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Article Info  Abstract 

Article History:  The transition toward energy-efficient buildings requires integrated thermo-
mechanical design rather than purely structural assessment. Construction 
materials must simultaneously govern stiffness, thermal expansion, and heat 
transfer without compromising stability. Partial cement replacement enables 
tailored performance. Pumice powder (PP), rich in amorphous silica, undergoes 
pozzolanic reactions that refine the concrete microstructure, influencing both 
mechanical stiffness and thermal conductivity; however, a unified analytical 
framework quantifying its coupled thermo-mechanical response at the structural 
level remains lacking. To address this, an analytical framework is developed to 
evaluate the influence of PP on effective thermo-elastic properties. Homogenized 
elastic properties are derived using a two-phase model, while thermal parameters 
are calculated with the Maxwell–Eucken approach. Both sets of properties are 
incorporated into a refined High-Order Deformation plate Theory (RPT) to 
determine the critical mechanical buckling load and the critical thermal buckling 
temperature of structural walls. Predictions are validated against independent 
experimental data from the literature. At 10% PP replacement, the elastic modulus 
decreases by approximately 18%, accompanied by a 19% reduction in the critical 
mechanical buckling load. In contrast, thermal performance improves: the thermal 
resistance increases by about 18–20%, while the thermal transmittance and heat 
flux decrease by approximately 17%. Additionally, the critical thermal buckling 
load increases by nearly 16%. These results quantify the trade-off between 
reduced stiffness and enhanced thermal stability, demonstrating how PP 
incorporation modifies the mechanical and thermal instability thresholds of 
concrete walls. 
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1. Introduction 

Concrete technology is undergoing a significant transformation driven by the twin imperatives of 
sustainable construction and mitigating global climate change. The Intergovernmental Panel on 
Climate Change (IPCC) emphasizes that urgent transitions in industrial sectors are required to limit 
global warming to 1.5°C, directly implicating the construction industry [1]. Portland cement 
production alone contributes approximately 7–8% of global CO₂ emissions, while the broader 
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construction sector accounts for nearly 36% of global energy consumption and 30% of 
anthropogenic greenhouse gas emissions [2-4]. These challenges are closely aligned with the 
United Nations Sustainable Development Goals (SDGs), particularly SDG 9 (Industry, Innovation, 
and Infrastructure) and SDG 13 (Climate Action), which promote resource-use efficiency and the 
adoption of environmentally sound technologies [5]. 

In response, the Global Cement and Concrete Association (GCCA) has pledged a 25% reduction in 
CO₂ emissions by 2030, as a key step toward achieving “Net Zero” concrete by 2050 [6]. This 
roadmap focuses on reducing clinker intensity, optimizing concrete mix designs, and accelerating 
the use of low-carbon supplementary materials, which account for nearly 60% of global cement 
and concrete demand (Fig. 1). These environmental imperatives have driven research into 
alternative binders and supplementary cementitious materials (SCMs), such as volcanic pozzolans 
and lightweight aggregates, which can reduce the carbon footprint while improving thermal 
performance and maintaining structural integrity [7, 8]. Partial replacement of cement with natural 
pozzolanic additives has demonstrated technical feasibility and notable environmental benefits [9-
12]. In addition, micro- and nanoscale reinforcements have shown potential to enhance stiffness, 
thermal behavior, and long-term durability, enabling the design of energy-efficient concrete 
structures that meet both mechanical and thermal performance requirements under variable 
service conditions [13-18]. 

 
Fig. 1. Roadmap to Net Zero: Projected CO₂ emissions reduction targets for the global cement 

and concrete sector (2020–2050) [6] 

While many supplementary cementitious materials (SCMs) primarily enhance concrete through 
chemical reactivity, pumice powder (PP) is distinguished by its porous cellular structure and 
inherent pozzolanic activity, which simultaneously reduce concrete weight and improve thermal 
performance. These unique characteristics make PP particularly suitable for exploring how 
microstructural modifications influence both material-level properties and overall structural 
behavior. As a result, recent studies have highlighted that PP, which can range from nanometric to 
macroscopic particle sizes, can substantially influence the mechanical and thermal properties of 
concrete, highlighting its potential as a multi-scale reinforcement for high-performance eco-
concretes. This multi-scale behavior is conceptually similar to other studies that have explored 
nanoscale and microscale additives, where homogenization and multi-phase modeling approaches 
were employed to capture particle-matrix interactions and predict enhanced stiffness, thermal 
conductivity, and buckling resistance. For example, Harrat et al. [19] utilized the Voigt 
homogenization model to examine nano-silica-reinforced concrete beams, demonstrating 
significant enhancements in stiffness and load-bearing capacity. Chatbi et al. [20] advanced this 
methodology by utilizing a sophisticated two-dimensional Voigt framework for concrete slabs, 
emphasizing the necessity of precisely capturing planar stress distributions to effectively predict 
deflections. Complementary studies have utilized the Eshelby tensor to examine particle-matrix 
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interactions in heterogeneous composites, such as glass powder- or metal oxide-reinforced panels, 
demonstrating that nanoscale inclusions can substantially alter both elastic moduli and thermal 
expansion coefficients. Dine El Hannani et al. [21] emphasized the impact of nanoparticle type and 
concentration on buckling resistance and free vibration properties, whereas Kecir et al. [22] and 
Harrat et al. [23, 24] validated that iron nanoparticle reinforcement improves flexural rigidity 
under thermo-mechanical stress. Recent studies have expanded homogenization models to 
encompass natural and engineered microscale additives, such as wheat straw and recycled glass, 
utilizing Liwes, Nielsen Spar, and Maxwell–Eucken formulations to forecast integrated mechanical–
thermal responses [25]. These investigations collectively demonstrate the critical role of multiscale 
modeling in engineering concrete with tailored stiffness and thermal conductivity properties, 
thereby providing a methodological framework for the application of pumice powder as an 
environmentally sustainable pozzolanic additive. 

While nanoscale reinforcements provide targeted performance improvements, geological additives 
remain highly attractive due to their cost-effectiveness, sustainability, and multi-functional 
benefits. Among these, pumice powder (PP) has been shown to improve mechanical and thermal 
characteristics of concrete through both aggregate replacement and partial cement substitution. 
Cavaleri et al. [26] experimentally demonstrated that PP aggregates can reduce concrete density 
while maintaining structural integrity. Granata [27] highlighted that the pozzolanic reactivity of PP 
decreases voids and enhances strength in self-compacting concretes. Kurt et al. [28] reported that 
PP improves thermal insulation and reduces weight, although excessive content can negatively 
affect segregation and hydration kinetics. Zeyad et al. [29-31] further investigated volcanic pumice 
dust in geopolymer and high-strength concretes, showing enhancements in compressive and 
flexural strengths, reduction in water absorption and porosity, and benefits under self-curing and 
hot-weather conditions. Hossain [32] demonstrated that volcanic PP can produce blended cements 
with extended setting times, low heat of hydration, and mechanical performance comparable to fly 
ash cement for up to 20% replacement. Karthika et al. [33] confirmed that partially replacing coarse 
aggregates with PP at 50–100% reduces self-weight, decreases dead load, and improves thermal 
insulation, while maintaining favorable mechanical and durability performance. A comprehensive 
review by Moolchandani [34] synthesized over 60 studies, emphasizing that PP’s high amorphous 
silica content and porous morphology provide intrinsic pozzolanic reactivity, internal curing 
potential, and long-term durability. The review also quantified late-age compressive strength gains 
of 6–11%, reduced chloride permeability by 22–35%, improved sulfate resistance by up to 28%, 
and demonstrated significant reductions in thermal conductivity (30–56%) and surface 
temperatures (up to 42%) when combined with phase-change materials. Ghanim et al. [35] 
confirmed that textile-industry-derived PP possesses higher pozzolanic potential than fly ash, 
improving early-age workability and mechanical properties, with 25% replacement identified as 
optimal. Collectively, these studies demonstrate that PP’s chemical reactivity, porous 
microstructure, and internal curing capacity simultaneously enhance mechanical performance, 
durability, and thermal efficiency, making it a highly suitable additive for sustainable, energy-
efficient concrete walls. 

To elucidate the enhancements in mechanical, thermal, and durability properties observed in PP-
modified concrete, it is crucial to examine the underlying chemical and microstructural 
mechanisms. The pozzolanic activity of pumice powder (PP) is primarily driven by its high content 
of amorphous silica (SiO₂) and alumina (Al₂O₃). The SiO₂ reacts with calcium hydroxide (Ca(OH)₂) 
during cement hydration to form additional calcium silicate hydrate (C-S-H) gel, which is the main 
contributor to mechanical strength and microstructural densification [36, 37]. Simultaneously, 
Al₂O₃ interacts with available calcium and sulfate ions to promote the formation of calcium 
aluminosilicate hydrates (C-A-S-H) and ettringite [38]. These secondary hydration products 
effectively fill the micro-voids within the interfacial transition zone (ITZ), the typically porous and 
mechanically weaker region between the cement paste and pumice aggregates [39]. By refining the 
ITZ, the Al₂O₃-driven reactions enhance stress transfer across the composite phases, mitigating the 
strength reduction often associated with lightweight aggregates [40]. From a thermal perspective, 
the densified ITZ decreases the presence of large interconnected pores at the particle-matrix 
interface. Although this slightly increases localized solid-to-solid contact, the combination of a high 
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silica-to-calcium ratio and the intrinsic cellular porosity of pumice remains the dominant factor in 
lowering the effective thermal conductivity of the concrete [41, 42]. 

The chemical composition of pumice, as summarized in Table 1, includes minor oxides such as 
Fe₂O₃, Na₂O, and K₂O, which can influence setting time, workability, and thermal behavior. These 
compositional characteristics, together with the pozzolanic activity of SiO₂ and Al₂O₃, support the 
use of PP as both a partial cement replacement and a lightweight aggregate, enabling concrete walls 
with optimized mechanical and thermal performance. 

Table 1.  Chemical composition (wt%) of different pumice specimens reported in literature. 

Composition Ref SiO2 Al2O3 Na2O K2O Fe2O3 CaO MgO P2O5 

Pumice specimen 1 Xiyu et al. [43] 72.06 9.39 4.29 4.04 3.40 0.25 0.02 0.002 

Pumice specimen 2 Shi et al. [44] 68.64 11.92 5.53 4.93 3.45 0.73 0.10 0.06 

Pumice specimen 3 Turhan et al. [45] 75.51 9.94 2.04 5.12 1.10 0.25 0.04 <0.001 
 

Physically, the performance of pumice powder and pumice-based aggregates is strongly influenced 
by the highly porous and vesicular morphology of the material. As illustrated in Fig. 2, the SEM 
micrographs reveal a multi-scale network of interconnected voids and thin-walled cavities, which 
act as natural reservoirs for internal curing water. This intrinsic porosity enables gradual moisture 
release during hydration, mitigating autogenous shrinkage and promoting continuous formation of 
hydration products. The low density of pumice further contributes to reducing the self-weight of 
concrete elements while enhancing thermal insulation due to the presence of air-filled pores. 
Additionally, the irregular surface texture improves mechanical interlocking within the interfacial 
transition zone (ITZ), resulting in better stress transfer under mechanical loading and more 
uniform thermal diffusion. Combined, these physical features provide a mechanistic explanation 
for the reductions in thermal conductivity, enhanced durability, and improved long-term 
mechanical performance observed in PP-modified concrete [43]. 

  
Fig. 2. Scanning electron microscopy (SEM) images showing the morphology of pumice at 

magnifications of : (a) 100× and (b) 300×[43] 

To consolidate the insights obtained from recent works on the use of pumice powder (PP) in 
cementitious systems, Table 2 presents a structured synthesis of the main physical, chemical, and 
thermal effects reported in the literature. As shown in the table, PP influences concrete behavior 
on several interconnected levels: it alters density and porosity, affects fresh and hardened 
properties, contributes to hydration kinetics and pozzolanic reactions, and promotes 
microstructural refinement through the formation of additional C–S–H. These transformations also 
translate into improved thermal performance, particularly in terms of heat moderation, insulation 
capacity, and resistance to temperature-induced degradation. By gathering these findings into a 
single framework, Table 2 provides a clear understanding of how PP contributes to performance 
enhancement across multiple scales, thereby reinforcing its relevance as a sustainable 
supplementary cementitious material. This consolidated evidence forms the basis for the present 
study, which aims to analytically examine the coupled mechanical and thermal response of 
concrete walls incorporating PP. 
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Table 2. Summary of physical, chemical, and thermal effects of pumice powder (PP) in 
cementitious materials and concrete as reported in recent studies 

Ref PP Type  Physical Effects 
Chemical Effects / 
Pozzolanic Activity 

Thermal / 
Microstructural Influence 

[46] 

Saturated PP, 
0.6–1.25 mm, 
partial sand 
replacement 

Reduced persistent 
shrinkage, internal 

curing effect 

Accelerated early 
hydration, promoted 

secondary hydration of 
active mineral 

admixtures; modified C-
S-H composition (Ca/Si 

ratio) 

Enhanced microstructure 
in local effective area; 

improved temperature 
stability via denser 
hydration products 

[47] 

PP blended 
cement, up to 
30% cement 
replacement 

Shorter setting time 
despite lower clinker, 

lower workability 

Pozzolanic reaction 
contributes to 

compressive strength, 
chemical composition 

correlates with strength 

Minor thermal effect 
noted; influence on 
hydration heat not 

detailed 

[48] 

PP as 
cementitious 
material or 
lightweight 
aggregate 

Reduced unit weight, 
improved thermal 

and acoustic 
insulation, decreased 

drying shrinkage, 
increased fire 

resistance 

Pozzolanic activity 
decreases porosity, 

mitigates ASR expansion 

Lower hydration heat, 
improved thermal 
stability, packed 

microstructure reduces 
permeability 

[49] 

PP as aggregate 
or cement 

substitute, 5–
25% 

Improved strength 
(especially 10–25% 

PP), lower water 
absorption, reduced 

porosity 

Pozzolanic activity 
strongest at 28–90 days; 

enhances long-term 
durability 

Packed pore structure, 
better heat transfer and 

thermal insulation in 
SCMs 

[50] 

PP, 25% 
replacement in 

geopolymer 
concrete 

Decreased density, 
lower compressive 
strength at higher 

content 

Pozzolanic reaction 
limited in high-porosity 

PP; contributes to 
durability via pore 

structure refinement 

SEM shows denser 
microstructure in optimal 

mixes; thermal stability 
improved at moderate 

replacement 

[51] 

Ultrafine PP in 
HPC, 

binary/ternary 
mixes 

Higher electrical 
resistivity, low 
permeability, 

enhanced long-term 
durability 

Strong pozzolanic 
contribution, interacts 

with other SCMs to 
enhance compressive 

strength 

Improved corrosion 
resistance under thermal 
stress; thermal insulation 

improved via dense 
microstructure 

[52] 

PP + 
polypropylene 
fibers, 10–40% 

cement 
replacement 

Enhanced 
compressive and 
tensile strength, 
better ductility 

Cementitious 
characteristics of PP; 

contributes to strength 
via pozzolanic activity 

Microstructure 
densification improves 

thermal and mechanical 
performance 

[36] 
PP replacement 

5–25% 

Reduced density, 
delayed setting, 

decreased 
workability 

SiO₂ + Al₂O₃ + Fe₂O₃ > 
70%; pozzolanic, 
enhances C-S-H 

formation 

Improved microstructural 
cohesion; moderate 

thermal effect via lower 
hydration heat 

[53] 
PP, 3–18% 

cement 
replacement 

Enhanced CS, FS, STS, 
and MOE up to 12%; 
decreased strength 

beyond 

Pozzolanic reaction 
forms additional C-S-H; 

contributes to 
mechanical property 

improvement 

Thermal stability 
improved indirectly via 
denser microstructure; 

validated via RSM 
optimization 

[54] 
PP, 15–50% 

cement 
replacement 

Strength comparable 
to control up to 25%; 

density reduction 

Pozzolanic constituents 
enhance C-S-H 
formation and 

durability 

Microstructure improved; 
XRD confirms mineral 

phases conducive to long-
term stability 

 

The data compiled in Table 2 demonstrate that pumice powder influences concrete at multiple 
levels, including physical, chemical, and thermal aspects. PP alters density, porosity, and shrinkage 
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behavior while contributing to hydration kinetics and pozzolanic reactions that enhance 
microstructural cohesion and long-term durability. Thermal performance is also affected, with 
improvements in insulation, heat transfer, and stability under temperature variations. However, 
the magnitude and timing of these effects vary widely depending on PP type, replacement ratio, 
particle size, and concrete mix, making it challenging to generalize or predict wall-level behavior 
from individual experimental results. This variability highlights a critical need for an analytical 
framework capable of systematically linking PP content, effective thermo-mechanical properties, 
and structural response. Such a framework would allow prediction of mechanical stiffness, thermal 
response, and instability thresholds of PP-modified concrete walls, bridging the gap between 
material-level observations and design-scale applications. 

At the structural level, translating these material-level trends into reliable predictions of wall 
behavior further requires an appropriate mechanical modeling framework. Given the multi-scale 
effects induced by PP, ranging from microstructural densification to modifications in thermal 
transport, predicting the thermo-mechanical response of concrete walls demands analytical 
models capable of capturing bending, shear, and temperature-driven gradients with greater fidelity 
than classical formulations. Because PP alters density, stiffness, porosity, and thermal conductivity, 
the resulting wall behaves as a heterogeneous and thermally sensitive system, rendering classical 
plate assumptions inadequate. Classical plate theory (Kirchhoff–Love), which neglects transverse 
shear deformation, often fails to represent the behavior of moderately thick structural elements, 
especially when temperature gradients induce significant through thickness stresses [55]. These 
shortcomings have motivated the development of refined plate and shell theories. First order shear 
deformation theory (FSDT), introduced by Mindlin and Reissner, enhances realism by 
incorporating shear deformation; however, it relies on shear correction factors that introduce 
uncertainty when applied to materials whose internal structure has been modified by lightweight 
pozzolanic inclusions such as PP [56]. To overcome these limitations, higher order shear 
deformation theories (HSDT), as developed by Reddy [57], Touratier [58], and Karama [59], 
provide more accurate displacement fields by naturally capturing the parabolic distribution of 
shear strains without correction factors, making them particularly suitable for non-homogeneous 
cementitious composites. 

The effectiveness of these refined theories is well demonstrated in the literature for functionally 
graded, layered, and thermally responsive materials, which share notable similarities with PP 
blended concrete. For instance, Lee et al. [60] studied thermoelastic bending of plates with 
temperature dependent properties, while Sun et al. [61] examined thermal buckling in 
heterogeneous plates, emphasizing the strong role of thermal loading in stability behavior. Prakash 
and Ganapathi [62] further highlighted the influence of coupled thermal mechanical effects on 
vibration responses. More recent contributions by Zenkour [63], Yang et al. [64], Niknam and 
Akbarzadeh [65] and Mallios et al. [66] confirmed the superior predictive capacity of HSDT and 
FEM formulations for plates with spatially varying stiffness and conductivity, conditions directly 
representative of PP modified concrete. Additionally, Sayyad and Ghugal [67-71] demonstrated 
that refined trigonometric theories provide high accuracy for thick concrete like plates, especially 
under non uniform thermal fields. 

Building on the observed material-level effects of PP, the present work proposes a comprehensive 
analytical framework that systematically links PP incorporation to both material and structural 
performance of concrete walls. The study first evaluates the influence of PP content (2.5–10 wt%) 
on the effective elastic properties, including Young’s modulus, and thermal behavior, including 
expansion coefficient and thermal conductivity, establishing quantitative relationships for PP-
modified concrete as a construction material. These homogenized properties are then incorporated 
into a refined High-Order Deformation Plate Theory (RPT) to simulate wall behavior under 
mechanical and thermal loads. Mechanical stability is analyzed through uniaxial and biaxial critical 
buckling loads, considering variations in wall slenderness (length-to-thickness ratio). Thermal 
effects are further incorporated by evaluating temperature distributions across the wall, enabling 
calculation of the thermal critical buckling temperature. In addition, thermal performance 
indicators, including thermal resistance (R), thermal transmittance (U), and heat flux (ϕ), are 
quantified for walls of varying thickness and PP content. By simultaneously addressing elastic, 
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thermal, and stability characteristics, this framework provides a unified predictive tool to assess 
how PP modifies both material behavior and structural response, offering a basis for optimized 
wall design in energy-efficient and mechanically reliable constructions. 

2. Analytical Framework for Evaluating Thermo-Mechanical Properties of PP-
Modified Concrete Walls 

The analytical formulation of the pumice powder (PP)-modified concrete wall is established based 
on the kinematic and constitutive assumptions defined within the proposed homogenization 
framework. The study considers a simply supported wall of dimensions 𝑎 × 𝑏 × ℎ𝑤, incorporating 
PP inclusions to assess their influence on the coupled thermo-mechanical response. A refined plate 
deformation theory is employed to capture shear deformation effects and through-thickness 
temperature variations accurately.  

The geometrical configuration of the PP-modified concrete wall is illustrated in Fig. 3, defined by 
its length (a), width (b), and thickness (ℎ𝑤). The wall is modeled as a rectangular plate with all 
edges simply supported. This boundary condition is selected because it provides a mechanically 
conservative and analytically tractable configuration that is widely adopted in stability analyses of 
wall and slab systems. In practice, many load-bearing and infill walls exhibit rotational restraint 
with limited moment continuity at supports, making the simply supported assumption a rational 
idealization for evaluating critical buckling behavior while avoiding overestimation of structural 
stiffness. 

Thermal loading is applied through a temperature gradient across the thickness, representing heat 
transfer from the exterior environment toward the interior space (see Fig. 3), consistent with 
building envelope conditions under solar exposure or seasonal temperature variations. This 
through-thickness thermal distribution induces in-plane thermal stresses due to restrained 
expansion, which may contribute to thermal buckling instability. 

2.1. Kinematical Formulation of the PP-Modified Concrete Slab 

Assuming small deformations and linear thermo-elastic behavior, the total strain field of the PP-
modified concrete wall is represented as the superposition of mechanical and thermal components. 
The constitutive relationships are formulated using the homogenized elastic moduli and the 
effective coefficients of thermal expansion derived from the two-phase homogenization scheme. In 
accordance with the refined plate theory, the displacement components along the x, y, and z 
directions (U, V, and W, respectively) are expressed as functions of the mid-plane displacements 
and higher-order shear deformation terms, as follows [72]: 

𝑈(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) − 𝑧
𝜕𝑤𝑏(𝑥, 𝑦)

𝜕𝑥
+ 𝑓(𝑧)

𝜕𝑤𝑠(𝑥, 𝑦)

𝜕𝑥
 (1.a) 

𝑉(𝑥, 𝑦, 𝑧) = 𝑣0(𝑥, 𝑦) − 𝑧
𝜕𝑤𝑏(𝑥, 𝑦)

𝜕𝑦
+ 𝑓(𝑧)

𝜕𝑤𝑠(𝑥, 𝑦)

𝜕𝑦
 (1.b) 

𝑊(𝑥, 𝑦, 𝑧) = 𝑤𝑏(𝑥, 𝑦) + 𝑤𝑠(𝑥, 𝑦) (1.c) 

The in-plane displacements of a point located on the mid-surface of the PP-modified concrete wall 
are denoted by 𝑢0(𝑥, 𝑦) and 𝑣0(𝑥, 𝑦) along the 𝑥 and 𝑦 directions, respectively, and represent the 
membrane deformation of the wall associated with in-plane stretching and compression under 
mechanical and thermal loads. The transverse displacement 𝑤(𝑥, 𝑦, 𝑧) is decomposed into two 
physically distinct components: 𝑤𝑏(𝑥, 𝑦), which represents the bending-induced displacement 
governing the global flexural response and buckling instability of the wall, and 𝑤𝑠(𝑥, 𝑦), which 
represents the transverse shear deformation associated with non-uniform through-thickness 
strain. The bending component 𝑤𝑏 primarily controls the wall’s response to in-plane mechanical 
loads and thermally induced membrane stresses, and therefore directly influences the critical 
mechanical and thermal buckling conditions. In contrast, the shear component 𝑤𝑠 accounts for 
transverse shear flexibility, which becomes significant in moderately thick walls and in PP-
modified concrete due to reduced stiffness and material heterogeneity. This component affects 
stress redistribution, deformation localization, and the overall stiffness of the wall, thereby 
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modifying the thermo-mechanical stability response, particularly under combined mechanical 
loading and temperature gradients. The thickness coordinate 𝑧 is measured from the mid-plane, in 
which: 

 𝑥 ∈ (0, 𝑎); 𝑦 ∈ (0, 𝑏); 𝑧 ∈ (−ℎ𝑤 2⁄ ; ℎ𝑤 2⁄ ) (2) 

In this study, the higher-order shear deformation theory (HSDT) proposed by Mourad Chitour et 
al. [73] is adopted to accurately capture the nonlinear distribution of transverse shear strains 
across the slab’s thickness without the need for a shear correction factor. Compared to classical 
plate theory, which neglects transverse shear, and first-order shear deformation theory (FSDT), 
which requires shear correction factors and may introduce inaccuracies for moderately thick or 
heterogeneous materials, HSDT provides a more realistic representation of shear effects in PP-
modified concrete walls. The employed shape function 𝑓(𝑧) defines the variation of shear 
deformation through the slab’s thickness and is expressed as: 

𝑓( 𝑧) =
3

35
𝜋𝑧 (𝜋 − √0.135

3
𝑐𝑜𝑠ℎ (

𝜋𝑧

ℎ
)) ;    𝑔(𝑧) =

𝑑𝑓(𝑧)

𝑑𝑧
 (3) 

The constitutive stress–strain relationships governing the thermo-elastic response of the PP-
modified concrete wall are formulated by incorporating both mechanical and thermal effects. The 
material is assumed to behave as a linear, homogeneous, and isotropic continuum characterized by 
the effective (homogenized) elastic constants obtained from the two-phase model.  

𝜀𝑦 =
𝜕𝑉(𝑥, 𝑦, 𝑧)

𝜕𝑦
=  
𝜕𝑣0
𝜕𝑦

− 𝑧
𝜕2𝑤𝑏
𝜕𝑦2

− 𝑓(𝑧)
𝜕2𝑤𝑠
𝜕𝑦2

 (4.a) 

𝛾𝑥𝑦 =
𝜕𝑈(𝑥, 𝑦, 𝑧)

𝜕𝑦
+
𝜕𝑉(𝑥, 𝑦, 𝑧)

𝜕𝑥
=  (

𝜕𝑣0
𝜕𝑥

+
𝜕𝑢0
𝜕𝑦

) − 2𝑧
𝜕2𝑤𝑏
𝜕𝑥𝜕𝑦

− 2𝑓(𝑧)
𝜕2𝑤𝑠
𝜕𝑥𝜕𝑦

 (4.b) 

𝛾𝑥𝑧 =
𝜕𝑈(𝑥, 𝑦, 𝑧)

𝜕𝑧
+
𝜕𝑊( 𝑥, 𝑦, 𝑧)

𝜕𝑥
=  (1 −

𝑑𝑓(𝑧)

𝑑𝑧
)
𝜕𝑤𝑠
𝜕𝑥

 (4.c) 

𝛾𝑦𝑧 =
𝜕𝑉(𝑥, 𝑦, 𝑧)

𝜕𝑧
+
𝜕𝑊(𝑥, 𝑦, 𝑧)

𝜕𝑦
=  (1 −

𝑑𝑓(𝑧)

𝑑𝑧
)
𝜕𝑤𝑠
𝜕𝑦

 (4.d) 

 

 
Fig. 3. Geometrical configuration of the PP-modified concrete slab, showing its dimensions (a, b, 

hw) and the direction of heat transfer from the external surface (Text) toward the internal 
surface (Tint) 

Accordingly, the total stress components are expressed as functions of the mechanical strain and 
the temperature-induced strain resulting from uniform or gradient temperature fields. The 
generalized constitutive relations can thus be written as: 
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{
 
 

 
 
𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦
𝜏𝑥𝑧
𝜏𝑦𝑧}

 
 

 
 

=

[
 
 
 
 
𝑄̃11
𝑄̃12
0
0
0

𝑄̃12
𝑄̃22
0
0
0

0
0
𝑄̃66
0
0

0
0
0
𝑄̃44
0

0
0
0
0
𝑄̃55]

 
 
 
 

{
 
 

 
 
𝜀𝑥 − 𝛼ℎ𝑜𝑚𝑇
𝜀𝑦 − 𝛼ℎ𝑜𝑚𝑇

𝛾𝑥𝑦
𝛾𝑥𝑧
𝛾𝑦𝑧 }

 
 

 
 

 (5) 

Here, 𝑄̃ij denotes the reduced elastic constants of the homogenized PP-modified concrete system, 

which is treated as isotropic. These constants account for the combined contribution of the 
concrete matrix and the PP reinforcement and are obtained using the adapted Reuss–Voigt–Luo 
homogenization model, where: 

𝑄̃11 = 𝑄̃22 =
(1 − 𝜐ℎ𝑜𝑚)𝐸ℎ𝑜𝑚

(1 + 𝜐ℎ𝑜𝑚)(1 − 2𝜐ℎ𝑜𝑚)
;  𝑄̃12 =

𝜐𝐸ℎ𝑜𝑚
(1 + 𝜐ℎ𝑜𝑚)(1 − 2𝜐ℎ𝑜𝑚)

 

𝑄̃66 = 𝑄̃55 = 𝑄̃44 =
𝐸ℎ𝑜𝑚

(1 + 𝜐ℎ𝑜𝑚)
 

(6) 

2.2. Analytical Homogenization of PP-Modified Concrete 

To determine the effective thermo-elastic properties (𝐸ℎ𝑜𝑚 , 𝜐ℎ𝑜𝑚, 𝛼ℎ𝑜𝑚, 𝜆ℎ𝑜𝑚) of the PP-modified 
concrete matrix, a two-phase homogenization approach based on the Voigt–Reuss–Luo model is 
adopted, accounting for three-dimensional stress interactions and Poisson’s ratio coupling effects. 
The selection of a two-phase formulation is justified by the material configuration of PP-modified 
concrete, which consists of a dominant continuous cementitious matrix and dispersed pumice 
particles acting as inclusions. Within the investigated replacement range (0%–10%), PP remains 
sufficiently distributed to be reasonably idealized as a secondary phase embedded in a continuous 
matrix, without forming a percolating or interconnected skeleton. This assumption enables 
analytical tractability while preserving the essential mechanical and thermal interaction 
mechanisms between phases. The homogenization procedure is carried out in two successive 
phases [74, 75]: 

• Phase I: Homogeneous Concrete Matrix 

Initially, the concrete is assumed to be homogeneous and isotropic, representing a mono-phasic 
state corresponding to conventional unreinforced concrete. This baseline serves as a reference for 
evaluating the impact of PP inclusion on the mechanical and thermal behavior of the composite 
wall. The material properties of the concrete matrix are characterized by the elastic modulus (𝐸𝑐), 
Poisson’s ratio (𝜈𝑐), thermal conductivity (𝜆𝑐), and coefficient of thermal expansion (𝛼𝑐). 

• Phase II: Bi-Phasic Composite Material 

With the incorporation of PP as a partial replacement for cement or fine aggregate, the mixture 
transforms into a bi-phasic composite, composed of the continuous concrete matrix and dispersed 
PP inclusions. The volumetric fraction of PP (𝑣𝑃𝑃) ranges from 0% (pure concrete) to 10%, enabling 
a systematic assessment of its influence on the wall’s mechanical stiffness, thermal expansion, and 
heat transfer performance. The two homogenization phases and the underlying assumptions are 
conceptually illustrated in Fig. 4, which shows the transition from mono-phasic concrete to bi-
phasic PP-reinforced concrete and the assumed spherical distribution of PP inclusions within the 
matrix. 

• Porous Spherical Inclusions 

PP particles are idealized as spherical or quasi-spherical inclusions with uniform internal porosity, 
representing their vesicular volcanic structure. Although natural pumice particles exhibit irregular 
shapes, microscopic observations reported in the literature indicate that crushed and ground 
pumice tends to form approximately equiaxed particles with rounded edges due to mechanical 
processing [76-78]. To accurately represent the behavior of the PP-reinforced composite, certain 
physical considerations are adopted within the homogenization framework. 

In analytical homogenization theory, the spherical inclusion assumption is widely adopted because 
it provides a physically representative average geometry while allowing closed-form solutions for 
stress and heat transfer fields. Therefore, this idealization offers a rational balance between 
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microstructural realism and analytical tractability, without significantly affecting the prediction of 
effective elastic and thermal properties at moderate inclusion contents. 

 
Fig. 4. Illustrates the conceptual homogenization, showing the transition from mono-phasic 
concrete to bi-phasic PP-reinforced concrete and the assumed distribution of spherical PP 

inclusions within the matrix 

• Random Dispersion 

PP inclusions are assumed to be randomly dispersed and non-agglomerated within the continuous 
cementitious matrix. This assumption is consistent with the requirements of classical 
homogenization theory, which relies on a statistically homogeneous representative volume 
element (RVE) where no preferential clustering or directional bias dominates the macroscopic 
response [79-81]. Within the investigated replacement range (≤10%), the inclusion phase remains 
discontinuous and well below typical percolation thresholds; consequently, inclusion–inclusion 
interactions are limited, and large-scale agglomeration effects are unlikely to govern the composite 
behavior [82]. Under these conditions, the mechanical stiffness and heat transfer characteristics 
are controlled primarily by matrix–inclusion interactions rather than localized particle clusters. 
Therefore, neglecting agglomeration provides a reasonable approximation for predicting effective 
averaged thermo-elastic properties at the structural scale [83]. 

2.2.1 Modelling Procedure Elasto-Mechanical Homogenization Using the Reuss–Voigt–Luo 
Model 

The effective elastic properties of the PP-reinforced concrete are computed using an adapted 
Reuss–Voigt–Luo homogenization model, accounting for Poisson’s ratio and three-dimensional 
stress interactions. The effective Young’s moduli in the 𝑥, 𝑦, and 𝑧 directions (𝐸ℎ𝑜𝑚

𝑥 , 𝐸ℎ𝑜𝑚
𝑦

, 𝐸ℎ𝑜𝑚
𝑧 ) 

are expressed as [84]: 

𝐸ℎ𝑜𝑚
𝑥 = 𝐸ℎ𝑜𝑚

𝑦
= 
{𝑉𝑐(1 + 𝜐𝑝𝑝)𝐸𝑐 + 𝑉𝑝𝑝(1 + 𝜐𝑐)𝐸𝑝𝑝}{𝑉𝑐(1 − 𝜐𝑝𝑝)𝐸𝑐 + 𝑉𝑝𝑝(1 − 𝜐𝑐)𝐸𝑝𝑝}

{𝑉𝑐(1 − 𝜐𝑝𝑝
2)𝐸𝑐 + 𝑉𝑝𝑝(1 − 𝜐𝑐

2)𝐸𝑝𝑝}
 

𝐸ℎ𝑜𝑚
𝑧 = 

𝐸𝑐𝐸𝑝𝑝[𝑉𝑐(1 − 𝜐𝑝𝑝)𝐸𝑐 + 𝑉𝑝𝑝(1 − 𝜐𝑐)𝐸𝑝𝑝]

{

𝐸𝑐𝐸𝑝𝑝[𝑉𝑐
2(1 − 𝜐𝑝𝑝) + 𝑉𝑝𝑝

2 (1 − 𝜐𝑐)]

+𝑣𝑝𝑝𝑣𝑐[(1 + 𝜐𝑝𝑝)(1 − 2𝜐𝑝𝑝)𝐸𝑐
2

+4𝜐𝑝𝑝𝜐𝑐𝐸𝑐𝐸𝑝𝑝 + (1 + 𝜐𝑐)(1 − 2𝜐𝑐)𝐸𝑝𝑝
2

}

 (7) 

Here, 𝐸𝑐  and 𝜈𝑐are the elastic modulus and Poisson’s ratio of the concrete matrix, while 𝐸PP and 𝜈PP 
correspond to the properties of the PP inclusions. 𝑉𝑐  and 𝑉PP denote the volume fractions of 
concrete and PP, respectively. This model integrates the effect of Poisson’s ratio, which influences 
the elastic response of PP-modified concrete composites. Unlike the traditional Voigt and Reuss 
models that neglect this parameter and may lead to less accurate predictions, the adopted Reuss–
Voigt–Luo approach incorporates the Poisson effect by deriving improved relationships from the 
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fundamental elasticity equations. Consequently, the effective Poisson’s ratios of the composite are 
determined as the following: 

𝜐ℎ𝑜𝑚
𝑥𝑦

= 
{𝑉𝑐(1 − 𝜐𝐺𝑝)𝜐𝑐 + 𝑉𝐺𝑝(1 − 𝜐𝑐)𝜐𝐺𝑝}{𝑉𝑐(1 + 𝜐𝐺𝑝)𝐸𝑐 + 𝑉𝐺𝑝(1 + 𝜐𝑐)𝐸𝐺𝑝}

{𝑉𝑐(1 − 𝜐𝐺𝑝
2)𝐸𝑐 + 𝑉𝐺𝑝(1 − 𝜐𝑐

2)𝐸𝐺𝑝}
 

𝜐ℎ𝑜𝑚
𝑥𝑧 = 

{𝑉𝑐(1 + 𝜐𝐺𝑝
2)𝐸𝑐𝜐𝑐 + 𝑉𝐺𝑝(1 + 𝜐𝑐

2)𝐸𝐺𝑝𝜐𝐺𝑝}

{𝑉𝑐(1 − 𝜐𝐺𝑝
2)𝐸𝑐 + 𝑉𝐺𝑝(1 − 𝜐𝑐

2)𝐸𝐺𝑝}
 

𝜐ℎ𝑜𝑚
𝑧𝑥 = 𝜐ℎ𝑜𝑚

𝑧𝑦
= 

𝐸𝑐𝐸𝐺𝑝[𝑉𝑐(1 − 𝜐𝐺𝑝)𝜐𝑐 + 𝑉𝐺𝑝(1 − 𝜐𝑐)𝜐𝐺𝑝]

{

𝐸𝑐𝐸𝐺𝑝[𝑉𝑐
2(1 − 𝜐𝐺𝑝) + 𝑉𝐺𝑝

2 (1 − 𝜐𝑐)]

+𝑉𝐺𝑝𝑉𝑐[(1 + 𝜐𝐺𝑝)(1 − 2𝜐𝐺𝑝)𝐸𝑐
2

+4𝜐𝐺𝑝𝜐𝑐𝐸𝑐𝐸𝐺𝑝 + (1 + 𝜐𝑐)(1 − 2𝜐𝑐)𝐸𝐺𝑝
2

}

 

(8) 

The model ensures that the anisotropic interactions and the effect of Poisson’s ratio are properly 
incorporated, providing an accurate estimate of the wall’s mechanical behavior under multi-
directional loading conditions. The corresponding effective Poisson’s ratios (𝜈hom) of the PP-
reinforced concrete are computed as the volume-weighted contributions of the concrete matrix 
and the PP inclusions. However, it should be noted that this homogenization approach assumes a 
statistically homogeneous and macroscopically isotropic composite with randomly dispersed, non-
agglomerated inclusions; therefore, local clustering effects and morphological irregularities are not 
explicitly captured in the present formulation. Based on these, the effective shear modulus (𝐺hom) 
and bulk modulus (𝐾hom) of the composite are derived using classical elasticity relations: 

𝐺ℎ𝑜𝑚
𝑥 = 𝐸ℎ𝑜𝑚

𝑥 [2(1 + 𝜈hom)]
−1; 𝐺ℎ𝑜𝑚

𝑦
= 𝐸ℎ𝑜𝑚

𝑦 [2(1 + 𝜈hom)]
−1 (9) 

and; 

𝐾ℎ𝑜𝑚
𝑥 = 𝐸ℎ𝑜𝑚

𝑥 [3(1 − 2𝜈hom)]
−1; 𝐾ℎ𝑜𝑚

𝑦
= 𝐸ℎ𝑜𝑚

𝑦 [3(1 − 2𝜈hom)]
−1 (10) 

2.2.2. Thermal Homogenization Using Maxwell–Eucken Model 

The Maxwell–Eucken model is applied to estimate the effective thermal conductivity (𝜆ℎ𝑜𝑚) of PP-
reinforced concrete. The model is suitable for composites where one phase (PP) is dispersed as 
small, isotropic inclusions within a continuous matrix (concrete). This formulation is adopted 
because it is particularly appropriate for bi-phasic materials with low to moderate inclusion 
volume fractions and a clearly dominant continuous matrix, which corresponds to the present 
mixture configuration (PP ≤ 10%). Unlike more general self-consistent or symmetric approaches 
that treat both phases equivalently or are better suited for higher inclusion concentrations, the 
Maxwell–Eucken model explicitly represents a dispersed inclusion phase embedded within a 
continuous matrix. It therefore provides a physically consistent closed-form estimate of the 
effective conductivity for non-percolating composite systems. The effective thermal conductivity is 
expressed as [85]: 

𝜆ℎ𝑜𝑚 = 𝜆𝑐{2𝜆𝑐 + 𝜆𝑝𝑝 − 2(𝜆𝑐 − 𝜆𝑝𝑝)𝑣𝑝𝑝}{2𝜆𝑐 + 𝜆𝑝𝑝 + 2(𝜆𝑐 − 𝜆𝑝𝑝)𝑣𝑝𝑝}
−1

 (11) 

where 𝜆𝑐 and 𝜆𝑃𝑃 denote the thermal conductivities of the concrete matrix and PP, respectively, 
and 𝑣𝑃𝑃 is the volumetric fraction of pumice powder, in which:  

𝑣𝑃𝑃 = 1 − 𝑣𝑐 (12) 

The effective thermal expansion coefficient of the composite (𝛼ℎ𝑜𝑚) accounts for the contribution 
of both phases, reflecting the combined influence of the PP inclusions and the concrete matrix. It 
considers the relative volume fractions, the intrinsic thermal expansion properties of each phase 
(𝛼𝑐 for the concrete matrix and 𝛼𝑝𝑝 for the PP), and their interaction within the microstructure, 

providing a homogenized parameter that governs the wall’s dimensional response under 
temperature variations. 

𝛼ℎ𝑜𝑚 = (1 − 𝑣𝑃𝑃)𝛼𝑐 + 𝑣𝑃𝑃𝛼𝑃𝑃  (13) 
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The thermal resistance (𝑅ℎ𝑜𝑚) of a wall of thickness (ℎ𝑤) is defined as the ratio of the wall thickness 
to its effective thermal conductivity, providing a measure of the material’s ability to resist heat flow. 
Mathematically, it is expressed as: 

𝑅ℎ𝑜𝑚 =
ℎ𝑤
𝜆ℎ𝑜𝑚

 (14) 

where 𝜆hom is the effective thermal conductivity of the PP-modified concrete wall. This parameter 
quantifies how efficiently the wall impedes heat transfer, which is critical for evaluating its thermal 
performance and energy efficiency in structural applications. 

Similarly, the thermal transmittance (𝑈hom) of the wall is defined as the inverse of its thermal 
resistance, representing the rate of heat transfer through the wall per unit area under a 
temperature difference. It is expressed as: 

𝑈hom =
1

𝑅hom
=
𝜆hom
ℎ𝑤

 (15) 

where 𝜆hom is the effective thermal conductivity of the PP-modified concrete and ℎ𝑤 is the wall 
thickness. This parameter provides a practical measure of the wall’s ability to conduct heat, which 
is essential for assessing thermal efficiency and energy performance in building and structural 
applications. 

Finally, the thermal flux (𝜙hom) through the wall represents the amount of heat transferred per unit 
area due to a temperature difference between the wall surfaces. It is expressed as: 

𝜙hom = 𝑈hom(𝑇int − 𝑇ext) (16) 

where 𝑈hom is the thermal transmittance of the PP-modified concrete wall, 𝑇int is the interior 
temperature, and 𝑇ext is the exterior temperature. This parameter provides a direct measure of the 
wall’s thermal performance and efficiency, capturing how effectively the material regulates heat 
flow under operational conditions. 

The Maxwell–Eucken model assumes that the dispersed PP inclusions are small, isotropic, and 
uniformly distributed within a continuous concrete matrix. It also presumes linear heat conduction 
and neglects particle clustering or agglomeration effects. Consequently, the model provides an 
approximate estimate of the effective thermal conductivity and expansion, which may be less 
accurate for high PP fractions, non-uniform microstructures, or extreme temperature gradients. 

2.3. Governing Equations for Thermo-Mechanical Response 

The PP-modified concrete wall is represented as a homogeneous equivalent plate with effective 
thermo-elastic properties obtained from the Reuss–Voigt–Luo and Maxwell–Eucken 
homogenization schemes. The governing equations account for in-plane and transverse shear 
effects, ensuring consistent interaction between mechanical displacements and thermal strains. 

∫ (𝛿𝜒 − 𝛿𝛶)𝑑𝑡
𝑡

0

= 0 (17) 

The mechanical bending response is derived using the principle of virtual work, which balances the 
virtual internal strain energy with the work of external forces. This formulation captures both 
bending and shear deformations, while incorporating thermal effects through the homogenized 
elastic and thermal properties. The virtual variation of the internal strain energy, denoted as 𝛿𝜒, is 
expressed as follows and accounts for the contributions of both bending and shear deformations 
within the PP-modified concrete panel: 

𝛿𝜒 = ∫ ∫ (𝜎𝑥𝛿𝜀𝑥 + 𝜎𝑦𝛿𝜀𝑦 + 𝜏𝑥𝑦𝛿𝛾𝑥𝑦 + 𝜏𝑦𝑧𝛿𝛾𝑦𝑧 + 𝜏𝑥𝑧𝛿𝛾𝑥𝑧)𝑑𝐴𝑑𝑧
ℎ 2⁄

−ℎ 2⁄

𝐴

0

 (18) 

By substituting Eq. (4) into Eq. (19), the resulting expression becomes: 
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𝛿𝜒 = ∫

(

 
 
 
 
 
 
 

𝑁𝑥
𝜕𝛿𝑢0
𝜕𝑥

−𝑀𝑥
𝑏
𝜕2𝛿𝑤𝑏
𝜕2𝑥

+ 𝑀𝑥
𝑠
𝜕2𝛿𝑤𝑠
𝜕2𝑥

+𝑁𝑦
𝜕𝛿𝑣0
𝜕𝑦

−𝑀𝑦
𝑏
𝜕2𝛿𝑤𝑏
𝜕2𝑦

+ 𝑀𝑦
𝑠
𝜕2𝛿𝑤𝑠
𝜕2𝑦

+𝑁𝑥𝑦 (
𝜕𝛿𝑢0
𝜕𝑦

+
𝜕𝛿𝑣0
𝜕𝑥

) + 2𝑀𝑥
𝑏
𝜕2𝛿𝑤𝑏
𝜕𝑥𝜕𝑦

+2𝑀𝑥
𝑠
𝜕2𝛿𝑤𝑠
𝜕𝑥𝜕𝑦

+ 𝑄𝑦𝑧 (
𝜕𝛿𝑤𝑠
𝜕𝑦

) + 𝑄𝑥𝑧 (
𝜕𝛿𝑤𝑠
𝜕𝑥

)
)

 
 
 
 
 
 
 

𝐴

 (19) 

The mechanical behavior of the PP-modified concrete panel is characterized by the following stress 
and moment resultants: the in-plane normal and shear forces (𝑁), bending moments (𝑀𝑏), shear-
related moments (𝑀𝑠), and transverse shear forces (𝑄). These quantities capture the panel’s 
response to applied mechanical loads, including bending, shear, and in-plane stress distribution, 
providing a basis for evaluating deflections and mechanical stability. 

𝑁𝑖𝑗 = 𝑏∫ 𝜎𝑖𝑗

ℎ𝑤 2⁄

−ℎ𝑤 2⁄

𝑑𝑧;𝑀𝑖𝑗
𝑏 = 𝑏∫ 𝑧𝜎𝑖𝑗

ℎ𝑤 2⁄

−ℎ𝑤 2⁄

𝑑𝑧;𝑀𝑖𝑗
𝑠 = 𝑏∫ 𝑓(𝑧)𝜎𝑖𝑗

ℎ𝑤 2⁄

−ℎ𝑤 2⁄

𝑑𝑧; 𝑄𝑖𝑗 = 𝑏∫ 𝑔(𝑧)𝜎𝑖𝑗

ℎ𝑤 2⁄

−ℎ𝑤 2⁄

𝑑𝑧. (20) 

Note that the indices 𝑖 and 𝑗 correspond to the in-plane directions 𝑥 or 𝑦. The term 𝛿𝛶 represents 
the virtual work of the external forces acting on the panel. It accounts for both mechanical buckling 
loads, denoted by 𝑁𝑏 , and thermal loads, denoted by T. Specifically, 𝛿𝑉 quantifies the virtual 
external energy induced by these applied loads and serves as the counterpart to the internal virtual 
strain energy, enabling the formulation of equilibrium conditions within the principle of virtual 
work. 

𝛿𝛶 = −∫ ∫ 𝑁𝑏(𝛿𝑤𝑏 + 𝛿𝑤𝑠)

ℎ

2

−ℎ

2

𝑑𝐴𝑑𝑧
𝐴

= −∫ ∫ 𝑇(𝛿𝑤𝑏 + 𝛿𝑤𝑠)
ℎ 2⁄

−ℎ 2⁄

𝑑𝐴𝑑𝑧
𝐴

 (21) 

By substituting Eqs. (20) and (22) into Eq. (18), which itself incorporates the thermal and 
mechanical contributions expressed in Eq. (20), and performing integration by parts while taking 
into account the virtual variations 𝛿𝑢0, 𝛿𝑣, 𝛿𝑤𝑏 , and 𝛿𝑤𝑠 , the resulting governing equations of 
motion for the PP-modified concrete panel are obtained. These equations describe the coupled 
bending, shear, and thermal responses of the panel under combined mechanical and thermal 
loading conditions, capturing the influence of both material heterogeneity and geometric effects. 

𝛿𝑢0:
𝜕𝑁𝑥
𝜕𝑥

+
𝜕𝑁𝑥𝑦

𝜕𝑦
= 0 

𝛿𝑣0:
𝜕𝑁𝑦

𝜕𝑦
+
𝜕𝑁𝑥𝑦

𝜕𝑥
= 0 

𝛿𝑤𝑏: (
𝜕2𝑀𝑥

𝑏

𝜕𝑥2
− 2

𝜕2𝑀𝑥𝑦
𝑏

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝑏

𝜕𝑦2
) + 𝑁𝑏 = 0 

𝛿𝑤𝑠: (
𝜕2𝑀𝑥

𝑠

𝜕𝑥2
− 2

𝜕2𝑀𝑥
𝑠

𝜕𝑥𝜕𝑦
+
𝜕2𝑀𝑦

𝑠

𝜕𝑦2
) + (

𝜕𝑄𝑥𝑧
𝜕𝑥

+
𝜕𝑄𝑦𝑧

𝜕𝑦
) + 𝑁𝑏 = 0 

(22) 

The stress resultants, expressed in terms of material stiffness and displacement components, can 
be derived as shown in Appendix A. Thermal effects are represented by the corresponding thermal 
resultants induced by temperature gradients across the panel’s thickness. These include in-plane 
thermal forces (𝑁𝑇), thermal bending moments (𝑀𝑇𝑏), thermal shear moments (𝑀𝑇𝑠), and 
transverse shear forces due to thermal expansion (𝑄𝑇). These terms account for the coupling 
between thermal strains and mechanical displacements, enabling the assessment of thermal 
buckling, stress variation, and overall thermo-mechanical performance of the PP-modified concrete 
panel. 

𝑁𝑇𝑖𝑗 = 𝑏∫ 𝑄̃11

ℎ𝑤/2

−ℎ𝑤/2

𝛼ℎ𝑜𝑚𝑇𝑑𝑧  (23) 
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𝑀𝑇𝑖𝑗
𝑏 = 𝑏∫ 𝑧𝑄̃11

ℎ𝑤/2

−ℎ𝑤/2

𝛼ℎ𝑜𝑚𝑇𝑑𝑧  

𝑀𝑇𝑖𝑗
𝑠 = 𝑏∫ 𝑓(𝑧)𝑄̃11

ℎ𝑤/2

−ℎ𝑤/2

𝛼ℎ𝑜𝑚𝑇𝑑𝑧 

The buckling loads of the simply supported rectangular panel correspond to the critical in-plane 
forces at which the panel loses stability under compressive or thermal stresses. These loads are 
determined by solving the governing equations of motion derived from the principle of virtual 
work, incorporating both the mechanical stiffness and the thermal expansion effects of the PP-
modified concrete. 

𝑁𝑏 = 𝑁𝑏𝑥 + 𝜂𝑁𝑏𝑦 (24) 

In Eq. (25a), 𝑁𝑏 represents the total critical buckling load of the panel under combined uni-axial or 
bi-axial loading. The terms 𝑁𝑏𝑥 and 𝑁𝑏𝑦 correspond to the contributions of the axial loads applied 

along the x- and y-directions, respectively. The parameter 𝜂 is the bi-axial load coefficient, defining 
the ratio of the axial load in the y-direction to that in the x-direction: 𝜂 = 0 corresponds to uni-axial 
buckling along the x-direction, while 𝜂 = 1 represents bi-axial buckling with equal loads in both 
directions. For a square rectangular wall, the in-plane normal forces along the x and y directions 
are equal, and the associated transverse shear forces are also equal. That is: 

𝑁𝑏𝑥 = 𝑇𝑥 = 𝑁𝑏𝑦 = 𝑇𝑥 (25) 

2.4. Analytical Solution Using Navier’s Method 

For the simply supported rectangular panel with length 𝑎, width 𝑏, and total thickness ℎ𝑤, the 
boundary conditions enforce zero transverse displacement and bending moments along all edges. 
Specifically, at 𝑥 = 0 and 𝑥 = 𝑎, as well as 𝑦 = 0 and 𝑦 = 𝑏, the deflection 𝑤 and rotations vanish, 
while the in-plane displacements 𝑢0 and 𝑣0 are constrained according to the support type. These 
conditions allow edge rotation while preventing vertical displacement, consistent with classical 
simply supported behavior under mechanical and thermal loading: 

𝑥 = 0 𝑎𝑛𝑑 𝑥 = 𝑎 ∶ 𝑣0 = 𝑤𝑏 = 𝑤𝑠 = 𝑁𝑥 = 𝑀𝑥
𝑏 = 𝑀𝑥

𝑠 = 0 
𝑦 = 0 𝑎𝑛𝑑 𝑦 = 𝑏 ∶ 𝑢0 = 𝑤𝑏 = 𝑤𝑠 = 𝑁𝑦 = 𝑀𝑦

𝑏 = 𝑀𝑦
𝑠 = 0 

(26) 

To enable a tractable analytical solution, the PP-modified concrete panel is assumed homogeneous 
and linearly elastic with small deformations, and its simply supported edges allow rotation while 
preventing transverse displacement, consistent with Eq. (26). Thermal and mechanical effects are 
considered linearly coupled and superimposed. For clarity and reproducibility, the key model 
assumptions are summarized as follows: 

• Linear elasticity: Material response is proportional to applied loads. 
• Small deformations: Geometric nonlinearity is neglected. 
• Simply supported boundaries: Edges allow rotation but no transverse displacement. 
• Thermal–mechanical superposition: Thermal and mechanical effects are linearly combined. 

These assumptions enable the use of Navier-type solutions, where double Fourier series satisfy 
boundary conditions exactly, providing an accurate evaluation of the panel’s mechanical and 
thermal response. 

By considering Navier solutions, the in-plane displacements 𝑢0(𝑥, 𝑦) and 𝑣0(𝑥, 𝑦), together with the 
transverse bending 𝑤𝑏(𝑥, 𝑦) and shear 𝑤𝑠(𝑥, 𝑦) components, are represented as sums of sinusoidal 
functions along both axes. Each term corresponds to a specific half-wave in the x and y directions, 
transforming the governing partial differential equations into algebraic equations for the Fourier 
coefficients. This approach enables analytical determination of deflections, stress resultants, and 
critical buckling loads, while allowing efficient evaluation of multiple parameters, including PP 
content, panel dimensions, and thermal loads. The displacement components are expressed as 
double Fourier series: 
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𝑢(𝑥, 𝑦) = ∑ ∑ 𝑋𝑚𝑛𝑐𝑜𝑠(𝜉𝑥) 𝑠𝑖𝑛(𝜍𝑦)

∞

𝑚=1

∞

𝑛=1

 (27.a) 

𝑣(𝑥, 𝑦) = ∑ ∑ 𝑌𝑚𝑛𝑠𝑖𝑛(𝜉𝑥) 𝑐𝑜𝑠(𝜍𝑦)

∞

𝑚=1

∞

𝑛=1

 (27.b) 

𝑤𝑏(𝑥, 𝑦) = ∑ ∑ 𝑍𝑏𝑚𝑛𝑠𝑖𝑛(𝜉𝑥) 𝑠𝑖𝑛(𝜍𝑦)

∞

𝑚=1

∞

𝑛=1

 (27.c) 

𝑤𝑠(𝑥, 𝑦) = ∑ ∑ 𝑍𝑠𝑚𝑛𝑠𝑖𝑛(𝜉𝑥) 𝑠𝑖𝑛(𝜍𝑦)

∞

𝑚=1

∞

𝑛=1

 (27.d) 

Here, 𝑋𝑚𝑛, 𝑌𝑚𝑛 , 𝑍𝑚𝑛
𝑏 , 𝑍𝑚𝑛

𝑠  represent the unknown Fourier coefficients corresponding to the in-
plane displacements (𝑢0, 𝑣0) and the bending and shear components of the transverse 
displacement (𝑤𝑏 , 𝑤𝑠), respectively. These coefficients are determined by substituting the series 
expansions into the governing equations of motion and solving the resulting algebraic system.  

𝜉 =
𝑚𝜋

𝑎
;  𝜍 =

𝑛𝜋

𝑏
 (28) 

Each coefficient captures the contribution of the (𝑚, 𝑛)-th half-wave in the 𝑥 and 𝑦 directions, 
ensuring that both the boundary conditions and the coupled thermo-mechanical behavior of the 
PP-modified concrete panel are accurately satisfied. 

by substituting the Navier series expansions for displacements into the governing equations and 
assembling the contributions from all modes, the coupled thermo-mechanical behavior of the PP-
modified concrete panel can be expressed compactly in matrix form as: 

([

𝑘11 𝑘12 𝑘13 𝑘14
𝑘21 𝑘22 𝑘23 𝑘24
𝑘31 𝑘32 𝑘33 𝑘34
𝑘41 𝑘42 𝑘43 𝑘44

] − 𝑁 [

0 0 0 0
0 0 0 0
0 0 𝑁33 0
0 0 0 𝜂

]){

𝑋𝑚𝑛
𝑌𝑚𝑛
𝑍𝑏𝑚𝑛
𝑍𝑠𝑚𝑛

} = {

0
0
0
0

} (29) 

where [𝐾] is the global stiffness matrix incorporating both mechanical and thermal effects, [𝑋] is 

the vector of unknown displacement coefficients (𝑋𝑚𝑛, 𝑌𝑚𝑛 , 𝑍𝑚𝑛
𝑏 , 𝑍𝑚𝑛

𝑠 ). The main blocks of [𝐾] 

correspond to bending, shear, and in-plane stiffness contributions, while off-diagonal terms 
represent the coupling between thermal expansions and mechanical loads, enabling the panel’s 
thermo-mechanical interaction to be captured. This formulation enables the analytical 
determination of deflections, bending moments, shear forces, and critical buckling loads of the 
simply supported PP-reinforced panel. 

It is recommended to adopt a reduced system of equations by retaining only the dominant terms 
or lower-order modes in the Navier series. This simplification preserves the essential 
characteristics of the panel’s thermo-mechanical response while significantly reducing 
computational complexity and facilitating analytical solution. 

([
𝑘33 − 𝑁33 𝑘34
𝑘43 𝑘44

]) {
𝑤𝑏𝑚𝑛
𝑤𝑠𝑚𝑛

} = {
0
0
} (30) 

To solve the problem and determine the critical buckling loads of the system, the determinant of 
the reduced stiffness matrix is computed. This procedure yields the eigenvalues corresponding to 
the buckling loads for the simply supported PP-modified concrete wall. 

𝑁 = 𝑠𝑜𝑙𝑣𝑒 (𝑑𝑒𝑡 [
𝑘33 −𝑁33 𝑘34
𝑘43 𝑘44

]) (31) 

The explicit expressions of the stiffness matrix elements 𝐾𝑖𝑗 , derived considering the simply 

supported boundary conditions, are given by: 
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𝐾11 = −𝐴11𝜉
2 − 𝐴66𝜍

2; 𝐾12 = −𝐴12𝜉𝜍 − 𝐴66𝜂𝜍; 𝐾13 = 𝐵11𝜉
3 + 𝐵12𝜉𝜍

2 + 2𝐵66𝜉𝜍
2; 

𝐾14 = 𝐵11
𝑠 𝜉3 + 𝐵12

𝑠 𝜉𝜍2 + 2𝐵66
𝑠 𝜉𝜍2;  

𝐾23 = 𝐵22𝜍
3 + 𝐵12𝜍𝜉

2 + 2𝐵66𝜍𝜉
2;  𝑆24 = 𝐵11

𝑠 𝜍3 + 𝐵12
𝑠 𝜍𝜉2 + 2𝐵66

𝑠 𝜍𝜉2;  
𝐾33 = −𝐷11𝜉

4 − 2𝜉2𝜍2(2𝐷66 + 𝐷12) − 𝐷22𝜍
2; 

𝑆44 = −𝐻11
𝑠 𝜉4 − 2𝜉2𝜍2(2𝐻66

𝑠 + 𝐻12
𝑠 ) − 𝐻22

𝑠 𝜍2 − 𝐴44
𝑠 𝜉2 − 𝐴55

𝑠 𝜍2. 

(32) 

The developed analytical framework provides a direct link between material-level modifications 
and structural performance, enabling engineers to predict both mechanical stability and thermal 
behavior of PP-modified concrete walls. By quantifying critical mechanical and thermal buckling 
thresholds, as well as effective thermal resistance, transmittance, and heat flux, this model supports 
the design of lightweight concrete walls that meet energy efficiency and structural safety 
requirements. Such predictive capability is particularly relevant for sustainable building 
applications, where balancing stiffness, stability, and thermal insulation is essential for optimizing 
performance under combined mechanical and environmental loading conditions. 

3. Results and Discussion 

This section presents an analytical evaluation of the thermomechanical performance of PP-
modified concrete walls. The study examines how the addition of pumice powder influences the 
elastic, thermal, and coupled responses of the composite wall under simple support conditions. The 
results are discussed in terms of material properties, stress distribution, deformation behavior, and 
thermal effects, yielding information on the effectiveness of PP as a partial substitute in concrete 
mixtures. 

3.1. Thermo-Elastic Properties of Constituent Materials 

The thermo-elastic properties of the concrete matrix and PP used in this study are summarized in 
Table 3. These properties form the basis for the homogenization and subsequent evaluation of the 
wall’s coupled mechanical and thermal response. 

Table 3. Thermo-elastic properties of the concrete matrix and pumice powder (PP) used in the 
analysis 

Material Ref 
Elastic Modulus 

𝐸[GPa] 
Poisson’s 

Ratio 𝜈 

Thermal 
Conductivity 
𝜆[W·m⁻¹·°C⁻¹] 

Thermal 
Expansion 
𝛼[×10⁻⁶/°C] 

Concrete 
Matrix 

Neville and 
Brooks [86] 

20 0.3 1.75 13.5 

Pumice 
Powder 

Bilir et al. [87] 7–10 0.25–0.29 0.25–0.45 4–6 

 

Based on the thermo-elastic properties summarized in Table 3, the inclusion of PP is expected to 
influence the wall’s behavior due to its lower stiffness, reduced thermal conductivity, and 
moderated thermal expansion compared to the concrete matrix. Its vesicular microstructure and 
pozzolanic composition suggest that PP may act as compliant, low-conductivity inclusions, 
potentially redistributing stresses and altering heat transfer paths within the concrete. 
Consequently, the wall may exhibit slightly reduced stiffness, improve thermal insulation, and 
mitigate differential expansion under temperature gradients, effects that will be systematically 
evaluated in the subsequent homogenization and high-order deformation analysis. 

3.2. Validation of the Homogenization Model 

To verify the accuracy of the proposed homogenization approach, a comparative validation is 
carried out using the experimental data reported by Kalkan and Gündüz [88]. In their work, 
ordinary concrete was partially replaced with pumice aggregates at different volume fractions, and 
the corresponding variations in Young’s modulus were experimentally measured, as illustrated in 
Fig. 5.  
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Fig. 5. Comparison between the predicted elastic modulus from the proposed homogenization 
model and experimental results reported by Kalkan and Gündüz [88] for concrete reinforced 

with different pumice powder fractions. 

For this validation, the material properties are chosen to be consistent with those adopted in the 
reference study. Specifically, the ordinary concrete is characterized by an elastic modulus of 11 GPa 
and a Poisson’s ratio of 0.2, while the pumice particles exhibit an elastic modulus of 5 GPa and a 
Poisson’s ratio of 0.15. 

A close agreement can be observed between the analytical predictions and the experimental data, 
particularly when the volume fraction of pumice powder (PP) ranges between 5% and 20% of the 
total mix, confirming the reliability of the proposed model within this composition range. For a PP 
content of 12%, the discrepancy between analytical and experimental results is below 1%, 
indicating excellent agreement. For lower (0%) or higher (25%) PP content, the error reaches a 
maximum of approximately 4%, which remains within acceptable limits for engineering 
applications. These quantitative indicators demonstrate the predictive capability of the analytical 
model for mechanical behavior. 

The reduction in elastic modulus predicted for pumice contents lies within the stiffness reduction 
factors (0.6–0.7 of the gross stiffness) already adopted in Eurocode 2 and ACI 318 for cracked and 
lightweight concretes, indicating that the associated reduction in buckling resistance remains 
within standard design safety margins [89]. 

The validation of the analytical model for thermal expansion is carried out using the experimental 
data reported by Şevket Onur Kalkan and Lütfullah Gündüz [88], as illustrated in Fig. 6(a). The 
coefficient of thermal expansion of pumice is taken as 10×10⁻⁶ /°C, while that of lightweight 
concrete is approximately 1×10⁻⁶ /°C. For conventional concrete, a reference value of 7×10⁻⁶ /°C 
is adopted. The analytical results show excellent agreement with the experimental data, 
particularly for pumice powder (PP) volume fractions between 5% and 10%, where the 
discrepancy between analytical predictions and experimental measurements is approximately 1%. 
Beyond this range, the accuracy of the homogenization model slightly decreases but remains 
acceptable, with errors reaching around 3%, likely due to the increasing influence of the highly 
porous pumice phase on the composite’s thermal response. 

Similarly, the validation of thermal conductivity is performed based on the same reference study 
[29], with results presented in Fig. 6(b). The thermal conductivity of pumice reinforcement is taken 
as 0.1 W/(m·°C), while that of the concrete matrix is 1.8 W/(m·°C). The analytical model predictions 
are compared with an experimental reference value of 0.62 W/(m·°C) for lightweight concrete. The 
results show that a small error of around 5% starts to appear when the PP volume fraction reaches 
3% and above, but overall, the model reliably captures the thermal transport behavior of PP-
modified concrete. 
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(a) Expansion coefficient (b) Thermal conductivity 

Fig. 6. Comparison between analytical predictions and experimental data of the effective 
thermal properties of PP modified concrete [88], including the effective thermal expansion 

coefficient (𝛼ℎ𝑜𝑚) and the effective thermal conductivity (𝜆hom) 

The adoption of identical constituent properties to those reported experimentally is necessary to 
ensure comparability of the physical system and should not be interpreted as parameter fitting. 
The homogenization model contains no adjustable empirical coefficients, and no inverse 
identification procedure was performed. Consequently, the agreement observed reflects the 
intrinsic predictive capability of the theoretical formulation rather than calibration against 
experimental data. 

3.3. Mechanical Behavior of PP-Modified Concrete Walls 

To analyze the mechanical behavior of the PP-modified concrete walls, the critical buckling load is 
expressed in a non-dimensional form. This approach allows the results to be generalized and 
compared across different wall geometries and PP contents. The non-dimensional critical buckling 
load 𝑁𝑐𝑟  is defined as: 

𝑁𝑐𝑟 =
12(1 − 𝜈𝑐)𝑎

2𝑁

𝐸𝑐ℎ𝑤
3  (35) 

Table 4. Dimensionless mechanical buckling loads of simply supported PP-modified concrete 
walls for varying volume fractions of pumice powder (0–10%) and different length-to-thickness 
ratios (a/hw), under uni-axial (𝜂 = 0) and bi-axial (𝜂 = 1) loading conditions, (a=b) 

 

Uni-axial buckling load 𝜂 = 0 Bi-axial buckling loads 𝜂 = 1 

Volume fraction of PP inclusions (𝑣𝑃𝑃) 

0% 2.5% 5% 7.50% 10% 0% 2.5% 5% 7.50% 10% 

length-to-
thickness 

ratios (a/hw) 
of the plate 

5 2.9253 2.7530 2.6013 2.4657 2.3448 1.4626 1.3765 1.3006 1.2328 1.1724 

10 3.4136 3.2175 3.0453 2.8917 2.7550 1.7068 1.6088 1.5226 1.4458 1.3775 

15 3.5227 3.3215 3.1449 2.9874 2.8474 1.7614 1.6608 1.5724 1.4937 1.4237 

20 3.5626 3.3595 3.1813 3.0225 2.8813 1.7813 1.6798 1.5907 1.5112 1.4406 

25 3.5814 3.3774 3.1985 3.0390 2.8972 1.7907 1.6887 1.5992 1.5195 1.4486 

30 3.5917 3.3872 3.2079 3.0480 2.9060 1.7958 1.6936 1.6039 1.5240 1.4530 

35 3.5979 3.3932 3.2136 3.0535 2.9113 1.7989 1.6966 1.6068 1.5267 1.4556 

40 3.6019 3.3971 3.2173 3.0570 2.9147 1.8010 1.6985 1.6086 1.5285 1.4573 

45 3.6047 3.3997 3.2198 3.0595 2.9171 1.8024 1.6999 1.6099 1.5297 1.4585 

50 3.6067 3.4016 3.2216 3.0613 2.9188 1.8034 1.7008 1.6108 1.5306 1.4594 
 

Table 4 presents the dimensionless mechanical buckling coefficients of simply supported square 
concrete walls reinforced with pumice powder (PP) under uni-axial (𝜂 = 0) and bi-axial (𝜂 = 1) 
loading, with aspect ratios (a/hw) ranging from 5 to 50 and PP volume fractions from 0% to 10%. 
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The data show a systematic decrease in buckling loads with increasing PP content. For example, at 
a/hw = 10 under uni-axial loading, the critical buckling coefficient decreases from 3.414 for plain 
concrete to 2.755 at 10% PP, a reduction of approximately 19%, reflecting the direct impact of 
reduced modulus of elasticity due to PP incorporation. Similarly, under bi-axial loading, the 
coefficient decreases from 1.707 to 1.378, showing a 19% reduction, confirming that biaxial 
compression is more sensitive to stiffness reduction. 

The percentage reduction in buckling load due to PP incorporation remains nearly constant (≈19–
20%) across all aspect ratios, indicating that the influence of PP content on mechanical stability is 
largely independent of plate slenderness. This suggests that stiffness degradation caused by PP 
inclusions proportionally affects the critical load without altering the geometric sensitivity of the 
plate. Uni-axial buckling loads are consistently higher than bi-axial ones for all PP fractions and 
aspect ratios. This confirms classical plate theory predictions: bi-axial compression promotes 
earlier instability, and the relative difference increases slightly with PP content due to the larger 
influence of compliance on combined in-plane stresses. Even low PP fractions (2.5–5%) produce 
measurable reductions (~5–10%) in critical loads, suggesting that even moderate cement 
replacement affects wall stability. This underscores the importance of accounting for PP content in 
design to balance thermal efficiency gains with mechanical stability. 

  
(a) Uni-axial buckling load, 𝜂 = 0 (b) Bi-axial buckling loads, 𝜂 = 1 

Fig. 7. Variation of the critical buckling load of a square PP modified concrete wall (𝑎 = 𝑏), with 
the length to thickness ratio (a/hw) and pumice powder volume fraction under uni-axial 

buckling conditions (𝜂 = 0), and bi-axial buckling conditions (𝜂 = 1) 

Fig. 7 illustrates the effect of pumice powder (PP) content on the buckling behavior of a square 
concrete wall. It is evident that increasing the PP volume fraction reduces the wall’s stiffness, 
resulting in lower critical buckling loads for both uni-axial (𝜂 = 0) and bi-axial (𝜂 = 1) loading 
conditions. The trend highlights that higher PP content, due to its lower elastic modulus compared 
to the concrete matrix, diminishes the wall’s mechanical stability, making it more susceptible to 
buckling under compressive loads. This effect is more pronounced at higher length-to-thickness 
ratios, where the wall becomes increasingly flexible. 

Fig. 8 presents the variation of the critical buckling load of a rectangular plate (𝑎 = √𝑏)with respect 

to the length-to-thickness ratio and the volumetric fraction of pumice powder (PP). Similar to the 
square plate case, an increase in PP content leads to a noticeable reduction in the critical buckling 
load under both uni-axial (𝜂 = 0) and bi-axial (𝜂 = 1) conditions. This reduction indicates that 
incorporating more PP weakens the stiffness of the composite plate, making it less resistant to 
instability. Moreover, the influence of PP becomes more significant as the slenderness ratio 
increases. These results highlight a trade-off between reduced weight and mechanical stability. 
Increasing PP content lowers stiffness and critical buckling loads, especially for slender panels, 
indicating that wall geometry and PP fraction must be carefully balanced. Practically, maintaining 
PP contents within 5–10% ensures sufficient buckling resistance while benefiting from lightweight 
and thermally efficient concrete, guiding sustainable and safe wall design. 
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(a) Uni-axial buckling load, 𝜂 = 0 (b) Bi-axial buckling loads, 𝜂 = 1 

Fig. 8. Critical buckling load of a rectangular plate (𝑎 = √𝑏) as a function of the length-to-

thickness ratio and the volumetric fraction of PP, considering uni axial buckling with η = 0 and 
bi axial buckling with η = 1 

To quantify the robustness of the predicted buckling response, a local sensitivity analysis was 
performed using the normalized coefficient 𝑆𝑋

𝑌 = (Δ𝑌/𝑌0)/(Δ𝑋/𝑋0), where 𝑌 = 𝑁̄𝑐𝑟 and 𝑋 denotes 
a material parameter. Using a baseline mixture with 𝑉𝑃𝑃 = 5%, the governing stiffness relation 𝐷 ∝

𝐸ℎ3 implies 𝑆𝐸
𝑁̄𝑐𝑟 ≈ 1, confirming that the buckling capacity varies almost linearly with the effective 

elastic modulus. In contrast, since thermal conductivity does not enter the mechanical stiffness 

matrix, 𝑆𝑘
𝑁̄𝑐𝑟 ≈ 0. The pumice volume fraction exhibits a moderate sensitivity 𝑆𝑉𝑃𝑃

𝑁̄𝑐𝑟 , as it reduces 𝐸 

through homogenization, leading to the gradual decrease observed in Fig. 5. 

3.4. Thermal and Coupled Thermo-Mechanical Behavior of PP-Modified Concrete 
Walls 

In this section, the influence of pumice powder incorporation on the thermal performance of 
concrete walls is investigated. The analysis focuses on the coupled thermo-mechanical response of 
the slab, where temperature gradients induce additional stresses and potential deformations, the 
study aims to evaluate the effectiveness of pumice powder in enhancing the thermal insulation 
capacity and reducing thermally induced instability in concrete elements. 

3.4.1. Thermal Resistance (R) of a Concrete Panel Reinforced with PP 

The thermal resistance (R) represents the ability of a material or structural element to resist heat 
flow across its thickness. It is a key indicator of thermal insulation performance and is defined as 
the ratio between the wall thickness and its effective thermal conductivity. In the present study, 
the thermal resistance of the pumice powder (PP)–modified concrete panel is evaluated to quantify 
the improvement in insulation capacity resulting from the inclusion of PP. 

Given the inherently low thermal conductivity of pumice powder (approximately 0.25–0.45 
W/(m·°C)) compared to conventional concrete (about 1.75 W/(m·°C)), an increase in PP content is 
expected to enhance the overall thermal resistance of the wall. The analytical results presented 
here aim to establish the relationship between the volumetric fraction of PP and the corresponding 
rise in thermal resistance, emphasizing the potential of pumice-modified concrete for thermally 
efficient building envelopes. 

Table 5 presents the variation of thermal resistance 𝑅 for concrete panels reinforced with different 
volumetric fractions of pumice powder (PP), considering wall thicknesses ranging from 5 cm to 50 
cm. The results reveal a clear trend: for any given wall thickness, the thermal resistance increases 
progressively with higher PP content. This improvement is attributed to the inherently low thermal 
conductivity of pumice, which reduces the effective heat transfer across the composite. On average, 
incorporating 10% PP enhances the thermal resistance by approximately 18–21% compared to 
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plain concrete, confirming the positive influence of PP addition on the thermal performance of the 
material. 

Table 5. Variation of thermal resistance (R) of pumice powder (PP)-modified concrete panels with 
wall thickness (hw) and volumetric fraction of PP 

Volume fraction of PP 
inclusions (𝑣𝑃𝑃) 

Thermal Resistance (R) W/(m·°C) 
(ℎ𝑤=5cm) (ℎ𝑤=10cm) (ℎ𝑤=15cm) (ℎ𝑤=20cm) (ℎ𝑤=25cm) 

0% 0.028 0.056 0.083 0.111 0.139 
2.5% 0.029 0.058 0.087 0.116 0.145 
5% 0.030 0.061 0.091 0.122 0.152 

7.5% 0.032 0.064 0.096 0.128 0.159 
10% 0.033 0.067 0.100 0.134 0.167 

Volume fraction of PP 
inclusions (𝑣𝑃𝑃) 

(ℎ𝑤=30cm) (ℎ𝑤=35cm) (ℎ𝑤=40cm) (ℎ𝑤=45cm) (ℎ𝑤=50cm) 

0% 0.167 0.194 0.222 0.250 0.278 
2.5% 0.175 0.204 0.233 0.262 0.291 
5% 0.183 0.213 0.244 0.274 0.305 

7.5% 0.191 0.223 0.255 0.287 0.319 
10% 0.200 0.234 0.267 0.301 0.334 

 

Moreover, 𝑅 increases almost linearly with wall thickness, as expected from the direct 
proportionality 𝑅 = ℎ𝑤 𝜆hom⁄ . For instance, when the thickness increases from 5 cm to 50 cm, the 
thermal resistance of unmodified concrete rises from 0.028 to 0.278 (around 18%), representing 
nearly a tenfold increase. This linear relationship demonstrates that both material composition and 
geometric configuration significantly affect the heat-insulating capacity of the wall. 

The combined effect of PP reinforcement and increased wall thickness leads to a noticeable 
enhancement in thermal insulation. The inclusion of up to 10% PP yields a meaningful gain in 
resistance across all thicknesses, making pumice-modified concrete a promising material for 
thermally efficient building envelopes, particularly in energy-sensitive structural applications. 

These results highlight the practical benefits of PP-modified concrete for building design. The 
progressive increase in thermal resistance with PP content demonstrates that pumice 
incorporation effectively improves insulation, reducing heat transfer through walls. Combined with 
thicker wall sections, the material can enhance energy efficiency in buildings. This insight allows 
designers to optimize PP content and wall thickness to achieve a balance between structural 
performance, thermal efficiency, and sustainability. 

3.4.2. Thermal Transmittance (U) of a Concrete Panel Reinforced with PP 

Table 6 presents the calculated values of the thermal transmittance coefficient (𝑈) for concrete 
panels incorporating different volumetric fractions of pumice powder (PP), considering wall 
thicknesses ranging from 5 cm to 50 cm. The results show that the 𝑈-value decreases with both 
increasing PP content and wall thickness, indicating an improvement in the insulation capacity of 
the concrete panels. 

For a fixed wall thickness, the inclusion of PP reduces the overall heat transfer through the panel 
due to the low thermal conductivity of pumice compared to that of conventional concrete. For 
instance, at a thickness of 10 cm, the 𝑈-value decreases from 18.00 W/m²·°C for unmodified 
concrete to approximately 14.97 W/m²·°C when 10% PP is added—representing a reduction of 
around 17%. This trend confirms the beneficial role of pumice in lowering the material’s thermal 
transmittance. Additionally, the results highlight the strong dependence of 𝑈 on wall thickness. As 
the panel becomes thicker, thermal transmittance drops significantly. For example, at 0% PP, 
increasing the wall thickness from 5 cm to 50 cm decreases the 𝑈-value from 36.00 to 3.60 
W/m²·°C, following an inverse proportionality consistent with 𝑈 = 1 𝑅⁄ . The combined effect of PP 
inclusion and increased wall thickness leads to a substantial enhancement in thermal insulation 
performance. These results suggest that pumice-modified concrete can effectively reduce heat 
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losses through structural walls, making it a sustainable material solution for energy-efficient 
building design. 

Table 6. Variation of the thermal transmittance coefficient (U) of pumice powder (PP)-modified 
concrete panels with wall thickness (hw) and volumetric fraction of PP 

Volume fraction of PP 
inclusions (𝑣𝑃𝑃) 

Thermal Transmittance (U) W/m²·°C 
(ℎ𝑤=5cm) (ℎ𝑤=10cm) (ℎ𝑤=15cm) (ℎ𝑤=20cm) (ℎ𝑤=25cm) 

0% 36.00 18.00 12.00 9.00 7.20 
2.5% 34.38 17.19 11.46 8.60 6.88 
5% 32.84 16.42 10.95 8.21 6.57 

7.5% 31.36 15.68 10.45 7.84 6.27 
10% 29.94 14.97 9.98 7.49 5.99 

Volume fraction of PP 
inclusions (𝑣𝑃𝑃) 

(ℎ𝑤=30cm) (ℎ𝑤=35cm) (ℎ𝑤=40cm) (ℎ𝑤=45cm) (ℎ𝑤=50cm) 

0% 6.00 5.14 4.50 4.00 3.60 
2.5% 5.73 4.91 4.30 3.82 3.44 
5% 5.47 4.69 4.10 3.65 3.28 

7.5% 5.23 4.48 3.92 3.48 3.14 
10% 4.99 4.28 3.74 3.33 2.99 

 

The results in Table 6 show a consistent reduction in thermal transmittance (U) with both 
increasing PP content and wall thickness. For instance, at a wall thickness of 20 cm, increasing PP 
content from 0% to 10% reduces the U-value from 9.00 to 7.49 W/m²·°C, corresponding to a 
reduction of approximately 17%. A similar proportional decrease is observed across all 
thicknesses. Increasing wall thickness has a more pronounced effect: for plain concrete (0% PP), 
increasing thickness from 5 cm to 50 cm reduces the U-value from 36.00 to 3.60 W/m²·°C (a 90% 
reduction), reflecting the inverse proportionality between U and thickness. 

Although the incorporation of PP improves thermal performance, the resulting U-values (2.99–
36.00 W/m²·°C depending on thickness) remain higher than typical building envelope insulation 
requirements in many standards, which often require U-values below approximately 0.5–1.5 
W/m²·°C for exterior walls. Therefore, PP-modified concrete alone may not satisfy strict insulation 
criteria but can contribute to improved thermal resistance when combined with additional 
insulation layers. These results indicate that PP incorporation enhances thermal performance in a 
proportional and predictable manner, providing a basis for rational thickness selection when 
structural and thermal considerations must be balanced. 

3.4.3. Thermal Flux (𝜙) of a Concrete Panel Reinforced with PP 

Table 7 shows the computed thermal flux through a square concrete panel as a function of wall 
thickness and PP content. The results indicate that increasing the volumetric fraction of pumice 
powder consistently reduces the heat flux through the panel, demonstrating the insulating effect of 
PP. For a fixed panel thickness, the thermal flux decreases progressively with higher PP content. 
For example, at a thickness of 10 cm, the flux decreases from 504 W for unmodified concrete to 
approximately 419 W for a 10% PP inclusion, reflecting improved thermal resistance due to the 
low conductivity of pumice. Similarly, increasing the panel thickness significantly reduces the 
thermal flux for all PP fractions, following the expected inverse relationship between heat transfer 
and wall thickness. For instance, for 0% PP, the flux drops from 1008 W at 5 cm to 100.8 W at 50 
cm, indicating that thicker panels are more effective in limiting heat transfer. 

Table 8 presents the computed thermal flux through a square concrete panel under heating 
conditions, highlighting the effect of PP content and panel thickness on heat retention. The negative 
values indicate heat flow from the warmer interior to the colder exterior. As the PP volume fraction 
increases, the magnitude of heat flux decreases, reflecting the insulating effect of pumice. For 
example, at a panel thickness of 10 cm, the flux decreases from −756 W for unmodified concrete to 
approximately −629 W for a 10% PP inclusion, showing enhanced thermal resistance. Similarly, 
increasing panel thickness significantly reduces heat loss for all PP fractions. For instance, with 0% 
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PP, the flux drops from −1512 W at 5 cm to −151.2 W at 50 cm, indicating that thicker walls 
effectively reduce energy loss. The results demonstrate that incorporating pumice powder into 
concrete walls improves thermal insulation in cold climates, helping maintain indoor temperatures 
while reducing heating energy demand. 

Table 7. Thermal flux (ϕ) through a 1×1 m² concrete panel reinforced with pumice powder (PP) 
in August, with external temperature 45°C and air-conditioned interior at 17°C, for varying panel 
thicknesses and PP volume fractions 

Volume fraction of PP 
inclusions (𝑣𝑃𝑃) 

Thermal flux (ϕ) W 

(ℎ𝑤=5cm) (ℎ𝑤=10cm) (ℎ𝑤=15cm) (ℎ𝑤=20cm) (ℎ𝑤=25cm) 

0% 1008.00 504.00 336.00 252.00 201.60 

2.5% 962.73 481.36 320.91 240.68 192.55 

5% 919.44 459.72 306.48 229.86 183.89 

7.5% 878.02 439.01 292.67 219.50 175.60 

10% 838.34 419.17 279.45 209.58 167.67 
Volume fraction of PP 

inclusions (𝑣𝑃𝑃) 
(ℎ𝑤=30cm) (ℎ𝑤=35cm) (ℎ𝑤=40cm) (ℎ𝑤=45cm) (ℎ𝑤=50cm) 

0% 168.00 144.00 126.00 112.00 100.80 

2.5% 160.45 137.53 120.34 106.97 96.27 

5% 153.24 131.35 114.93 102.16 91.94 

7.5% 146.34 125.43 109.75 97.56 87.80 

10% 139.72 119.76 104.79 93.15 83.83 
 

Table 8. Thermal flux (ϕ) through a 1×1 m² concrete panel reinforced with pumice powder (PP) 
in winter, with external temperature −6°C and heated interior at 36°C, for varying panel 
thicknesses and PP volume fractions 

Volume fraction of PP 
inclusions (𝑣𝑃𝑃) 

Thermal flux (ϕ) W 
(ℎ𝑤=5cm) (ℎ𝑤=10cm) (ℎ𝑤=15cm) (ℎ𝑤=20cm) (ℎ𝑤=25cm) 

0% -1512.00 -756.00 -504.00 -378.00 -302.40 
2.5% -1444.09 -722.04 -481.36 -361.02 -288.82 
5% -1379.16 -689.58 -459.72 -344.79 -275.83 

7.5% -1317.03 -658.51 -439.01 -329.26 -263.41 
10% -1257.50 -628.75 -419.17 -314.38 -251.50 

Volume fraction of PP 
inclusions (𝑣𝑃𝑃) 

(ℎ𝑤=30cm) (ℎ𝑤=35cm) (ℎ𝑤=40cm) (ℎ𝑤=45cm) (ℎ𝑤=50cm) 

0% -252.00 -216.00 -189.00 -168.00 -151.20 
2.5% -240.68 -206.30 -180.51 -160.45 -144.41 
5% -229.86 -197.02 -172.40 -153.24 -137.92 

7.5% -219.50 -188.15 -164.63 -146.34 -131.70 
10% -209.58 -179.64 -157.19 -139.72 -125.75 

 

These results confirm that the reduction in thermal flux with increasing PP content is directly 
associated with the decrease in effective thermal conductivity of the composite material. The 
incorporation of PP, characterized by its lower intrinsic conductivity and porous microstructure, 
disrupts continuous heat conduction pathways within the concrete matrix, increasing thermal 
resistance and limiting energy transfer. Since thermal flux is proportional to the effective 
conductivity and inversely proportional to wall thickness, the observed reductions reflect both 
material modification and geometric effects. Increasing panel thickness further elongates the heat 
transfer path, thereby reducing the temperature gradient per unit length and lowering the 
transmitted heat. The combined influence of altered conductivity pathways and increased 
conduction length explains the consistent reduction in heat flux under both cooling and heating 
conditions. 
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A sensitivity analysis of the steady-state heat transfer from tables 5 to 8, shows that the thermal 

resistance 𝑅 = ℎ/𝑘 yields 𝑆𝑘
𝑅 = −1 and 𝑆𝑘

𝜙
= 1, meaning that a 10% reduction in thermal 

conductivity produces an approximately 10% increase in thermal resistance and a 10% decrease 
in heat flux. Since the effective conductivity is governed by the Maxwell–Eucken relation, the 
pumice volume fraction also exhibits a high sensitivity 𝑆𝑉𝑃𝑃

𝑅 , confirming that pumice is the 

dominant driver of the observed thermal improvement. 

3.4.4. Thermo-Mechanical Buckling of a Concrete Panel Reinforced with PP 

To assess the combined effect of mechanical and thermal loads on PP-modified concrete panels, the 
critical thermo-mechanical buckling is evaluated using a quantitative approach that links the 
temperature gradient across the panel’s thickness to the induced thermal stresses. The critical 
temperature distribution is expressed as: 

𝑇 =
∆𝑇

ℎ𝑤
(
ℎ𝑤
2
+ 𝑧) + 𝑇𝑒𝑥𝑡;  ∆𝑇 = 𝑇𝑖𝑛𝑡 − 𝑇𝑒𝑥𝑡 (36) 

The corresponding thermal in-plane force resultant 𝑁𝑇 is computed by integrating the thermo-
elastic response of the homogenized composite through the thickness: 

𝑁𝑇 = ∫ 𝐸ℎ𝑜𝑚𝛼ℎ𝑜𝑚 (
𝑧

ℎ𝑤
+
1

2
)

ℎ𝑤/2

−ℎ𝑤/2

 (37) 

Table 9. Critical thermal buckling temperature (ΔTcr, °C) of a square concrete panel as a function 
of the length-to-thickness ratio (a/hw) for varying volumetric fractions of pumice powder (PP), 
under uniaxial thermal loading (𝜂 = 0) 

Critical thermal buckling ΔTcr 
(× 102) 

Volume fraction of PP inclusions (𝑣𝑃𝑃) 
0% 2.5% 5% 7.50% 10% 

length-to-
thickness ratios 

(a/hw) of the 
plate 

5 39,7759 41,2369 42,7756 44,4079 46,1425 
10 11,3409 11,7733 12,2304 12,7165 13,2345 
15 5,1753 5,3742 5,5845 5,8085 6,0472 
20 2,9386 3,0519 3,1717 3,2993 3,4353 
25 1,8890 1,9619 2,0390 2,1212 2,2088 
30 1,3149 1,3657 1,4195 1,4767 1,5377 
35 0,9675 1,0049 1,0444 1,0865 1,1315 
40 0,7414 0,7701 0,8004 0,8327 0,8671 
45 0,5862 0,6088 0,6328 0,6584 0,6856 
50 0,4750 0,4934 0,5128 0,5335 0,5556 

 

Table 9 presents the critical thermal buckling temperatures of square concrete panels reinforced 
with different volume fractions of pumice powder (0% to 10%) across a range of length-to-
thickness ratios (a/hw). It is observed that increasing the PP content leads to higher critical buckling 
temperatures for all panel thicknesses. For example, at a/hw = 10, ΔTcr increases from 1134 for 
unmodified concrete to 1323 for 10% PP, indicating that pumice inclusion enhances the panel’s 
resistance to thermal buckling. Additionally, ΔTcr decreases as the panel becomes thinner (higher 
a/hw ratio), reflecting the higher susceptibility of slender panels to thermal instability. For instance, 
the critical temperature drops from ~3978 at a/hw = 5 to ~47.5 °C at a/hw = 50 for unmodified 
concrete. 

Results in Table 9 demonstrate that incorporating pumice powder not only improves the 
mechanical properties but also enhances thermal stability, allowing concrete panels to better resist 
buckling under thermal loads, especially in moderately slender configurations. Fig. 9 illustrates that 
the critical thermal buckling temperature decreases with increasing panel slenderness (higher 
𝑎 ℎ𝑤⁄ ), indicating that thinner panels are more susceptible to thermal instability. Moreover, an 
increase in the volumetric fraction of pumice powder generally reduces the panel’s thermal 
resistance to buckling, as the lower stiffness of PP compared to the concrete matrix diminishes the 
structural rigidity under thermal loads. 
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Fig. 9. Critical thermal buckling temperature of a rectangular PP-modified concrete panel 

(𝑎 𝑏⁄ = √2) as a function of the length-to-thickness ratio (𝑎 ℎ𝑤⁄ ) and varying PP volume 
fractions 

Fig. 10 shows that panels with a larger aspect ratio (𝑎 𝑏⁄ = √2) exhibit lower critical thermal 
buckling temperatures compared to square panels (𝑎 𝑏⁄ = 1), indicating that increasing panel 
elongation reduces stability under thermal loads. For both aspect ratios, the critical temperature 
decreases with increasing panel slenderness (𝑎 ℎ𝑤⁄ ), highlighting the influence of thickness on 
thermal buckling resistance. These results emphasize the importance of geometric configuration in 
the thermo-mechanical performance of PP-modified concrete panels. 

 
Fig. 10. thermal buckling temperature of a rectangular PP-modified concrete panel at 10% 
volumetric pumice content, as a function of the length-to-thickness ratio (𝑎 ℎ𝑤⁄ ) for aspect 

ratios 𝑎 𝑏⁄ = 1 and 𝑎 𝑏⁄ = √2 
The results indicate that increasing PP content leads to a systematic increase in the critical thermal 
buckling temperature, particularly for panels with moderate slenderness ratios. This behavior is 
consistent with the reduced thermal expansion and modified stiffness resulting from PP 
incorporation, which together influence the thermo-elastic stability response. However, panels 
with higher aspect ratios remain more sensitive to thermal instability, confirming the dominant 
role of geometric slenderness in buckling behavior. These findings highlight the coupled influence 
of material modification and geometry within the framework of the present analytical model, while 
further experimental or numerical validation would be required to generalize the conclusions to 
practical structural applications. 
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Based on the computed data, the sensitivity of the critical thermal buckling temperature (ΔTcr) to 
variations in the effective thermal expansion coefficient (αhom) can be quantified for each wall 
slenderness (a/hw). It can be seen from Table 10, for a 10% PP inclusion, where αhom decreases by 
~6.3% compared to pure concrete, the relative change in ΔTcr ranges from 16% to 16.7% across all 

a/hw ratios. This corresponds to a sensitivity coefficient 𝑆𝛼
Δ𝑇𝑐𝑟 = [Δ(ΔTcr)/ΔT𝑐𝑟0]/(Δα/α) ≈

 2.54 − 2.69, indicating that ΔTcr increases moderately as αhom decreases.  

Table 10. Sensitivity of the critical thermal buckling temperature (ΔTcr) of a square PP-modified 
concrete panel to reductions in the effective thermal expansion coefficient (αhom) for varying wall 
slenderness ratios (a/hw) 

Wall slenderness 
(a/hw) 

ΔTcr (0% PP) 
×10² °C 

ΔTcr (10% PP) 
×10² °C 

Δ(ΔTcr) 
(%) 

Δαhom 
(%) 

Sensitivity 

𝑆𝛼
Δ𝑇𝑐𝑟  

5 39.78 46.14 16.0 -6.3 2.54 
10 11.34 13.23 16.7 -6.3 2.65 
15 5.18 6.05 16.8 -6.3 2.67 
20 2.94 3.44 16.9 -6.3 2.68 
25 1.89 2.21 17.0 -6.3 2.70 
30 1.31 1.54 16.9 -6.3 2.69 
35 0.97 1.13 16.9 -6.3 2.68 
40 0.74 0.87 16.9 -6.3 2.68 
45 0.59 0.69 16.9 -6.3 2.69 
50 0.48 0.56 16.9 -6.3 2.69 

Δ(ΔTcr) (%): Relative increase in critical thermal buckling temperature from 0% to 10% PP. 

Δαhom (%): Reduction in thermal expansion coefficient due to 10% PP. 

The reduction in αhom due to the low thermal expansion of PP reduces the thermal in-plane forces 
(NT ∝ E × α × ΔT) that drive thermal buckling. Consequently, the critical temperature rises, 
especially for moderately slender walls. Thinner or more slender walls still remain more prone to 
thermal instability, but the inclusion of PP consistently shifts the buckling threshold upward. This 
quantitative assessment provides a clearer link between microstructural modification (PP 
incorporation) and the panel’s thermo-mechanical stability. 

5. Conclusions 

This study presented an analytical framework to evaluate the coupled mechanical and thermal 
response of pumice powder PP–modified concrete walls using a combined Reuss–Voigt–Luo 
homogenization scheme and refined plate theory. The model successfully captured the influence of 
PP on stiffness, heat transfer, and thermal buckling behavior. The main findings can be summarized 
as follows: 

• In accordance with experimental studies, our analytical modelling show that PP addition 
(2.5–10%) slightly decreases the elastic modulus and critical mechanical buckling load, due 
to the lower stiffness of pumice. 

• Effective thermal conductivity decreases by up to ≈8–9%, enhancing insulation performance. 
• The thermal resistance increases by 18–20% with 10% PP, regardless of wall thickness. 
• The thermal transmittance value decreases by ≈17%, limiting heat transfer under summer 

and winter loading conditions. 
• PP reduces heat ingress in hot climates and heat loss in cold climates across all thicknesses. 
• The critical thermal buckling temperature increases with PP content, indicating better 

resistance to temperature-induced instability. 
• The homogenization model shows good agreement with experimental data for elastic 

modulus, thermal conductivity, and thermal expansion. 

These results demonstrate that pumice powder offers a balanced combination of enhanced thermal 
insulation and acceptable structural stability, confirming its suitability for sustainable and energy-
efficient concrete wall systems. 
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This work provides one of the first analytical models capable of predicting the combined 
mechanical, thermal, and thermo-mechanical buckling behavior of PP-modified concrete walls. The 
approach links microstructural material behavior to structural-scale performance and offers a 
predictive framework for thermo-mechanical assessment. However, several simplifying 
assumptions affect the model’s accuracy. The homogenization strategy assumes a homogeneous 
and isotropic composite, which may slightly overestimate stiffness and critical buckling loads by 
neglecting local heterogeneity and directional porosity effects. The adoption of linear thermo-
elastic behavior and idealized simply supported boundary conditions may further limit 
applicability under nonlinear response or realistic restraint conditions. Additionally, moisture 
transport, temperature dependency of material properties, aging, and interfacial transition zone 
effects were neglected; these factors could alter thermal conductivity and expansion coefficients, 
potentially leading to non-conservative predictions under long-term or severe thermal gradients. 
The analysis was restricted to PP contents up to 10%, and higher inclusion levels may introduce 
nonlinear interaction effects beyond the validity of the present formulation. These aspects define 
the current validity domain and motivate future multi-physics and experimentally validated 
extensions. 

Future research should therefore incorporate nonlinear and post-buckling effects, include realistic 
microstructural characterizations obtained from SEM or micro-CT imaging, and examine the 
influence of long-term factors such as creep, cracking, moisture transport, fire exposure, and 
interfacial transition zone (ITZ) effects. Among these aspects, the incorporation of material 
nonlinearity and post-buckling behavior is the most urgent, as the present linear thermo-elastic 
assumption has the strongest influence on the accuracy of critical buckling predictions near 
instability. While the current study uses single, fixed values for the elastic modulus, thermal 
conductivity, and thermal expansion coefficient of pumice, these values are supported by published 
references, which also adopt fixed parameters for similar analyses. However, sensitivity results 
indicate that stiffness-related parameters exert the largest impact on predicted buckling loads, 
suggesting that future efforts should first refine their experimental calibration. Experimental 
testing on large-scale PP-reinforced concrete walls is needed to validate thermal buckling behavior 
and quantify real-world energy savings. Such validation is particularly important to assess the 
effect of the homogeneity assumption, which may lead to slight overestimation of structural 
stiffness at higher PP contents. Additionally, hybrid mixtures combining PP with fibers, nano-
additives, or recycled materials, as well as optimization studies for different climate zones, offer 
promising directions to further enhance the structural and thermal performance of eco-efficient 
concrete. 

Appendix A 

The stress resultants of the PP-modified concrete panel are derived by substituting the displacement field 
(Eq. 21) into the constitutive relations (Eq. 23). The resulting expressions relate the bending and in-plane 
stress resultants to the material stiffness parameters and displacement components, can be expressed as 
follows: 
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+ 𝐷𝑖𝑗

{
  
 

  
 
−𝜕2𝑤𝑏
𝜕𝑥2

𝜕2𝑤𝑏
𝜕𝑦2

−2
𝜕2𝑤𝑏
𝜕𝑥𝜕𝑦}

  
 

  
 

+ 𝐷𝑖𝑗
𝑠

{
  
 

  
 
−𝜕2𝑤𝑠
𝜕𝛼2

𝜕2𝑤𝑠
𝜕𝑦2

−2
𝜕2𝑤𝑏
𝜕𝑥𝜕𝑦}

  
 

  
 

− {

𝑀𝑇𝑥
𝑏

𝑀𝑇𝑦
𝑏

𝑀𝑇𝑥𝑦
𝑏

} 
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{

𝑀𝑥
𝑠

𝑀𝑦
𝑠

𝑀𝑥𝑦
𝑠
} = 𝐵𝑖𝑗

𝑠

{
  
 

  
 

𝜕𝑢𝑥
𝜕𝑥
𝜕𝑢𝑦
𝜕𝑦

(
𝜕𝑢𝑥
𝜕𝑦

+
𝜕𝑢𝑦
𝜕𝑥

)
}
  
 

  
 

+ 𝐷𝑖𝑗
𝑠

{
  
 

  
 
−𝜕2𝑤𝑏
𝜕𝑥2

𝜕2𝑤𝑏
𝜕𝑦2

−2
𝜕2𝑤𝑏
𝜕𝑥𝜕𝑦}

  
 

  
 

+ 𝐻𝑖𝑗
𝑠

{
  
 

  
 
−𝜕2𝑤𝑠
𝜕𝛼2

𝜕2𝑤𝑠
𝜕𝑦2

−2
𝜕2𝑤𝑏
𝜕𝑥𝜕𝑦}

  
 

  
 

− {

𝑀𝑇𝑥
𝑠

𝑀𝑇𝑦
𝑠

𝑀𝑇𝑥𝑦
𝑠
} 

{
𝑄𝑥𝑧
𝑄𝑦𝑧

} = 𝐴𝑖𝑗
𝑠

{
 

 
𝜕𝑤𝑠
𝜕𝑥
𝜕𝑤𝑠
𝜕𝑦 }

 

 
 

In these expressions, 𝐴𝑖𝑗, 𝐵𝑖𝑗, 𝐷𝑖𝑗, 𝐵𝑖𝑗
𝑠 , 𝐷𝑖𝑗

𝑠 , 𝐻𝑖𝑗
𝑠 , and 𝐴𝑖𝑗

𝑠  represent the plate stiffness coefficients. These 

constants characterize the in-plane, bending, and shear stiffness of the PP-modified concrete panel and are 
defined through the integration of the homogenized elastic properties across the wall’s thickness, reflecting 
the combined influence of the concrete matrix and PP inclusions. 

𝐴𝑖𝑗 = 𝑏∫ 𝑄̃𝑖𝑗

ℎ𝑤 2⁄

−ℎ𝑤 2⁄

𝑑𝑧; 𝐵𝑖𝑗 = 𝑏∫ 𝑧𝑄̃𝑖𝑗

ℎ𝑤 2⁄

−ℎ𝑤 2⁄

𝑑𝑧; 𝐷𝑖𝑗 = 𝑏∫ 𝑧2𝑄̃𝑖𝑗

ℎ𝑤 2⁄

−ℎ𝑤 2⁄

𝑑𝑧; 

𝐵𝑖𝑗
𝑠 = 𝑏∫ 𝑓(𝑧)𝑄̃𝑖𝑗

ℎ𝑤
2

−ℎ𝑤
2

𝑑𝑧; 𝐷𝑖𝑗
𝑠 = 𝑏∫ 𝑧𝑓(𝑧)𝑄̃𝑖𝑗

ℎ𝑤
2

−ℎ𝑤
2

𝑑𝑧;𝐻𝑖𝑗
𝑠 = 𝑏∫ 𝑓(𝑧)2𝑄̃𝑖𝑗

ℎ𝑤
2

−ℎ𝑤
2

𝑑𝑧; 

𝐴𝑖𝑗
𝑠 = 𝑏∫ 𝑔(𝑧)2𝑄̃𝑖𝑗

ℎ𝑤
2

−ℎ𝑤
2

𝑑𝑧; 
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