒
2

[
1
1
] + (𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟 [

−
𝜕𝑇(0)

𝜕𝑥
𝜕𝑇(𝐿𝑒)

𝜕𝑥

] 

 

 

Fig. 4. A 3-node element 

The steps above are general. Both the results and the analysis can be different if one uses 
3-node element. Using a 3-node element, one arrives at  

[𝐶𝑖𝑗]

{
 
 

 
 
𝜕𝑇𝑖
𝜕𝑡
𝜕𝑇𝑗

𝜕𝑡
𝜕𝑇𝑘
𝜕𝑡 }
 
 

 
 

+ [𝐾𝑖𝑗(𝑇)] {

𝑇𝑖
𝑇𝑗
𝑇𝑘

} = [𝑓𝑖𝑗(𝑇)] 
(69) 

 

Where; 

[𝐶𝑖𝑗] =
𝜌𝑐𝑝𝐴𝑐𝑟𝐿𝑒

6
[
8 4 −2
4 32 4

−2 4 8
] (70) 

[𝐾𝑖𝑗(𝑇)] = [
(𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

3𝐿𝑒
[
7 −8 1

−8 16 −8
1 −8 7

]

+ (ℎ(𝑇)𝑃 + 4𝜎(𝑇)𝜀𝑜𝑇∞
3𝑃 + 𝜎𝑚(𝑇)𝐵𝑜

2𝑢2)
𝐿𝑒
60
[
8 4 −2
4 32 4

−2 4 8
]] 

(71) 

[𝑓𝑖(𝑇)] = (ℎ(𝑇)𝑃 + 4𝜎(𝑇)𝜀𝑜𝑇∞
3𝑃 + 𝜎𝑚(𝑇)𝐵𝑜

2𝑢2)
𝑇∞𝐿𝑒
6
[
1
4
1
] + (𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

[
 
 
 
 
 −
𝜕𝑇(0)

𝜕𝑥
𝜕𝑇(𝑀)

𝜕𝑥
𝜕𝑇(𝐿)

𝜕𝑥 ]
 
 
 
 
 

 (72) 

After the substitution of Eqs. (69) - (72), we arrived at 
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𝜌𝑐𝑝𝐴𝑐𝑟𝐿𝑒
6

[
8 4 −2
4 32 4

−2 4 8
]

{
 
 

 
 
𝜕𝑇𝑖
𝜕𝑡
𝜕𝑇𝑗
𝜕𝑡
𝜕𝑇𝑘
𝜕𝑡 }
 
 

 
 

+ [
(𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

3𝐿𝑒
[
7 −8 1

−8 16 −8
1 −8 7

]

+ (ℎ(𝑇)𝑃 + 4𝜎(𝑇)𝜀𝑜𝑇∞
3𝑃 + 𝜎𝑚(𝑇)𝐵𝑜

2𝑢2)
𝐿𝑒
60
[
8 4 −2
4 32 4

−2 4 8
]]{

𝑇𝑖
𝑇𝑗
𝑇𝑘

} 

= (ℎ(𝑇)𝑃 + 4𝜎(𝑇)𝜀𝑜𝑇∞
3𝑃 + 𝜎𝑚(𝑇)𝐵𝑜

2𝑢2)
𝑇∞𝐿𝑒
6
[
1
4
1
] + (𝑘 +

16𝜎

3𝛽𝑅
)𝐴𝑐𝑟

[
 
 
 
 
 −
𝜕𝑇(0)

𝜕𝑥
𝜕𝑇(𝑀)

𝜕𝑥
𝜕𝑇(𝐿)

𝜕𝑥 ]
 
 
 
 
 

 

(73) 

3.1. Time discretization using the Finite Difference Method (FDM)  

The above equation is a general representation of a one-dimensional problem with one 
linear element. All the terms are included irrespective of the boundary condition. Eq. (50) 
or (55) is semi-discrete as it is discretized only in space. The differential operator still 
contains the time-dependent term and it has to be discretized. We now require a method 
of discretizing the transient terms of the equation. The following subsections give the 
details of how the transient terms is discretized.  

[𝐶𝑖𝑗]

{
 

 
𝑇𝑖
𝑚+1 − 𝑇𝑖

𝑚

𝛥𝑡
𝑇𝑗
𝑚+1 − 𝑇𝑗

𝑚

𝛥𝑡 }
 

 

+ [𝐾𝑖𝑗(𝑇)] {
𝜃𝑇𝑖

𝑚+1 + (1 − 𝜃)𝑇𝑖
𝑚

𝜃𝑇𝑗
𝑚+1 + (1 − 𝜃)𝑇𝑗

𝑚+1} = {
𝜃𝑓𝑖

𝑚+1 + (1 − 𝜃)𝑓𝑖
𝑚

𝜃𝑓𝑗
𝑚+1 + (1 − 𝜃)𝑓𝑗

𝑚+1} (74) 

which can be compactly written as; 

[𝑪] {
{𝑻𝑚+1 − 𝑻𝑚}

𝛥𝑡
} + [𝑲(𝑇)]{𝜃𝑻𝑚+1 + (1 − 𝜃)𝑻𝑚} = {𝜃𝒇𝑚+1 + (1 − 𝜃)𝒇𝑚} (75) 

Therefore, 

[[𝑪] + 𝜃𝛥𝑡[𝑲(𝑇)]]𝑻𝑚+1 = [[𝑪] − (1 − 𝜃)𝛥𝑡[𝑲(𝑇)]]𝑻𝑚 + 𝛥𝑡{𝜃𝒇𝑚+1 + (1 − 𝜃)𝒇𝑚} (76) 

where, “m” denotes the time level. 

Table 3. Different time-stepping schemes 

θ                 Name of the Scheme                                 Comments 

0.0            Fully explicit scheme                       Forward different method 
1.0            Fully implicit scheme                      Backward difference method 
0.5            Semi-implicit scheme                      Crank-Nicolson method 

 

Eq. (76) gives the nodal values of temperature at the m + 1, time level. These temperature 
values are calculated using the m time level values. However, both the m + 1 and m time 
level values of the forcing vector {f} must be known. By varying the parameter θ, different 
transient schemes can be constructed, which are shown in Table 4 for varying values of θ. 
Therefore, for the temporal discretization, two-level θ method has been used for the 
analysis. This approach varies between explicit and implicit strategies and results in the 
algebraic systems of nonlinear equations. 
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It is very difficult to provide explicit solutions to the developed systems of nonlinear 
equations. Therefore, recourse is made to use an iterative predictor-corrector scheme, 
based on direct substitution iteration to handle nonlinearity in the present analysis. Based 
on the name, this scheme is an algorithm that proceeds in two steps, namely; the predictor 
step and then the corrector step. It calculates a rough approximation of the desired 
quantity in the predictor step and refines the approximation in the corrector step. This 
scheme combines the advantages associated with explicit and implicit time schemes and 
hence provides the stable solution to solve complex nonlinear problems (Lewis and 
Roberts [51]). The steps are shown as follows: 

Predictor 

[[𝑪(𝑻𝑚)] + 𝜃𝛥𝑡𝑨(𝑻𝑚)]𝑻∗
𝑚+1 

= [[𝑪(𝑻𝑚)] − (1 − 𝜃)𝛥𝑡𝑨(𝑻𝑚)]𝑻𝑚 + 𝛥𝑡{𝜃𝑩(𝑻𝑚)𝒇𝑚+1 +𝑩(𝑻𝑚)(1 − 𝜃)𝒇𝑚} 
(77) 

 

Corrector 

 

[[𝑪(𝑻𝑝
�̄�)] + 𝜃𝛥𝑡𝑨(𝑻𝑝

�̄�)] 𝑻𝑝
𝑚+1 

= [[𝑪(𝑻𝑝
�̄�)] − (1 − 𝜃)𝛥𝑡𝑨(𝑻𝑝

�̄�)] 𝑻𝑚 + 𝛥𝑡{𝜃𝑩(𝑻𝑝
�̄�)𝒇𝑚+1 + 𝑩(𝑻𝑝

�̄�)(1 − 𝜃)𝒇𝑚} 

(78) 

 
Where p = 0,1,2, 3… up to convergence 

𝑻𝑝
�̄� = 𝑤𝑻𝑝

𝑚+1 + (1 − 𝑤)𝑻𝑚      0 ≤ 𝑤 ≤ 1 (79a) 

𝑻0
𝑚+1 = 𝑻∗

𝑚+1 (79b) 

3.2. Time discretization using the Finite Element Method  
 

Alternatively, the temporal term in the transient equation can be discretized by using finite 
element method to discretize Eq. (76) in the time domain. In  Equ. (76), the temperature is 
now discretized in the time domain as in Fig. (4). 

 

Fig. 5 Time discretization between nth (i) and n + 1th (j) time levels 

 

𝑇(𝑡) = 𝑁𝑖(𝑡)𝑇𝑖(𝑡) + 𝑁𝑗(𝑡)𝑇𝑗(𝑡) = [𝑁𝑖(𝑡) 𝑁𝑗(𝑡)] {
𝑇𝑖(𝑡)
𝑇𝑗(𝑡)

} (80) 

Following the similar procedure as done previously, we can derive the linear shape 
functions as 

𝑁𝑖(𝑡) = 1 −
𝑡

𝛥𝑡
, 𝑁𝑗(𝑡) =

𝑡

𝛥𝑡
 (81) 

Therefore, the time derivative of the temperature is thus written as 
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𝜕𝑇(𝑡)

𝜕𝑡
=
𝜕𝑁𝑖(𝑡)

𝜕𝑡
𝑇𝑖(𝑡) +

𝜕𝑁𝑗(𝑡)

𝜕𝑡
𝑇𝑗(𝑡) = (−

1

𝛥𝑡
)𝑇𝑖(𝑡) + (

1

𝛥𝑡
)𝑇𝑗(𝑡) =

1

𝛥𝑡
(𝑇𝑗(𝑡) − 𝑇𝑖(𝑡)) 

               ⇒
𝜕𝑇(𝑡)

𝜕𝑡
= [−

1

𝛥𝑡
 
1

𝛥𝑡
] {
𝑇𝑖(𝑡)
𝑇𝑗(𝑡)

} 

(82) 

Substituting Equs. (77) and (79) into Equ. (54) and applying the weighted residual 
principle (Galerkin method), we obtain for a time interval of Δt, 

∫ [[
𝑁𝑖(𝑡)

𝑁𝑗(𝑡)
] [[𝑪] [−

1

𝛥𝑡
 
1

𝛥𝑡
] {
𝑇𝑖(𝑡)

𝑇𝑗(𝑡)
} + [𝑲(𝑇)][𝑁𝑖(𝑡) 𝑁𝑗(𝑡)] {

𝑇𝑖(𝑡)

𝑇𝑗(𝑡)
}

𝛥𝑡

− [𝒇(𝑇)]]] 𝑑𝑡 

(83) 

After expansion, we have 

∫ [[[𝑪] [
𝑁𝑖(𝑡)

𝑁𝑗(𝑡)
] [−

1

𝛥𝑡
 
1

𝛥𝑡
] {
𝑇𝑖(𝑡)

𝑇𝑗(𝑡)
} + [𝑲(𝑇)] [

𝑁𝑖(𝑡)

𝑁𝑗(𝑡)
] [𝑁𝑖(𝑡) 𝑁𝑗(𝑡)] {

𝑇𝑖(𝑡)

𝑇𝑗(𝑡)
}

𝛥𝑡

− [
𝑁𝑖(𝑡)

𝑁𝑗(𝑡)
] [𝒇(𝑇)]]] 𝑑𝑡 

(84) 

Substituting Equ. (78) into Equ. (81) 

∫

[
 
 
 
 

[
 
 
 
 

[𝑪] [
1 −

𝑡

𝛥𝑡
𝑡

𝛥𝑡

] [−
1

𝛥𝑡
 
1

𝛥𝑡
] {
𝑇𝑖(𝑡)
𝑇𝑗(𝑡)

} + [𝑲(𝑇)] [
1 −

𝑡

𝛥𝑡
𝑡

𝛥𝑡

] [1 −
𝑡

𝛥𝑡
 
𝑡

𝛥𝑡
] {
𝑇𝑖(𝑡)
𝑇𝑗(𝑡)

}
𝛥𝑡

− [
1 −

𝑡

𝛥𝑡
𝑡

𝛥𝑡

] [𝒇(𝑇)]

]
 
 
 
 

]
 
 
 
 

𝑑𝑡 

(85) 

Again, after expansion of Eq. (85), one arrives at 

∫

[
 
 
 
 

[
 
 
 
 

[𝑪] [
− (1 −

𝑡

𝛥𝑡
) (
1

𝛥𝑡
)  (1 −

𝑡

𝛥𝑡
) (
1

𝛥𝑡
)

− (
𝑡

𝛥𝑡
) (
1

𝛥𝑡
)       (

𝑡

𝛥𝑡
) (
1

𝛥𝑡
)

] {
𝑇𝑖(𝑡)
𝑇𝑗(𝑡)

}
𝛥𝑡

+ [𝑲(𝑇)]

[
 
 
 (1 −

𝑡

𝛥𝑡
)
2

 (1 −
𝑡

𝛥𝑡
) (
𝑡

𝛥𝑡
)

(1 −
𝑡

𝛥𝑡
) (
𝑡

𝛥𝑡
)    (

𝑡

𝛥𝑡
)
2

]
 
 
 

{
𝑇𝑖(𝑡)
𝑇𝑗(𝑡)

} − [
1 −

𝑡

𝛥𝑡

 
𝑡

𝛥𝑡

] [𝒇(𝑇)]

]
 
 
 
 

]
 
 
 
 

𝑑𝑡 

(86) 

After the evaluation of Eq. (86), we obtained the characteristic equation over the time 
interval Δt as 

1

2𝛥𝑡
[[𝑪] [

−1 1
−1 1

] {
𝑇𝑖(𝑡)
𝑇𝑗(𝑡)

} +
1

3
[𝑲(𝑇)] [

2 1
1 2

] {
𝑇𝑖(𝑡)
𝑇𝑗(𝑡)

} =
1

2
[
1
1
] {
𝑓1
𝑓2
}] (87) 

 

The above equation involves the temperature values at the mth and (m + 1)th level. The 
quadratic variation of temperature with respect to time shown in Eq. (73) can be treated 
in a similar fashion. 

The boundary conditions and the temperature-dependent parameters are incorporated in 
the computer program used to solve the system of differential equations. Although, a 
dimensionless form of the governing equation can be derived for the computer program, 
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so that the handling of physical quantities is simplified. It should be noted that the thermal 
properties are evaluated directly in each time step from the nodal temperatures. This 
eliminates any iteration within each time step for the evaluations of the temperature-
dependent parameters.  

The element equation/matrix has been derived as shown in the previous equations. It 
should be noted that the whole domain was divided into a set of 50line elements. 
Assembling all the elements equation/matrices, a global matrix or a system of equations 
was obtained. After applying the boundary conditions, the resulting systems of equations 
is solved numerically.  

 
The convergence criterion of the numerical solution along with error estimation has been 
set to   

∑|𝜙𝑖
𝑖 − 𝜙𝑖−1|

𝑁

𝑖

≤ 10−4 (88) 

      where φ is the general dependent variable T and i is the number of iterations. 

It should be noted that a steady state is attained when 
𝜕𝑇

𝜕𝑡
= 0 or t→∞. 

      Table 4: Thermo-geometric parameters used for the simulation 

S/N               Parameter                                               Value of Parameter 
1               Fin thickness (δ)                                                    0.005 m                                   
2               Fin length (L)                                                          0.10 m 
3               Specific heat (C)                                                     0.048 kJ/kgoC 
4               Density of the fin material (ρ)                           7800 kg/m3 

5               Thermal conductivity (k)                                   12W/moC 
6               Heat transfer coefficient (ho)                            20 W/m2oC 
7               Electrical conductivity (σm)                               5x107 S/m 
8               Magnetic field intensity (BO)                             5µT 
9               Axial velocity (u)                                                   2.5 m/s 
10             power-index, p = q = r                                         0.175 
11             Fin base temperature (Tb)                                 200oC 
12             Initial temperature (To)                                      200oC 
13             Ambient temperature (T∞)                                30oC 
14             Time step (Δt)                                                        10 sec 

4. Results and Discussion 

For the computational domain, numerical solutions are computed and the necessary 
convergence of the results is achieved with the desired degree of accuracy. Using the 
numerical solutions, parametric studies are carried out. Also, in order to define the validity 
of the results of thermal analysis of fin with assumed insulated tip and that of convective 
tip, effects of the fin tip conditions on the transient thermal response are investigated. The 
results with the discussion are illustrated through the Figs. 6-18 and Tables 5-6 to 
substantiate the applicability of the present analysis.  

 

4.1 Verification of results 

In order to verify the accuracy of the present numerical method, the numerical results are 
compared with results obtained by exact analytical method for the linear equation in Eq.  
(14) as shown in Table 5 and Fig. 6. It is inferred from the figure that there are excellent 
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agreements between the FEM results and the analytical results, which testifies to the 
validity of the FEM code. This validation boosts the confidence in the numerical outcomes 
of the present study. Moreover, it is observed that in the same domain by increasing the 
polynomial degree of approximation or the number of nodes in an element, one can achieve 
the desired accuracy with less DOF. 

Table 5 shows the comparison of the results obtained by exact analytical and finite element 
methods for a conductive-convective fin with constant thermal and physical properties of 
fin having negligible radiation and magnetic field effects. Very good agreements are found 
between the exact analytical and finite element solutions. The average percentage error of 
the numerical solution is 0.133 %. 

        Table 5. Comparison of results  

x(m)     Exact analytical          Finite Element               Error           % Error 
                 Method (oC)                  Method (oC) 
0.000            200.000                        200.000                       0.000                0.000 
0.020            148.133                        148.184                       0.051                0.034 
0.040            113.895                        114.031                       0.136                0.119 
0.060            92.169                           92.339                         0.170                0.184 
0.080            79.725                           79.912                         0.187                0.235 
0.100            74.710                           74.880                         0.170                0.228 

 

  
Fig. 6 Comparison of results  Fig. 7(a) Fin temperature profile at 

different location (convective tip) 

  
Fig. 8 Fin temperature profile at different 

location (insulated tip) 
Fig. 7(b) Effects of multi-boiling 

parameter on the fin temperature 
distribution   
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Fig. 9 Fin temperature profile at different 
time(convective tip) 

Fig. 10 Fin temperature profile at 
different time(convective tip) 

Figs. 7 and 8 depict temperature-time history at different four points (0.025 m, 0.050m, 
0.075 m and 0.100 m) of the convective-radiative fin with convective and insulated tips, 
respectively while Fig. 9 and 10 show the temperature profiles of the fin at difference 
times. The temperature histories at the four points decrease at a faster rate initially, slows 
down thereafter and finally tending to reach a constant value showing to be near to steady 
state.  Also, a marginal or slightly higher temperature differences are notice between the 
convective and insulated tip. However, this temperature differences become appreciable 
as the length of the fin increases and heat is transferred within a short period of time. It 
could be inferred form the figures and the preceding discussion that for a short fin that 
undergo heat transfer for a prolonged period of time, adiabatic/insulted condition at the 
tip can be assumed without any significant loss in accuracy. 

  

Fig. 11 Effects of Biot number on the fin 
temperature profile  (convective-tip)  

Fig. 12 Effects of Biot number on the fin 
temperature profile(insulated tip) 
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Fig. 13 Effects of heat transfer coefficient 
on the fin temperature profil 

Fig. 14 Effects of emissivity on the fin 
temperature profile 

  

Fig. 15 Effects of magnetic parameter on 
the fin temperature profile 

Fig. 16 Effects of thermal conductivity on 
the fin temperature profile 

 
 

Fig. 17 Effects of thermo-geometric 
parameter on fin temperature profile 

Fig. 18 Effects of multi-boiling parameter 
on thermal stability of the fin 
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heat transfer from the fin to the fluid surrounding it is less than 1% [67, 68].  However, 
when the Biot number is greater than 0.1 (Bi > 0.1), two-dimensional analysis of the fin is 
recommended as one-dimensional analysis predicts unreliable results for such limit.  

Figs. 11 and 12 show the effects of Biot number (conduction-convection parameter) on the 
temperature distribution in the fin with convective and insulated tips, respectively. From 
the figures, it is shown that as the Biot number increases, the rate of heat transfer through 
the fin increases as the temperature in the fin drops faster (becomes steeper reflecting high 
base heat flow rates) as depicted in the figures.  

Effects of heat transfer coefficient on the temperature distribution in the fin is shown in 
Fig.13. It is shown that the temperature profiles for the various heat transfer coefficient 
coincide initially but part away as we move towards the tip of the fin. This is due to the fact 
that coefficient of heat transfer coefficient is a factor/multiplier of the temperature 
difference between the fin surface and surrounding medium (T-T∞). It should be noted that 
the temperature difference between the fin surface and the surrounding decreases as we 
move away from the fin base to the fin tip even despite the increase in the heat transfer 
coefficient increases.    

It should be noted that for the fin with heat transfer coefficient which varies according to 
power-law, the hypothetical boundary condition (that is, insulation) at the tip of the fin is 
taken into account. If the tip is not assumed to be insulated, then the problem becomes 
overdetermined [68]. This boundary condition is realized for sufficiently long fins. Also, it 
should be stated that the assumption that the heat transfer coefficient is constant yields 
incorrect.  

Fig. 14 presents the impact of emissivity on the temperature distribution. The temperature 
of the fin decreases with increase of emissivity value. This is because of increase of 
emissive heat by radiation from the fin surface especially when the distance from the base 
increase. Therefore, heat transfer rate increases as the emissivity increases. The radiative 
eat transfer can be neglected if the base temperature of the fin is low and the emissivity of 
the fin surface is near zero. The important things in fins surface must be emissive because 
of high emissivity give a great amount of heat radiation transfer from the fin [38]. It is also 
established that by increasing the generation-conduction parameter and radiation-
conduction parameter, the fin temperature will increase [71]. 

Fig.15 shows that effects of magnetic parameter, Hartman number on the temperature 
distribution in the porous fin. The figure depicts that the induced magnetic field in the fin 
can improve heat transfer through the fin. It is shown that increase in magnetic field on the 
fin increase the rate of heat transfer from the fin and consequently improve the efficiency 
of the fin. Fig. 16 shows the effect thermal conductivity of the fin materials on the thermal 
response of the fin. It could be inferred from the figure that more heat is transferred from 
fin made of copper material than the fins made of stainless steel and aluminum materials. 

Effects of the thermal and geometric parameters on the temperature profile of the fin are 
shown in Fig. 17 while Fig. 18 shows the influence of thermo-geometric parameter 
(M=(hP/kA)0.5) on the thermal stability of the fin. It was established that the value 
of M produces physically unsound behavior for larger values of the thermo-geometric 
parameter. It is shown that for growing values of the thermo-geometric parameter the 
temperature tends to negative values at the tip of the fin which shows thermal instability, 
contradicting the assumption of Eq. 9. Following the assumptions made regarding the 
numerical solution of the problem, it was realized that these solutions are not only 
physically unsound but also point toward thermal instability. Therefore, in order for the 
solution to be physically sound the fin thermo-geometric parameter Mmax must not exceed 
a specific value. By extension, in order to ensure stability and avoid numerical diffusion of 
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the solution by the Galerkin finite element method, the thermo-geometric 
parameter, M must not exceed a certain value.  

Table 6a. Effects of convective and insulated tip on the fin temperature distribution 

 
Time 
(sec.) 

Fin Temperature (oC) at x=0.025 m                 Fin Temperature (oC) at x=0.050 m 
Convective tip   Insulated tip   Difference        Convective tip   Insulated tip      Difference 

500 
1000                                                
1500 
2000 
2500 
∞ 

129.09                 129.45                   0.36                           102.07                 103.00                  0.93 
118.86                 119.16                   0.30                            84.41                   85.08                   0.67 
116.84                 117.04                   0.20                            80.84                   81.31                   0.47 
116.41                 116.58                   0.17                            80.10                   80.49                   0.39 
116.32                 116.48                   0.16                            79.94                   80.31                   0.38 
116.30                 116.45                   0.15                            79.90                   80.26                   0.36 

 

Table 6b. Effects of convective and insulated tip on the fin temperature distribution 

 
Time 
(sec.) 

Fin Temperature (oC) at x=0.075 m                  Fin Temperature (oC) at x=0.100 m 
Convective tip   Insulated tip   Difference         Convective tip    Insulated tip   Difference 

500 
1000                                                
1500 
2000 
2500 
∞ 

 90.01                     91.95                   1.94                       84.06                   87.60                   3.93 
 68.30                     69.53                   1.23                       62.61                   64.76                   2.51 
 63.85                     64.74                   0.89                       58.23                   59.84                   1.61 
 62.91                     63.69                   0.78                       57.30                   58.76                   1.46 
 62.71                     63.46                   0.75                        57.10                   58.53                  1.43 
 62.66                     63.39                   0.74                        57.05                   58.46                  1.41 

 

It is established from the results in the Tables 6a and 6b, that for a relatively short fin 
operating for prolonged periods of time, the results indicate that the 
adiabatic/hypothetical condition (or negligible heat transfer) at the tip can be assumed 
without any significant loss in accuracy or equality as compared to the convective 
boundary at the tip. This is because, for the relatively short fin operating under a steady 
state, the assumption of insulated tip (or negligible heat transfer at the tip) predicted 
almost the same results as there is no significant difference between the results of the 
assumed insulated tip and convective tip. Moreover, for a sharp ended fin, its performance 
is the same as insulated tip fin. Under such scenario, the fin tip heat convection analysis 
becomes meaningless due to the infinitesimally small dissipating area. However, for a long 
cooling fin of finite length operating in a transient state, especially for short period of time, 
the assumption of insulated tip produces significant different results as compared to the 
results of the convective tip (Table 6b). It is therefore implied that if it is assumed that no 
heat transfer takes place at the fin tip, the results obtained for some ranges of thermal and 
geometric parameters indicate that the determination of temperature distribution and the 
rate of heat transfer from the fin to its surroundings includes a fairly large error for some 
conditions which are important for practical applications.  Therefore, for transient thermal 
studies of fins, the assumption of no heat transfer takes place at the fin tip should be taken 
with caution in thermal analysis of a long cooling fin of finite length operating within a 
short period of time such as the fin operating under picosecond or nanosecond. Also, such 
an assumption should not be made when the convective heat transfer coefficient at the tip 
of the fin is very high or the thermal conductivity of the fin material is very low. It was 
established that the difference between the results of the insulated tip and convective tip 
increases as the tip Biot number is increased. In fact, the percentage error of the difference 
between the results of the insulated tip and convective tip for a very high value of heat 
transfer coefficient could be as high as 20 % [72].  
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5. Conclusion 

In this work, transient thermal behavior of convective-radiative cooling fin with convective 
tip and subjected to magnetic field have been analyzed using Galerkin finite element 
method. The numerical solutions are verified by the exact solution developed using 
Laplace transform. The study revealed that increase in Biot number, convective, radiative 
and magnetic parameters increase the rate of heat transfer from the fin and consequently, 
improved the efficiency of the fin. Also, it was established that for a relatively short fin 
operating for prolonged periods of time or steady state, the adiabatic/hypothetical 
condition (or negligible heat transfer) at the tip can be assumed without any significant 
loss in accuracy or equality as compared to the convective condition at the tip. However, 
for a long cooling fin of finite length operating in a transient state, especially for short 
period of time, the assumption of insulated tip produces significant different results as 
compared to the results of the convective tip. Therefore, for transient thermal studies of 
fins, the assumption that no heat transfer takes place at the fin tip should be taken with 
caution for a long cooling fin of finite length operating within a relatively short period of 
time. It is hope that the present study will enhance the understanding of thermal response 
of solid fin under various factors and especially of practical significance in chemical and 
nuclear engineering. 

Nomenclature 

A   cross sectional area of the fins, m2 

Bo  Magnetic field intensity (T) 

Bi   Biot number 

Cp  specific heat (J kg−1 K−1) 

H   Heat transfer coefficient (Jm−2 K−1) 

hb  heat transfer coefficient at the base of the fin,  (Wm-2k-1) 

J   Total current intensity (A) 

Jc  Conduction current intensity (A) 

k    thermal conductivity of the fin material, (Wm-1k-1) 

kb  thermal conductivity of the fin material at the base, (Wm-1k-1) 

L    Length of the fin (m)  

M   dimensionless thermo-geometric parameter 

P     perimeter of the fin(m) 

q    heat transfer rate W  

t      time 

T     fin temperature (K) 

T∞    ambient temperature, K 

Tb   Temperature at the base of the fin, K 

w   width of the fin 

x    axial length measured from fin base (m) 

w width of the fin 
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Greek Symbols 

ε Emissivity  

σ Electric conductivity (A/m)  

σst Stefan–Boltzmann constant (Wm2 K4) 

ρ Density of the fluid (kgm−3) 

β      thermal conductivity parameter  

δ      thickness of the fin, m 
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 In this experimental study, it is aimed to present a comparative study on the 
energetic-exergetic and economical performance of the PVT system. A new and 
easy-handle approach has been also developed to assess the exergetic 
performance of a PVT system. Economical evaluation of both PV and PVT 
systems has been also performed by NPV method.  Useful energy rate, surface 
temperature, electrical energy and overall energy efficiency, exergy efficiency, 
exergy destruction values of PV and PVT systems have been compared. It was 
found that the electrical efficiency, overall energy efficiency and exergy 
efficiency of PVT system vary between 0.10 and 0.13; 0.26 and 0.54 and 0.10 and 
0.12 respectively. It is found that the exergy and energy efficiency values of the 
PVT system are greater than the exergy and energy efficiency values of the PV 
system. It is calculated that the PVT system has considerably short payback time 
after 8 years of operation; while the payback period of PV was found as 16 years 
under the same meteorological conditions.  
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1. Introduction 

The conversion efficiency of photovoltaic cells is relatively low, usually in the range of 10–
20% for commercially available silicon cells. More than half of the solar radiation, collected 
with considerable effort and investment, is converted to thermal energy and then rejected 
to the environment. A well-known way to achieve a better overall efficiency is 
cogeneration: capturing the waste heat as well and using it as an additional energy product. 
This can be achieved with photovoltaic/thermal (PVT) collectors that contain a heat 
exchanger behind the PV cells to collect the heat rejected from the cells [1]. The concept of 
PVT has been used and discussed for more than three decades by various researchers both 
experimentally and numerically. During the 1970s, the research on PVT started, with the 
focus on PVT collectors, with the main aim of increasing the overall energy efficiency [2]. 

PVT idea is based on the utilizing both a PV and a thermal system together. The aim of PVT 
systems is not only to cool the system, is to utilize the heat emerged on the system as well. 
There are many theoretical and experimental studies on air or water cooling application 
for PVT system in the literature [3-17].  Chow et al. [8] developed energy models for a 
building-integrated photovoltaic/water-heating system. They showed that the 
photovoltaic/ water-heating system is having much economical advantages over the 
conventional photovoltaic installation. They also observed that the system thermal 
performance under natural water circulation is better than the pump-circulation mode. 
They found that the year-round thermal and cell conversion efficiencies were found 
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respectively 37.5% and 9.39% under typical Hong Kong weather conditions. Pei et al. [17] 
proposed heat-pipe photovoltaic/thermal (HP-PV/T) collector. They found the daily 
thermal efficiency, electrical efficiency, total PVT efficiency and primary-energy-saving 
efficiency as 41.0–48.0, 10.0–11.2, 47.0–53.3 and 57.0–63.0% for the system using the 
collector with the tube space of heat pipes at 80 mm, respectively.; while the daily thermal 
efficiency, electrical efficiency, total PVT efficiency and primary-energy-saving efficiency 
were 39.0– 46.0, 9.0–11.0, 45.0–51.0 and 53.0–60.0% for the system using the collector 
with the tube space of heat pipes at 140 mm, respectively. 

Although numerous studies exist on the energy performance of PVT systems, there are 
very limited studies on the exergetic assessment. It is essential to analyze the quality of 
energy as well as its quantity. Exergetic analysis of any system could provide more accurate 
results to evaluate the system performance. Chow et al. [18] carried out a study of the 
appropriateness of glass cover on a thermosyphon-based water-heating PVT system. They 
found that a glazed PVT system is suitable to maximize the quantity of either the thermal 
or the overall energy output. On the other hand, from the exergy analysis point of view, the 
increase of PV cell efficiency, packing factor, water mass to collector area ratio, and wind 
velocity are found favorable to go for an unglazed system, whereas the increase of on-site 
solar radiation and ambient temperature are favorable for a glazed system. Tiwari et al. 
[19] observed that the daily overall thermal efficiency of the integrated photovoltaic 
thermal solar system increases with increase constant flow rate and decrease with 
increase of constant collection temperature. They also investigated the system 
exergetically. Dincer et al. [20] performed a detailed review of photovoltaic and 
photovoltaic thermal systems on the basis of its performance based on electrical as well as 
thermal output. The performance analysis has been also discussed including all aspects, 
e.g., electrical, thermal, energy, and exergy efficiency. Sarhaddi et al. [21] presented a 
detailed energy and exergy analysis to calculate the thermal and electrical parameters, 
exergy components and exergy efficiency of a typical PVT air collector. They found that the 
thermal efficiency, electrical efficiency, overall energy efficiency and exergy efficiency of 
PV/T air collector is about 17.18%, 10.01%, 45% and 10.75% respectively for a sample 
climatic, operating and design parameters. Saidur et al. [22] gave a place to exergy analysis 
of PVT system in their comprehensive literature review including exergy modelling. Ozturk 
et al. (2012) performed an energy, exergy and Life Cycle Assessment (LCA) analysis of a 
Flat-Plate (FP) collector, a Photovoltaic (PV) system and a Photovoltaic-Thermal (PVT) 
collector. They found that instantaneous energy, daily energy and exergy efficiency of the 
FP collector, the PV system and the PV/T collector vary between 53-61%, 19-30%, 23-37% 
and 56-74%, 11-15%, 21-34% and 2-7%, 6-22% and 8-16%, respectively [23]. Tiwari and 
Barnwal (2009) carried out the performance analysis of a hybrid photovoltaic-thermal 
(PV/T) greenhouse air heater and dryer. They observed that exergy efficiency of the 
greenhouse air heater is less than the thermal efficiency, and exergy efficiency with load is 
lower than that of without load as expected [24]. Kumar and Tiwari (2009) presented the 
thermal analysis of a new design of hybrid photovoltaic/thermal (PV/T) active solar 
distillation system. They concluded that the average annual exergy efficiency of hybrid 
active solar still is higher than passive solar still almost by 25%, while the energy efficiency 
is lower by 24% [25]. Tiwari et al. (2009) studied on the Energy Pay Back Time (EPBT) of 
Hybrid Photovoltaic-Thermal (HPVT) air collector based on exergy analysis for composite 
climate of New Delhi. They also evaluated the exergy metrics namely Electricity Production 
Factor and Life Cycle Conversion Efficiency in addition to EPBT by using exergetic output. 
They concluded that that EPBT of HPVT air collector without balance of system based on 
exergy and energy output is about 10 years and 2 years, respectively, for single fan 
operation of the HPVT air collector [26]. 
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Actually, there are many different active and passive cooling methods for enhancing PV 
module efficiency. While hybrid PV/TE system integrating heat sink [27], Hybrid micro-
channel solar cell/module [28], using nanofluid [29], using PCM [30], direct liquid-
immersion cooling [31], natural circulation of water in a flat-box absorber [32], using 
hybrid microchannel with nanofluid [33-35], using microchannel heat sink with nanofluid 
could be listed as passive cooling methods; jet impingement , water spraying, using 
ferrofluid and magnetic field  and Jet array nanofluids impingement could be considered 
active cooling system in the literature [36-39]. 

However, comparative studies including exergetic assessment on PVT systems are very 
limited in the literature. In the present study, a new and easy-handle approach has been 
proposed to assess the exergetic performance of a PVT system; it is aimed to present a 
comparative study on the energetic- exergetic and economical performance of a PVT 
system consisting monocrystalline silicon solar cells and a copper plate with copper tubes 
on the back for water heating. Economical evaluation of both PV and PVT systems has been 
also performed by NPV method. There is not any study on comparison of PV and PVT 
systems by NPV method in the literature. The experiments have been conducted at Usak 
University, Department of Mechanical Engineering, in March, 2012. The data have been 
employed to determine electrical and thermal performance of the experimental (PVT) and 
the control (PV) systems. Useful energy rate, surface temperature, electrical energy and 
overall energy efficiency, exergy efficiency, exergy destruction values of PV and PVT 
systems have been compared. The variation of entropy generation due to surface 
temperature of PVT system has been examined and discussed. In the first section of the 
present study, it was given a brief review on PVT systems and explained the aim of the 
study. In the second section, theoretical aspects and thermodynamic analysis have been 
represented. Description of the control (PV) and experimental (PVT) systems employed in 
the study, data used in the calculations and the results of the experiments are covered in 
“Results and Discussion” as Section 3, while the last section gets conclusions.   

2. Thermodynamic Analysis 

Solar energy exhibits a spectrum with a very wide range of wavelengths. A certain part of 
wavelengths of the solar spectrum are converted to electrical energy by PV materials. After 
the interaction between the materials and solar energy, a great portion of the solar energy 
is transformed to excessive heat, not to electrical energy. This excessive heat load on the 
materials affects negatively the crystalline structure of PV and causes to decrease the 
energy efficiency for both short and the long terms. However, PVT systems provide both 
electrical and thermal conversion and help to remove this excessive heat load. While this 
excessive heat load could be utilized as a thermal energy source, the electrical conversion 
efficiency of the PV can be kept at the desired values. For example, mono-crystalline Si solar 
cells have been employed in the present study. Mono-crystalline Si solar cells have a 
spectral response of 400-800 nm wavelength of solar radiation and can convert the solar 
energy to electricity in this spectral range. Wavelength values outside this spectral range 
cause the excessive heating load on the Si solar cell. This excessive heat load can be 
evaluated as a thermal energy source and can be utilized to heat water for building 
applications. 

The first law of thermodynamics deals with the quantity of energy and asserts that energy 
cannot be created or destroyed. This law merely serves as a necessary tool for the 
bookkeeping of energy during a process and offers no challenges to the engineer. The 
second law, however, deals with the quality of energy. The second law of thermodynamics 
has proved to be a very powerful tool in the optimization of complex thermodynamic 
systems [23]. In this section, energy and exergy analyses have been modeled, and the NPV 
method has been explained for the economical analysis. 
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2.1. Energy Analysis 

The overall energy efficiency of a PVT system could be calculated as below: 

𝜂𝑝𝑣𝑡 = 𝜂𝑝𝑣 + 𝜂𝑡ℎ                 (1) 

The electrical energy efficiency of a PV system can be found as follows: 

𝜂𝑝𝑣 =
𝑉𝑚𝐼𝑚

𝐴𝑝𝑣𝐼𝑡
         (2) 

The thermal efficiency of a PVT system could be defined by following equation: 

𝜂𝑡ℎ =
�̇�

𝐴𝑝𝑣𝐼𝑡
         (3) 

The useful thermal energy of any water heating system could be easily calculated as below: 

�̇� = �̇�𝐶𝑝(𝑇𝑜𝑢𝑡,𝑤𝑎𝑡𝑒𝑟 − 𝑇𝑖𝑛,𝑤𝑎𝑡𝑒𝑟)      (4) 

 

2.2 Exergy Analysis 

Irreversibility in the system, in other words, the destruction of exergy can be presented as 
follows [40] 

𝛴𝐸�̇�𝑖𝑛 − 𝛴𝐸�̇�𝑜𝑢𝑡 = 𝛴𝐸�̇�𝑑𝑒𝑠𝑡       (5) 

In the present study, a new and easy-handle approach has been also developed to assess 

the exergetic performance of a PVT system by defining the inlet exergy rate (Ėxin) and the 

outlet exergy rate (Ėxout) as below. Ėxin consists of the exergy rate of solar and exergy 

rate of inlet water and Ėxin could be presented as follows: 

�̇�𝑥𝑖𝑛 = �̇�𝑥𝑠𝑜𝑙𝑎𝑟 + �̇�𝑥𝑚𝑎𝑠𝑠,𝑖𝑛      (6) 

The outlet exergy rate (Ėxout) can be defined as the sum of the electrical exergy rate from 
the PV part and the exergy rate of outlet water. 

�̇�𝑥𝑜𝑢𝑡 = �̇�𝑥𝑚𝑎𝑠𝑠,𝑜𝑢𝑡 + �̇�𝑥𝑝𝑣       (7) 
The exergy rate of solar energy could be found as following equation: 

�̇�𝑥𝑠𝑜𝑙𝑎𝑟 = 𝜓𝑠𝑜𝑙𝑎𝑟𝐼𝑡𝐴𝑝𝑣        (8) 
The maximum efficiency ratio ψsolar , can be calculated as follows:  

𝜓𝑠𝑜𝑙𝑎𝑟 = 1 +
1

3
(

𝑇0

𝑇
)

4

−
4

3
(

𝑇0

𝑇
)       (9) 

where T was taken to equal the solar radiation temperature with 6000 K in exergetic 
evaluation given by Petela [41]. 

Inlet and outlet water exergy rates can be found as following equations [23]: 

�̇�𝑥𝑚𝑎𝑠𝑠,𝑖𝑛 = �̇�𝑖𝑛 𝜓𝑖𝑛        (10) 
�̇�𝑥𝑚𝑎𝑠𝑠,𝑜𝑢𝑡 = �̇�𝑜𝑢𝑡  𝜓𝑜𝑢𝑡        (11) 

 

where 𝜓𝑖𝑛 and 𝜓𝑜𝑢𝑡  are specific exergy values for inlet and outlet water respectively and 
calculated as follows: 
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𝜓𝑖𝑛 = (ℎ𝑖𝑛 − ℎ0) − 𝑇0(𝑆𝑖𝑛 − 𝑆0)     (12) 
𝜓𝑜𝑢𝑡 = (ℎ𝑜𝑢𝑡 − ℎ0) − 𝑇0(𝑆𝑜𝑢𝑡 − 𝑆0)     (13) 

The electrical exergy output of PV part of the system could be calculated as follows: 

�̇�𝑥𝑃𝑉 = �̇� = 𝜂𝑝𝑣𝐼𝑡𝐴𝑝𝑣         (14) 
The exergy (the second law) efficiency can be found as below: 

𝜀 =
�̇�𝑥𝑜𝑢𝑡𝑝𝑢𝑡

�̇�𝑥𝑖𝑛𝑝𝑢𝑡
= 1 −

�̇�𝑥𝑑𝑒𝑠𝑡

�̇�𝑥𝑖𝑛𝑝𝑢𝑡
      (15) 

The entropy generation rate can be expressed as follows; 

�̇�𝑔𝑒𝑛 =
�̇�𝑥𝑑𝑒𝑠𝑡

𝑇0
        (16) 

where 𝑇0  is dead state temperature. 

 

2.3. Economical Analysis 

Net Present Value (NPV) is one of the methods that allow analysing the economic aspects 
of an engineering system. It is possible to calculate the present value of all annual capital 
expenditures and savings by NPV methods during the life time of a project. Net present 
value (NPV) is the sum of all the current values (costs are shown negative, and net savings 
are shown as positive) is obtained. If NPV is positive then the project is accepted, otherwise 
application of the project is cancelled. NPV is calculated by the following formulas: 

 𝑁𝑃𝑉 = ∑ (𝐵 − 𝐶)𝑖
𝑛
𝑖=1 𝑎𝑖      (17) 

𝑎 =
1

(1+𝑖)𝑝       (18) 

“a” is net present value factor, B is gain, p is period, i is discount rate in the equation given 
above. 

3. Results and Discussion 

An experimental (PVT) and a control (PV) system chosen the same PV material have been 
established at Usak University, Department of Mechanical Engineering. Energy and exergy 
analyses have been carried out for both experimental and control systems. The systems 
fixed at the same tilt angle (38º) and oriented the same direction have been tested under 
the same meteorological conditions, during March, 2012. While the inlet and outlet water 
temperatures, water mass flow rate, ambient temperature, global solar irradiance and 
temperature on the surfaces of PV and electrical measurements have been recorded for the 
experimental PVT system; global solar irradiance, surface temperature and electrical data 
have been collected for the control PV system simultaneously. The sixty-four data have 
been obtained and employed to compare the electrical and thermal performance of the 
systems. Properties and characterization of PV modules employed in the present study are 
presented in Table 1. In the construction of PVT, the thickness of the copper plate fixed to 
back of the tedlar layer of the PV system is 2 mm and copper pipes welded to the copper 
plate have a diameter as 8 mm and its length is 23 m. Back of PVT system has been 
insulated by a layer of glass wool. The photos of the experimental set up including PV and 
PVT systems can be seen in Fig.1. 
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Table 1 Properties and characterization of PV modules 

Isc/Imp (A) 8.154/7.586 

Voc/Vmp (V) 37.30/27.18 

ηcell (%) 15.16 

ηmodule (%) 13.69 

Area (m2) 1.617 

Front Glass Transparent, toughened safety glass 

Cell Structure Monocrystalline Si (156 mmx156 mm) 

Cell Encapsulation EVA (Ethylene Vinly Acetate) 

Backsheet Tedlar 

Frame Anodized Aluminum 

 

Extech HD200 type K thermocouples measuring the temperature range from -100°C to 
1372°C with measurement error of ±0.15% were utilized to get inlet and outlet 
temperature of water for the PVT system. Infrared thermometers operating range from -
30°C to +550°C, with a measurement error of ±2% have been employed to measure the 
surface temperatures of the PV and the PVT systems. The current and the voltage values 
obtained from the PV and PVT system have been read by the solar regulator (Steca 
PR2020). 

 

(a) 

 

(b) 

 

(c) 

Fig 1. The photos of the experimental set up (a) Structure of PVT system, (b) Obtaining 
data for PVT system, (c) Obtaining data for PV system 

 

Delta OHM HD 2102.2 radiometric probe operating range from 0.1.10-3 W/m2 to 2000 
W/m2 has been used to measure with an uncertainty of ±5% was used to determine the 
solar irradiance on the surface of PV and the PVT system. The ambient temperature values 
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with ±2°C accuracy have been obtained from the weather station (Davis Vantage Pro2) 
established on the roof of Mechanical Engineering Department, Usak University. The sixty-
four measurements have been collected during the experiments. The results of the analysis 
according to the data obtained from experiments have been presented as below. 

The variation of the useful energy rate (W) obtained from the PV and the PVT systems by 
incoming solar irradiance (W/m2) to the surface of the systems are presented in Fig.2. The 
experiments have been carried out on the roof of Usak University, Mechanical Engineering 
Department building during March, 2012. Useful energy rates ranged from 44.8 W to 124.4 
W and from 83.3 to 584.8 W for PV and PVT systems respectively; while the solar 
irradiance varied from 323 W/m2 to 780 W/m2. Useful energy rates increase by increasing 
solar irradiance values for both PV and PVT system. It is observed that the useful energy 
rates of the PVT system are highly greater than the useful energy rates of PV system. 

 

Fig 2. Variation of the useful energy rate (W) obtained from the PV and the PVT systems 
by solar irradiance (W/m2) 

The variation of surface temperature (K) of PV and PVT systems and ambient temperature 
(K) are plotted in Fig.3. The surface temperatures of PV and PVT system ranged from 293 
to 316 K and 293 to 330 K respectively, while the ambient temperature varied from 283 to 
289 K. It is remarkable that the surface temperature of the PVT system is higher than the 
surface temperature of the PV system. It is estimated that the well-applied insulation on 
the back of the PVT system causes to decrease the convection losses from bottom side of 
PVT system. On the other hand, PV module has lower the surface temperature due to 
convection losses from the bottom of the module. The higher surface temperature of the 
PVT system could mean that there is still some thermal energy can be transferred to the 
water. If the heat transfer amount from the solar cell to cooling water could be improved, 
the surface temperature of PVT could be diminished. 

The variation of the electrical energy efficiency of PV and the PVT system and overall 
energy efficiency of the PVT system due to incoming solar irradiance (W/m2) to the surface 
of the systems are given in Fig.4. Electrical energy efficiency values ranged from 0.09 to 
0.10 and from 0.10 to 0.13 for PV and PVT systems respectively and the overall energy 
efficiency values showed results from 0.26 to 0.54; while the solar irradiance varied from 
323 W/m2 to 780 W/m2. The overall energy efficiency values are in good agreement with 
the literature [8,17,21,23]. 
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Fig 3. Variation of surface temperature (K) of PV and PVT systems and ambient 
temperature (K)  

The electrical efficiency values of the PVT system are slightly higher than the electrical 
energy efficiency values of the PV system. In the literature, Tripanagnostopoulos et al. 
(2002) studied the performance characteristic of PV/water and PV/air systems and 
compared the electrical efficiency. They found that polycrystalline silisyum (pc-Si) PVT 
system was more effective as % 3.2 than of the polycrystalline silisyum (pc-Si) PV module 
[3]. In the present study, it could be confirmed that a PVT application provides the higher 
electrical energy efficiency than a conventional PV system. 

 

 

Fig 4. Variation of the electrical energy efficiency of PV and the PVT system and overall 
energy efficiency of the PVT system due to solar irradiance (W/m2)  

The variation of the exergy efficiency of PV and the PVT system due to incoming solar 
irradiance (W/m2) are plotted in Fig.5. The exergy efficiency has taken value from 0.10 to 
0.12 and from 0.09 to 0.12 for PVT and PV systems respectively; while the solar irradiance 
varied from 323 W/m2 to 780 W/m2. The exergy efficiency values of the PVT system are 
slightly greater than the exergy efficiency values of PV system. However, there is not any 
meaningful difference between the exergy efficiency values of PV and PVT systems. 
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Fig 5. Variation of the exergy efficiency of PV and the PVT system due to solar irradiance 
(W/m2)  

It is explanatory to examine exergy destruction and entropy generation for the second law 
of thermodynamics. The difference of the exergy destruction (W) of the PV system and PVT 
system by solar irradiance (W/m2) are shown in Fig.6. Difference of exergy destruction 
rates of PV and PVT systems ranged from 1.98 W to 14.79 W; while the solar irradiance 
varied from 323 W/m2 to 780 W/m2. Exergy destruction rate of PV system is slightly 
greater than the exergy destruction rate of PVT. However, this difference is not meaningful; 
when they are compared to high inlet values of solar exergy. 

 

Fig 6. The difference of the exergy destruction (W) of the PV system and PVT system by 
solar irradiance (W/m2) 

The variation of the entropy generation (W/K) of the PVT system due to surface 
temperature (K) of PVT system is represented in Fig.7. Entropy generation rates ranged 
from 1.55 W/K to 3.54 W/K for PVT system; while the surface temperatures of the PVT 
varied from 293 K to 330 K. Entropy generation rates increase by increasing surface 
temperatures of PVT system. It could be possible to decrease the entropy generation of 
PVT system by decreasing surface temperature of PVT system. 

Some improvements could be carried out to minimize the entropy generation and 
maximize the exergy efficiency of the PVT system. Better heat transfer from the solar cells 
to the copper plate can be supplied by removing the tedlar layer of the PV panel. The 
surface area of pipes welded to the copper plate can be increased. Pipe diameter, wall 
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thickness of the pipes, material used can be changed to achieve optimum operation 
condition for future studies. In the present study, the PVT system has been operated at 
0.0071 kg/h mass flow rate. The optimum mass flow rate can be investigated to provide 
maximum the first and the second law efficiencies of the thermodynamics for a future 
works.  

 

Fig 7. Variation of the entropy generation (W/K) of the PVT system due to surface 
temperature of PVT system  

 

Table 1. Economical analysis of PVT system by NPV method 

Period (Years) 0 1 2 3 4 5 6 7 8 
Initial 

Investment Cost 
($) 

-
1363.0 

        

Benefits Per Year 
($) 

 202.00 202.00 202.00 202.00 202.00 202.00 202.00 202.00 

Maintenance and 
Repair Costs ($) 

 -0.11 -0.11 -0.11 -0.11 -0.11 -0.11 -0.11 -0.11 

Interest rate 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0,01 

          

Net cash flow ($)  201.89 201.89 201.89 201.89 201.89 201.89 201.89 201.89 
Discounted net 

flow 
0.99 0.99 0.98 0.97 0.96 0.95 0.94 0.93 0.92 

NPV  199.89 197.91 195.95 194.01 192.09 190.19 188.30 186.44 

  
  

-
1163.1

1 

-
965.20 

-
769.25 

-
575.24 

-
383.15 

-
192.97 

-4.66 181.78 

 

Economical evaluation of both PV and PVT systems has been also performed by NPV 
method given as Eq. (17) and (18). The results of economic analysis were shown in Table 
2 and Table 3. In the economic analysis, the yearly mean sunshine period was assumed as 
7.5 h/day for Usak province and the cost of electricity was accepted 0.20 $/kWh.  

Average overall efficiency, produced energy per a year, annual income and investment cost 
of the PVT system were calculated as 0.32; 801 kWh/a; $ 202 and $1363, respectively. The 
produced power amounts by the PV and PVT systems were founded as 98.4 W and 363.8 
W in average respectively. Maintenance and repair costs for both PV and PVT systems were 
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ignored. It is calculated that the PVT system has considerably short payback time after 9 
years of operation; while the payback period of PV was found as 16 years. 

Table 2. Economical analysis of PV system by NPV method 

Period (Years) 0 1 2 3 4 5 6 7 8 

Initial Investment 
Cost ($) 

-
1169.00 

        

Benefits Per Year ($)  83.30 83.30 83.30 83.30 83.30 83.30 83.30 83.30 

Maintenance and 
Repair Costs ($) 

 -0.11 -0.11 -0.11 -0.11 -0.11 -0.11 -0.11 -0.11 

Interest rate 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 

Net cash flow ($)  83.19 83.19 83.19 83.19 83.19 83.19 83.19 83.19 

Discounted net flow 
($) 

0.99 0.99 0.98 0.97 0.96 0.95 0.94 0.93 0.92 

NPV  82.36 81.55 80.74 79.94 79.15 78.37 77.59 76.82 

    -1086.64 -1005.09 -924.35 -844.41 -765.26 -686.89 -609.30 -532.48 

          

Period (Years) 9 10 11 12 13 14 15 16   

Initial Investment 
Cost 

         

Benefits Per Year 83.30 83.30 83.30 83.30 83.30 83.30 83.30 83.30  

Maintenance and 
Repair Costs 

-0.11 -0.11 -0.11 -0.11 -0.11 -0.11 -0.11 -0.11  

Interest rate 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01  

Net cash flow 83.19 83.19 83.19 83.19 83.19 83.19 83.19 83.19  

Discounted net flow 0.91 0.91 0.90 0.89 0.88 0.87 0.86 0.85  

NPV 76.06 75.31 74.56 73.82 73.09 72.37 71.65 70.94  

  -456.42 -381.11 -306.55 -232.72 -159.63 -87.26 -15.61 55.34   

4. Conclusion 

Photovoltaic (PV) solar cells can convert a limited fraction of the solar radiation to 
electrical energy. Depending on the spectral properties of the materials of solar cells, a 
large proportion of the solar radiation cannot be converted to the electricity and an 
excessive heat load is occurred in the photovoltaic material. Solar spectra have a wide 
range of wavelength from 200 nm to 2500 nm, however a solar cell only transform the 
portion corresponding to the its spectral response ranges into electricity. Electrical 
conversion efficiency of the solar cell decreases both instantaneously and for long term 
due to excessive heat load generated on the solar cell and high internal resistance. 
Furthermore, this effect could damage the material in long term. It is reported in the 
literature that a temperature rises of 1 °C results in the loss of performance of PV panel by 
0.5 % [42]. At this point, photovoltaic thermal (PVT) systems have been designed with the 
goal of removing this excessive heat. PVT systems produce both electrical and thermal 
energy by a single module. With this advantage, PVT systems are preferable for supplying 
energy demand of residential sector, especially. 

In the present study, it was aimed to present a comparative study on the energetic- 
exergetic and economical performance of PVT system based monocrystalline silicon solar 
cells and a copper plate with copper tubes on the back for water heating. 

The main conclusions, which may be drawn from the results of the present study, are listed 
as follows: 
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 The useful energy rates (W) of PVT system are considerably greater than the 
useful energy rates (W) of the PV system. 

 It is remarkable that the surface temperature of the PVT system is higher than the 
surface temperature of the PV system. 

 The electrical efficiency values of the PVT system are slightly higher than the 
electrical energy efficiency values of the PV system. The overall energy efficiency 
of the PVT system has been reached up to 0.54 and average value was calculated 
as 0.32. 

 The exergy efficiency values of the PVT system are greater than the exergy 
efficiency values the PV system. 

 Exergy destruction values of PV system are slightly higher than the PVT system. 
 Entropy generation rates increase by increasing surface temperatures of PVT 

system. It is possible to decrease the entropy generation of PVT system by 
decreasing surface temperature of PVT system.  

 The PVT system has considerably short payback time after 8 years of operation; 
while the payback period of PV was found as 16 years. 

In the present study, a PVT system has been compared to a conventional PV panel by 
analysing these systems thermodynamically and economically. It is expected that this 
study could be very beneficial to researchers and practitioners dealing with the PVT 
systems to improve their systems efficiently. It is hoped that this study could help to 
understand the actual performance of PVT systems for building applications. 
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Nomenclature 

A  area, m2 

𝐶𝑝 specific heat capacity, J/kgK 

�̇�x exergy rate, W  

𝐼𝑡  Solar irradiance on the surface, W/m2 

I  current, A 

�̇� mass flow rate, kg/s 

�̇� entropy generation rate, W/K 

�̇� useful energy rate, W 

T  temperature, K 

V voltage, V 

�̇� work, W 

𝜓solar The maximum efficiency ratio 

TL Turkish Liras 

Greek letters 

𝜀  exergy efficiency  
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𝜂  energy efficiency 

𝜓 specific exergy 

Subscripts 

dest destruction 

gen generated  

in  inlet 

out  outlet 

pv  photovoltaic 

pvt photovoltaic/thermal 

solar solar 

th  thermal 

o environment 
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